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Customer Lifetime (Months)

How might the lifetime of a bank customer
vary with customer demographics, such as age?
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It we know the true relationship between the two,
then simulating customer lifetimes is straightforward.
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What happens when we don’t know the true behavior
of the system but have access to only some observations?
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We can certainly find some behavior that
is consistent with the observations.
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Customer Lifetime (Months)

In fact we can typically find »any behaviors
that are consistent with the observations.
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In fact we can typically find »any behaviors
that are consistent with the observations.
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The goal of probabilistic modeling 1s to quantity
all of the reasonable behaviors of a system.

Customer Lifetime (Months)

Customer Age (years)

© 2026 Michael Betancourt. For nersonal use only; not for public distribution.



Statistical inference considers how to quantity the
consistency of those behaviors with observed data.
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Once we have inferred which behaviors are consistent, we
can make decisions about how to interact with the system.
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Data Generating Processes

Environment
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In most applications, we are making decisions
about how to interact with some latent phenomenon.



We can’t interact with a latent phenomenon directly,
only through its manifestation in some environment.

Environment
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An experimental or observational probe explores the
environment and, hopetully, the phenomenon of interest.

Environment
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The interaction of the probe with the environment
and our phenomenon establishes a data generating process.

Data Generating Process




The interaction of the probe with the environment
and our phenomenon establishes a dafa generating process.
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The interaction of the probe with the environment
and our phenomenon establishes a data generating process.
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The interaction of the probe with the environment
and our phenomenon establishes a data generating process.
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The interaction of the probe with the environment
and our phenomenon establishes a data generating process.
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One of the defining features of a data generating process
is that the observations it generates are unpredictable.
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To mathematically model these processes, we assume
that the unpredictability can be quantitied probabilistically.
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First we reason about the phenomenon, the environment
in which it manifests, and an observational probe.

Environment
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Our understanding of these components
defines a conceptual data generating process.

Conceptual

Data Generating
Process
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We can then mathematically formalize this as an
observational space and a frue data generating process.

Conceptual
Data Generating
Process
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An explicit realization, or observation, is modeled
as a sample from the true data generating process.
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Ultimately we want to use those observations
to make inferences and inform decisions.

Conceptual

Data Generating
Process

Observation, y
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Ultimately we want to use those observations
to make inferences and inform decisions.
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Data Generating
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Especially inferences and decisions about how to
interact with the latent phenomena of interest.
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Data Generating
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Probabilistic Modeling
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In practice we don’t know what the true data generating
process 1s. We also can’t search through all possibilities.
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Instead we have to limit our consideration to an
observational model ot possible data generating processes.
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Conceptually, an observational model 1s a collection of
mathematical stories for how data could be generated.
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Practical observational models, however, are unlikely to
capture every detail of the true data generating process.
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More realistically, any element of an observational model
will at best approximate the structure of the true process.
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More realistically, any element of an observational model
will at best approximate the structure of the true process.
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More realistically, any element of an observational model
will at best approximate the structure of the true process.

Modeled Data Generating Process



The observation model becomes a collection of candidate
approximations which may or may no be good approximations!
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An observational model that can only approximate the
true data generating process can still provide insights.
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Al models are wrong but some are useful”.

-George Box
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Al models are wrong but some are useful”.

-George Box
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Al models are wrong but some are useful”.

-George Box
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Al models are wrong but some are useful”.

-George Box
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Bayesian Interence
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Model-based inference is any quantification of how
consistent model configurations are with any observed data.
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Model-based inference is any quantification of how
consistent model configurations are with any observed data.

—

e ——

—_—

Customer Lifetime (Months)
Customer Lifetime (Months)

Customer Age (years) Customer Age (years)



Model-based inference is any quantification of how
consistent model configurations are with any observed data.
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Conceptually, an observational model bridges the gap
between observations and a true data generating process.

Conceptual

Data Generating
Process

Observation, y
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Conceptually, an observational model bridges the gap
between data and the true data generating process.
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Conceptually, an observational model bridges the gap
between data and the true data generating process.
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Model-based inferences use observations to fearn about
the model configurations in an observational model.
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What we learn then informs how we should
interact with the true data generating process.
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Bayesian inference models both the data and the
model contiguration variables probabilistically.

m(y | 0)




Bayesian inference models both the data and the
model contiguration variables probabilistically.
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Bayesian inference models both the data and the
model contiguration variables probabilistically.
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A tull Bayesian model allows us to probabilistically
quantify inferences with an application of Bayes" Theorem.

ms(y | 0)
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The prior distribution quantities relevant domain
expertise available before an observation is made.

ws(6)



The /ikelihood ratio quantities what we learn about
the small world from the given observation.

ms(y | 0)
ms(y)




The posterior aggregates what we knew and what
we learned into what we know affer the observation.
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The posterior quantifies the configurations consistent
with both our domain expertise and the observed data.

ggat (A7)




Convenitently, Bayes’ Theorem 1s equivalent to partially
evaluating the full Bayesian model on the observed data.

w0 |y) x w(y,0)



Making Predictions

y~7s(y|0)



We can generate predictions from
any single data generating process.
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Generate predictions from an entire observational model
requires aggregating these individual predictions together.

g~ 7s(y|0)
J ~ms(y|6)
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A tull Bayesian model can generate predictions by
probabilistically weighting the individual predictions.

ms(y | 0)



The prior predictive distribution weights the possible
data generating processes with the prior distribution.

rs(y) = / 46 7s(0)rs(y | 6)



The posterior predictive distribution weights the possible
data generating processes with the posterior distribution.

rs(y | §) = / 19 75(0 | §) sy | 0)



Utlizing The Posterior
Distribution

Analyst

ms(0 | 9)



Dertving a posterior density function from a tull Bayesian
model is a straightforward, and inexpensive, operation.

w0 |y) x w(y,0)



The expense ot Bayesian inference 1s using the posterior
distribution to answer specific inferential questions.

(0] y)



Well-detined inferential questions are coded as functions,
with the answers given by posterior expectation values.

irlf] = | dOms(0 | y) f(0)




Well-detined inferential questions are coded as functions,
with the answers given by posterior expectation values.
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Well-detined inferential questions are coded as functions,
with the answers given by posterior expectation values.
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Well-detined inferential questions are coded as functions,
with the answers given by posterior expectation values.
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Expectations include means and variances for quantitying
the centrality and breadth of the posterior distribution.

uz/dMs(G | y) 0

0" = /d@ws(ﬁ | g9) (67 — p°)



Expectations also include interval probabilities
which we can use to construct histograms.
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Probabilistic Computation
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Well-detined inferential questions are coded as functions,
with the answers given by posterior expectation values.
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Well-detined inferential questions are coded as functions,
with the answers given by posterior expectation values.

irlf] = | dOms(0 | y) f(0)




In practice, we are typically limited to approximate
expectation values, and hence approximate inferences.

X

f df s (0 | g) f(0)



In practice, we are typically limited to approximate
expectation values, and hence approximate inferences.
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To implement Bayesian inference in practice we need to
be able to well-approximate high-dimensional integrals.
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To implement Bayesian inference in practice we need to
be able to well-approximate high-dimensional integrals.

f~ [ dgn(q) f(q)



Markov chain Monte Carlo uses Markov chains to quantity
the important regions ot a posterior distribution.
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Averaging over a Markov chain defines an asymptotically
consistent Markov Chain Monte Carlo estimator for integrals.
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Unfortunately this asymptotic consistency makes no
guarantees on the finite time behavior of the estimators.

lim
N — o0



In practice we rely on empirical diagnostics to determine
when estimators accurately quantity expectation values.

Preparatory Phase

1. Engineer Markov Transition

Warmup Phase

3. Run Equilibrating Iterations
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The Stan Probabilistic

Programming lL.anguage

data {
int N;
real yI[N];
¥

parameters {
real theta;

}

model
target += normal_lpdf(theta | 0, 1);
for (n in 1:N)
target += normal_lpdf(y[n] | theta, 1);
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A Stan program defines data variables, model
configuration variables, and a joint density relating them.

m(y, 0)



More precisely, it detines a /g density function, which 1s
more numerically stable and computationally convenient.

log(y,0) = logm(y|0)

+ log 7(0)

+ const



Log joint density functions can often be constructed
incrementally from each individual contribution.

logm(y,0) = ) log7(yn | 0)



Consider, for example, a straightforward model with a
single parameter and [N component observations.

N
m(y,0) = H normal(y, | 6,1)
n=1

x normal(f | 0, 1)



Consider, for example, a straightforward model with a
single parameter and [N component observations.

N
logm(y,0) = Z log onormal(y,, | 0,1)
n=1

log onormal(6 | 0, 1)



A Stan program uses programming blocks to
specify the structure of a full Bayesian model.

log 7(y, 0)
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A Stan program uses programming blocks to
specify the structure of a full Bayesian model.

log 7(y, 0)

log 7(y, 0)
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A Stan program uses programming blocks to
specify the structure of a full Bayesian model.

model {
target += normal_lpdf(theta | 0, 1);
for (n in 1:N) log m(y, 0)

target += normal_lpdf(y[n] | theta, 1);



Once the data and parameter variables have been
specified, the log joint density 1s defined incrementally.

model {
target += normal_lpdf(theta | 0, 1);
for (n in 1:N)
target += normal_lpdf(y[n] | theta, 1);
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Exercises Material

partl/data/historical_data.json
partl /data/customer_segmentation.json




