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Too this point, our discussion of conditional probability theory has been a bit hampered by
its abstraction. Fortunately, both the theory and application of conditional probability theory
become much more straightforward when applied to the product spaces that dominate practice.
In particular, this application allows us to build up sophisticated probability distributions from
simpler, more manageable components. Not unlike the popular Danish toy: Bilofix.

In this chapter, we will work through the application of conditional probability theory to
product spaces step by step, with a specific emphasis on the probability density functions
and directed graphical model representations that are particularly useful in practical applica-
tions.

1 Product Probability Spaces

Before considering conditional probability theory, let’s begin by discussing the probabilistic
objects that we can derive from the structure of an arbitrary product space.



1.1 Product Space Review

We discussed product spaces in depth in Chapter 3. To facilitate the discussion here, however,
let’s briefly review the basics.

Given a finite collection of component spaces,
{Xy,..., X},
we can construct the product space,
XU = xio X = x1 X,

where 1 : I is a multi-index variable that denotes the indices of all of the component spaces,

1:I=(1,..,1I).

Each point in the product space X' is uniquely determined by a point in each of the compo-
nent spaces. In particular, any variable taking values in the product space,

ry; € XU
can be decomposed into an n-tuple
;= (2g,...,2;) € XH
of component variables taking values in each component space,

z; € X;.

Any subset of component indices,
i = (iy,...,i,) C 1:1

defines its own product space,
X' = XX,

where every point is specified by a point in the included component spaces,

r= (2,01 ) €X
with
;) € Xij
A particular point
ZeX
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does not completely specify a point in the full product space, but it does constrain one. The
remaining degrees of freedom define a subspace of the full product space,

X x {7} c x¥
where
i°=1:1 i={i|i€l:]Tand i ¢i}.
These subspaces are known as cross sections.

Every point in a cross section
(Tie)z, € X' x {&;},

is uniquely determined by points in the complementary component spaces,
z; € X;

for
1 €ic.
At the same time, these component points uniquely determine a point in the complementary
product space
){iC = X XZ'

i€ic
Consequently, each cross section can be treated as a copy of the complementary product
space,

X x {7} = X"

Altogether, a choice of component indices i decomposes the full product space into a smaller
product space and a collection of cross sections. By specifying a point in the smaller produce
space,

r € X,

and a point in the corresponding cross section,
(Tie ), € X x {x;},
we completely determine a point in the full product space,

(@) ;) € X7,

This decomposition is neatly organized by the corresponding projection function,
;s X X

This projection function outputs the smaller product space, while its level sets are exactly the
cross sections,
@ H(E) = X" < {F}



1.2 Product o-Algebras

Just as we can build up each point in a product space from points in the component spaces, we
can often build up structures over a product space from structures over the component spaces.
This includes many probabilistic structures.

Let’s say, for example, that each component space is equipped with its own component o-
algebra X;, each of which defines measurable component subsets. A rectangular subset build
up from measurable component subsets,

X = Xie1.1%

with
x; € X,

is compatible with all of the component-wise structures at the same time. Consequently, it is
a natural candidate for a measurable subset over the full product space.

The only problem with these candidates is they do not form a consistent o-algebra. Specifically,
their unions and intersections define non-rectangular subsets that aren’t neatly related to the
component o-algebras. The solution is to just include all of these successors, generating a
product c-algebra, X!, from the rectangular subsets.

One useful feature of product g-algebras is that they are always compatible with all of the
projection functions that we can define over a product space. More formally, given the com-
ponent indices i, the projection function w; is always (X1, X'')-measurable. Because of this,
we rarely have to worry about measurability on finite product spaces.

1.3 Independent Product Measures and Probability Distributions

Product o-algebras are not the only probabilistic structure that we can derive from component
probabilistic structure. We can also derive entire measures and probability distributions.

Consider each component space being equipped with not only a component o-algebra X', but
also a component measure
pi 2 Xy — [0, 00].

Each of these component measures defines allocations to component measurable subsets. In
turn, these component allocations define a notion of allocation to measurable rectangular
subsets.

Specifically, given the measurable rectangular subset,
X = Xie1:r%

with
x, €X,

1 (2



we can define the product allocations

To define the allocations for arbitrary measurable product subsets, we have to appeal once
again to Carathéodory’s extension theorem. By construction, every subset in a product o-
algebra can be decomposed into a countable union of rectangular subsets,

X= U Xie1:1%;i-
J

Appealing to countable additivity, we can then define the measure allocated to an arbitrary
measurable product subset as

pt(x) = ptt (U Xiel:lxji>
J
= Z pt <Xi€1:Iin)
J

= lelﬂz (x5i) -

When each component measure is o-finite, these derived allocations define a unique product
measure

Nl:] . Il:] - [0,00]
Because each component measure acts independently of the others, this derived measure is
often referred to as an independent product measure.

If each component measure is not only o-finite but also a probability distribution, then the
derived measure will satisfy all of the Kolmogorov axioms. Consequently, component prob-
ability distributions define an independent product probability distribution over the
corresponding product space. Given how cumbersome this name is, however, shorthands like
independent product distribution are common.

One nice feature of this construction is that it does not lose any information. In particular,
we can always recover any of the component measures by pushing an independent product
measure forward along the corresponding projection function,

We’ve already encountered an independent product measure in Chapter 4: multivariate real
spaces R are built up from I component real lines. Fixing the metric on each of these real
lines defines o-finite component Lebesgue measures, and the independent product of these
component Lebesgue measures formally defines the multivariate Lebesgue measure.


http://www.symplectomorphic.com/assets/chapters_html/probability_on_general_spaces.html

1.4 The Fubini-Tonelli Theorem

One of most useful properties of independent product measures is that their integrals can be
computed entirely from component-wise integrals.

Before going into more detail, however, let’s briefly discuss notation. The integral of a suffi-
ciently well-behaved function
g: X" 5 R.

with respect to an independent product measure is most compactly denoted

0lg] = /,ul:f(difl:l)g(%:l)

Often, however, it often more useful to list the components out explicitly using the integral
notation

aolo) = [ W7oy dey) gl ).

This is especially useful when we denote the component spaces not with indices, but rather
different variables names, such as

I]Ml:?’[g] :/MLS(dx?dy?dZ) g(:c,y, Z)

With notation settled, let’s now consider two measurable component spaces X; and X, that are
equipped with the o-finite measures p; and p,, respectively. The Fubini-Tonelli theorem
(Folland 1999) shows that the integral of an integrable, measurable function

g: Xy x X, =R
with respect to the independent product measure,
olo] = [ 102(doy. o) glay, ),

can be computed by nesting or iterating component integrals in either order,

ole) = [ o) [ [ rotde) ooy )]

— [ty | [ miiazy) glay,z).

By repeatedly applying this result, we can decompose integrals with respect to independent
product measures on arbitrary product spaces into any sequence of component-wise integrals.
More formally, for any permutation of the component indices,



we can compute the independent product integral with the nested component integrals
lrlg] = /Hsu)(dﬂ?su)) -~-/Hs(1>(d$s(1))9(3517---,CUI)-

To make this a bit more concrete, consider the product space Z! built up from I integer spaces,
each of which is naturally equipped with a counting measure ;. The independent product of
these component counting measures, '/ defines a product measure over Z'.

Because each y, is o-finite, integration with respect to x'*/ can be implemented by nested
component integrals. Moreover, in this case the component integrals can be evaluated directly
by summation.

Consequently, '/ integrals can be evaluated by any sequence of nested summations, such
as

/X1’3(dx1,dx2,dx3) 9(xq, Ty, T3)

= ZZZQ(mlawza%)

= Z [Z [Zg@pxmifs)]] :

Another common example is a multivariate Lebesgue measure over R!. Because the component
Lebesgue measures A; are all o-finite, we can implement multivariate Lebesgue integrals by
nesting one-dimensional Lebesgue integrals. When the integrand is sufficiently well-behaved,
we can then evaluate these component Lebesgue integrals as Riemann integrals.

For instance, the integral of the integrand
f:R3 =R

can be calculated with any sequence of nested Riemann integrals, such as

/)\1:3(dx17d$27d$3)9(351»%27353)

= /)\Q(de) [/Al(d%) [/ )‘3<d$3)9(551»$27333>”
:/dx2 /dwl /dx39($17x27x3)

/)\1:3((1.%'1,(1[132, de) g(‘rlv T, .%'3)

= //\3(dx3) [/)\Q(dxg) [/ >\1<d$1)9($1»3’327$3>”
:/dx3 /da:Q /dIlg(%a»’Uzaia)‘

or



Importantly, the Fubini-Tonelli theorem does not require that the component spaces are ho-
mogeneous. Consider, for example, the product of a rigid real line and an integer space,

X=RxZ.

The two component spaces are naturally equipped with a Lebesgue measure and counting
measure, respectively. The independent product of these two component measures defines a
kind of mixed measure over X.

Integrals of sufficiently well-behaved functions with respect to this mixed measure can imple-
mented by iterating summation and Riemann integration,

oalol = [ (o) [ [ a(de) gla,z)|

= [ A [ [ xi@r gt )]
:/dxl [;9@171’2)]

or, equivalently,
olo) = [ r(das) [ [ (o) glom)|

:/X(dxl) [/ /\(d$2)9($17372>}
— ; [/dx2 g(xl,l‘z)] :

1.5 General Product Measures and Probability Distributions

Once we have defined a product g-algebra, we are not limited to only independent product
measures. We can always define more general product measures axiomatically. Specifically,

any countably-addictive function
v: X — 0, 00]

defines a measure over the product space X!, while while any countably-additive function
7 X —0,1).

defines a probability distribution.

Once we introduce general product measures, however, we have to be weary of the potential
for terminological confusion. Here, I have used “product measure” to refer to any measure
over a product space. In particular, “product” refers to the structure of the space and not the



structure of the measure. If one were to assume the latter, however, then “product measure”
would more naturally refer to the specific independent product measures that we derived in
the previous section.

One way to avoid this potential confusion is to be a bit more descriptive, referring to arbitrary
product measures as joint product measures, or simply joint measures. The adjective
“joint” here implies that the measure can’t necessarily be decomposed into separate compo-
nent contributions; it also nicely complements the use of “independent” for those exceptional
measures that can be decomposed into separate component contributions.

Equivalently, I will refer to arbitrary product probability distributions as joint product prob-
ability distributions, joint probability distributions, or even just joint distributions
for short.

Let’s pause briefly to review. Given a finite collection of measurable spaces,

{(Xla xl)v 0y (XI7'II>}>

we can immediately construct a product space X'/ and a product o-algebra, X'*/. In other
words, component measurable spaces define a measurable product space.

Once we've constructed the measurable product space (X', X'%*T), we can then define arbitrary
joint measures and probability distributions. At the same time, a finite collection of measure
spaces

{(thlnuz')’ ceey (Xbx[a”i)}a

defines not only a product space and product o-algebra, but also an independent product
measure. Component measure spaces also define a measure product space.

In addition to deriving independent product measures from explicit component measures, we
can also define them axiomatically as special joint measures. From this more abstract perspec-
tive, an independent product measure is any measure that satisfies

for all rectangular subsets

with measurable components,

1.6 Component Means

If a component space can be embedded into a rigid real line, then the corresponding projection
function defines a function that can be integrated. Formally, given a projection function,

w; XU X;,

10



an embedding function,

t: X, = R,
and a joint probability distribution,
7 X8 —10,1],
we can construct the expectation value
E, [tow,].

Using the transformation properties of expectation values that we discussed in Chapter 7, we
can also write this expectation value as an expectation value on the corresponding component
space,

Erleow;] = Eql(@;)"] = B, [ -

From this component-wise perspective, the expectation value is just the mean of the pushfor-
ward distribution!

When taking the embedding for granted,
[Eﬂ'[wz] = IEﬂ'[l’ ° wz] )

we often refer to the expectation of a projection function as a component mean. From this
component mean, we can then build up more general component moments and cumulants
accordingly.

The convention for denoting a component mean varies wildly across different communities. For
example, it’s not uncommon to encounter a notation like

[Eﬂ[xiL

where the projection function is completely implied by the component variable.

1.7 Expanding Product o-Algebras

We'll end this section on a technical note that can be safely skipped by those not interested
in the technical notes.

Product o-algebras inherit many of the nice features that are shared by all of the component
o-algebras. For example, if the component o-algebras are all Hausdorff, then the product
o-algebra will also be Hausdorff.

That said, not all useful properties are preserved by this construction. For instance, even if
all of the component o-algebras include all of their subsets, the product o-algebra might not.
This inconsistency obstructs the construction of complete product measures even when the
component measures are themselves complete.

11
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To facilitate the construction of complete product measures, we have to expand the initial
product o-algebra. Specifically, we have to include rectangular subsets where only some of the
components are measurable, as well as the subsets that we can derive from their unions and
intersections.

This raises the question of how we should define the action of an independent product measure
on one of these rectangular subsets of mixed measurability. Typically we just set the allocations
to zero, so that the new subsets are all null subsets.

When the additional subsets in the expanded product o-algebra are all null subsets, they have
have no impact on practical applications. The difference between a nominal product o-algebra
and an expanded one can safely be ignored. The distinction, however, is important in more
theoretical calculations. Consequently, readers moving on to more technical treatments of
probability theory should prepare themselves for this subtlety.

2 Conditional Probability Theory on Product Spaces

At this point, we have discussed the explicit construction of independent product measures,
but only the implicit existence of more general, joint product measures. How do we construct
explicit joint product measures? With our good friend, conditional probability theory.

Applying conditional probability theory to the projection functions on a product space allows
us to build up joint product measures from more manageable probabilistic pieces.

2.1 Conditioning on Projection Functions

Recall that any subset of components,
iC1l:1,

defines a projection function that maps the full product space into a smaller product sub-
space,

o X X
If each component space X, is equipped with a component o-algebra, then we can construct

a product o-algebra over both X'/ and X'.

If the component o-algebras are all Hausdorff, then these product o-algebra will also be Haus-
dorff. This allows us to also define a subspace g-algebra over the cross sections of the projection
function,

@ ) = X x {).

In fact, the subspace o-algebra over these cross sections are all equivalent to the complementary
product o-algebra X!

12



Because the projection function w; is measurable with respect to all of these o-algebras, it
disintegrates any joint probability distribution into a marginal probability distribution over
Xi

(i), (xi),

and a conditional probability kernel,
(x| ),

consisting of conditional probability distributions that concentrate on each cross section. If we
interpret the conditional probability distributions as not just concentrating but actually being
defined on these cross sections, then we can also write the kernel in terms of cross section
variables,

T (%), | @1)-

This formal notation takes nothing for granted, but it’s also sufficiently dense that it can be
difficult to parse. If we’re conditioning with only projection functions, however, then some of
this notation is redundant and amenable to streamlining.

In particular, the variable to the right of the conditioning bar completely determines both the
relevant projection function and the corresponding cross section. Consequently, in this case
we can safely overload our notation a bit, writing

and

T ((Xje ), | @) = (%o | 7).
The arguments fully differentiate each probabilistic object without any risk of ambiguity. At
least, that is, under the assumption that we are conditioning with only projection functions.
While these particular disintegrations dominate practical applications, they are not completely
universal. Consequently, we do have to be on the lookout for the occasional exception.

When working with only a few component spaces, this streamlined notation becomes even
easier to parse in integral notation. For instance, given four component spaces

<X17X27X37X4>7

the conditional expectations defined by the disintegration of a joint measure with respect to
the projection function

can be written as

/W(dwladxg | 29, 4) g(xy, 73).

13



Similarly, the law of total expectation can be written as
/W(d%vdﬂfzvdl‘:’),d%)9<331a132,933a534)

:/W(dm2,dx4) /W(dxbd% | 29, 24) 921, 79, 23, 74),

or even just
m(dzy, dzy, dwg, duy) = 7(dwy, doy) w(day, dag [ 25, 24).

2.2 Conditional Decomposition of Joint Probability Distributions

The utility of conditional probability theory is not just limited to a single application. After
disintegrating a joint probability distribution into a marginal distribution and conditional prob-
ability kernel, we can often disintegrate the marginal distribution into even simpler pieces.

Given a subset of component indices,
ic1l:1

the projection function w,; disintegrates a joint probability distribution 7 into a marginal
distribution a conditional probability kernel. At this point, a smaller subset of component
indices

icicl:1I

defines a new projection function
wy o X' = X

that disintegrates (co;),7 into a new conditional probability kernel
(X | )

defined over the cross sections
X {af},
, and a new marginal distribution
W(Xi/)

defined over the smaller product space

X

Joint expectation values can be evaluated by nesting the two conditional expectations and one
marginal expectation,

/W(de) 9(Tie, Ty, Ty )

:/w(xi/) /ﬂx”, | 2 /W(xic | 2,0) 9@ T, T ).

14



Symbolically, we often write this as

m(dzyy) = 7lx) T | @) T(%e | 200).

If i’ contains more than one component, then we can repeat this process, disintegrating the
new marginal distribution at each step until we are satisfied or left with a single component
space. One of more difficult aspects of trying to implement a recursive decomposition like this
in practice is just keeping track of all of the intermediate spaces.

Conveniently, we can we systematize these recursive decompositions by organizing each step
into a subset of active component indices. Because each component is active at least once but
cannot be active more than once, these subsets form a partition of

1:1=A{1,..,I}.

More formally, a decomposition with K steps is defined by K index subsets

i, C{1,...., I}
which are non-empty,
ik 7& ®7
mutually disjoint,
ik ﬂ ik/ = @,

and include all of the component indices,

Uiy =A{1,....1}.
k

These subsets define a sequence of product spaces
xieUE_ i, X,,
and the corresponding projection functions,

w; xi e US_ip X; = xi e Ug_yin X,

Disintegrating a joint probability distribution with respect to this sequence of projection func-
tions results in a sequence of conditional probability kernels

)

F(Xik ‘ QULJf,:kHi,c

and one tailing marginal probability distribution,

(%, )

15



I will refer to this sequence of probabilistic objects, or the partition of component indices that
implicitly defines it, as a conditional decomposition.

Every ordered partition of the component spaces defines a unique conditional decomposition.
For example, when working with a three-component product space

the index partitions

{1,2,35  {1,21 {3} {3},{1.2}
{1h{2,3% {23} {1}; {1,3} {2k
{28413 {11 {2} {3k {1}, {3}, {2}
{2h {1} {35 {2h{3h {1} {3} {1}, {2k
{34, {2} {1}

all define a unique sequence of conditional probability kernels and tailing marginal distribu-
tion.

Each of these conditional decompositions can be more or less useful in different applications.
For instance, some might be more interpretable in the context of a given applications, while
others might facilitate the evaluation of certain probabilistic operations. We will return to
the problem of identifying the useful decompositions in probabilistic modeling applications in
future chapters.

Unfortunately, the number of possible conditional decompositions can be overwhelming. If we
have I component spaces, then we can construct H,(I) distinct conditional decompositions,
where H;(n) is the nth ordered Bell number (Knopfmacher and Mayes 2005). The ordered
Bell numbers grow wildly fast as n increases (Figure 1).

That said, most practical applications consider only atomic decompositions that decompose
joint probability distributions as much as possible. An atomic decomposition is defined by an
atomic partition, where each cell consists of only a single component index,

i, = {ir}-
This results in the sequence of conditional probability kernels

ﬂ'(Xik ] Ty yr e , T )

and the marginal distribution
7T<XZ-I).

Here the conditional decomposition “peels” off one component space at a time in the prescribed
order.

16
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Figure 1: The nth ordered Bell number counts the number of ordered partitions of a finite set
with n elements. As the size of a set increases, the number of ordered partitions
increases extraordinarily quickly; even on a log scale the growth is exponential.
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Given I component spaces, there are I! of these atomic decompositions, each corresponding to
a particular ordering of the components. For instance, when working with the product space

X138 = X, x Xy x Xj,

we have only six unique atomic decompositions corresponding to the partitions
1,2,3; 1,3,2; 2,1,3;
2,3,1; 3,1,2; 3,2,1.

2.3 Sequential Construction of Joint Probability Distributions

Often conditional decompositions are much more useful for building up joint distributions
rather than tearing them down.

Given a partition of the component indices, we can always construct a joint distribution by
working through the index subsets in reverse. We begin by engineering an appropriate marginal
distribution

(%, )
over the space X'x. Then we engineer a conditional probability kernel,
7T(XiK,l | $ik)

over the cross sections

XiK*l X {le}
before iterating and engineering a conditional probability kernel
W(Xik | xukfﬂ:kﬂik)
for each subsequent cross section,
i
Xtk x {xugzkﬂik}'

This sequence of conditional probability kernels “lifts” the initial marginal distribution into a
joint distribution over the full product space.

When the index subsets are small, the intermediate cross sections will be low-dimensional
spaces relative to the full product space. Because engineering probabilistic objects over low-
dimensional spaces is typically much more manageable then trying to work with the entire
product space at once, this piece-wise construction is often much more productive in practical
applications.

When building off of an atomic decomposition, we will only ever have to work with a single
active component space at a time, starting with

7T<Xi I)?
and then proceeding to each

W(Xik | Ti oo ’931'1-)

18



2.4 Conditional Dependencies and Independencies

The behavior of the conditional probability distributions at any step of a conditional decom-
position,
)

can, in general, depend on the behavior in each of the remaining component spaces, X, for

| ‘%UK

(X ;
K =k+1 'k

'k

. K .
1€ Up_piqlk

If the conditional behavior in X' varies with the behavior in the component space X;, then
we say that X'* is conditionally dependent on X,.

Note that this is a direct dependency. The conditional behavior in X'* may not directly depend
on the behavior in a component space X,. If, however, it depends on the behavior in another
component space X;/, and the conditional behavior in that space depends on X,, then the
behavior in X, can indirectly moderate the behavior in X'*.

These indirect dependencies are characterized by the conditional independencies of a con-
ditional decomposition. For much more on conditional independencies in atomic conditional
decompostions, see (Bishop 2006).

The conditional dependencies of a joint probability distribution are directly communicated
by the structure of each conditional probability kernel in a conditional decomposition. For
example, if

W(Xik ‘ '%Ulf,:kﬂik) = 7T(Xik | &)

then the behavior in X' conditionally depends on the behavior in only the component space
X,L'/.

Alternatively, we can also communicate these conditional dependencies with an dependency
subset d; that includes all of the relevant component indices. In general,

dK:(D

and
d, C nglﬁ—lik‘

Dependency subsets, however, are most informative when they include only fewer component
indices. For instance, in the above example we would have d;, = {i’}.

Conveniently, dependency subsets can be neatly organized into the component index partition
that defines a conditional decomposition in the first place. In particular, the full structure of
a conditional decomposition can be characterized by ordered pairs of index subsets,

((ilv dl)v L) (ideK)a

19



where i, communicates the active components at each step while d,, communicates the direct
dependencies.

One nice feature of this more abstract characterization of conditional dependencies is it does
not depend on the precise form of the conditional probability kernels. This allows us to,
for instance, refer to any joint model that exhibits the same conditional dependencies. Even
better, it allows us to separate the construction of a joint model into more steps: first specifying
conditional dependencies, and only afterwards worrying about engineering the precise form of
the conditional probability kernels.

To demonstrate the use of these more abstract conditional dependencies, let’s consider the
simplest possible behavior. If
dk = @

for all k£, then the behavior of every conditional probability kernel will be completely indepen-
dent of the behavior in every subsequent component space,

=m0, [0) =m(5,).

| % x

7T(X- k’:k+1i

'k

Any joint distribution that exhibits these conditional dependencies, however, is an indepen-
dent product of component probability distributions in each X'*! When this is true for an
atomic conditional decomposition, then these joint distributions will be independent product
distributions,

m(dzy,...,dz;) = w(dzy) ... 7(dz;) ... 7(dx)).

In other words, conditional dependencies give us yet another way to characterize independent
product distributions.

All of this said, these abstract conditional dependencies can still be a bit ungainly to work with
in practice. Fortunately, they admit a powerful graphical representation that we will discuss
in Section Blah.

3 Product Probability Density Functions

In order to anchor all of this probability theory into a concrete foundation, we need to be able
to actually implement probabilistic calculations. To do that, we’ll need to consider probability
density functions. Fortunately, product structure provides all of the ingredients we need to
construct useful joint and conditional probability density functions.
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3.1 Product Reference Measures

In theory, we can always try to define a reference measure directly over a given product space.
As with most product structures, however, it will be almost always be more useful to build up
a product reference measure from component pieces. If each component space X, is equipped
with a reference measure v; that admits practical integration, then their independent product
v defines a natural reference measure over the corresponding product space.

Provided that each of the component reference measures are o-finite, the Fubini-Tonelli the-
orem then allows us to evaluate integrals with respect to v/ by iterating the integration
operations defined by each v;. As we discussed in Section Blah, for instance, integrals with
respect to a product counting measure can be evaluated by nesting discrete sums, while in-
tegrals with respect to a product of Lebesgue measures can often be evaluated by nesting
one-dimensional Riemann integrals.

Another powerful feature of independent product reference measures is their disintegrations
with respect to any projection function are as well-behaved as we could hope.

Consider, for example, a subset of components,
iC1l:1,

the corresponding projection function,

o XU X
and a natural reference measure over the output space, v'. Together, these objects disintegrate
v into a collection of conditional measures
(Xe | @)
defined over each of the cross sections

—1
i

(7)) = X" x {z;}.

w

Moreover, these conditional measures are equivalent to independent product measures over
the complementary components,

v (xe | &) = V" (%)

for all
T, e X\

This means that we can also use the Fubini-Tonelli theorem to evaluate conditional integrals
as nested component integrals.

If we know how to integrate on each component space, then independent product reference
measures allow us to integrate on all of the relevant product spaces and cross sections.
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3.2 Joint and Conditional Probability Density Functions
Once we have an independent product reference measure, the construction of probability den-
sity functions, and consequently the evaluation of expectation values, is immediate.

For any probability distribution 7 defined over the full product space, we can construct the
joint probability density function, or simply joint density function using the indepen-
dent product reference measure,

dm
p(xla >$I) = W(xlw'-axl)'

Given this joint density function, we can then compute joint expectation values by nesting
component integrals, for example

E[9] I/Vl(dxl)[...

/ui(dwi)[...

[l plar, o) gla )

Provided that the joint expectation value is well-defined, any ordering of the component inte-

grals will yield the same answer.

Similarly, for any i C 1 : I we can construct a marginal probability density function, or
simply marginal density function,

On the cross sections of any i we can define conditional probability density functions, or
simply conditional density functions,

dn@i
(e | ;) = ﬁ(xic | ;).

The computation of marginal and conditional expectation values once again follows from the
Fubini-Tonelli theorem and the component integration operations.

This is all a bit easier to follow when we allow for explicit components. To that end, consider
I = 4 rigid real lines that form the product space

XI:I — [R4.
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Because each component space is equipped with a specific metric, we can construct a unique
Lebesgue reference measure \; on each of them. The independent product of these component
reference measures defines the joint reference measure \'*4.

This allows us to construct joint density functions,

dm
P21, Ty, T3, T4) = W(%?%?f’fsa%)a

and evaluate joint expectation values with nested Riemann integrals, for instance
E,lg] = /d:v1 /da:2 /dx3 /dx4p(x1,x2,a:3,;v4)g(ml,xg,:c3,a:4).

Given the component subset
i ={2,4},
with
i©={1,3},
we can disintegrate this joint density function into a marginal density function,

p(wy, ),

and conditional density functions,

p(zy, w3 | 29,74).

Marginal and conditional integrals are, once again, given by nesting the appropriate component
integrals.

3.3 Decomposition and Composition
In practice, we rarely if ever construct joint, marginal, and conditional density functions
separately. Instead, it’s almost always more convenient derive them from each other.

As we saw in Chapter 9, for example, a marginal density function can be derived from the a
joint density function by integrating over the cross sections,

plz;) = /Vwi (i )P(@ie, ;).
This is no longer an abstract result, however, as the conditional integrals can now be evaluated
with the Fubini-Tonelli theorem.

At the same time, the product rule relates the joint, marginal, and conditional probability
density functions together,

p(Tie, ;) = p(@ie | ;) p(z;).
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This allows us to derive any one of these objects from the other two.

Given a joint density function we can derive a marginal density function by integrating over
the cross sections, and then construct conditional density functions from point-wise division,

vt P(Tie, 7;)
p<xi5 ‘ ‘Ti) - p(%)

To demonstrate, let’s consider the product space X2 = R? equipped with a multivariate
Lebesgue reference measure. This allows us to define a joint distribution through the joint
density function (Figure 2a)

1

P\Tq,Zy) =
e = S JE =)

e[ L0ty )

where

2 ,.2 2.2
057 —2p0, 09T, Ty + 0] T5

)

Q(xq,29) =

The marginal density function over X, is given by integrating the joint density function over
the level sets of w,, which are just lines where z, is fixed (Figure 2b),

p(z,) = /dx2p<x1, 2,).

After some calculus, which I've sequestered to Appendix A.1, becomes a normal density func-
tion (Figure 2c)
p(zy) = normal(x; | 0,0y).

Similarly, the conditional density functions become normal density functions of their own
(Figure 2d).

p(wy,24)

p(xZ ‘ xl) = p(l‘1)

normal (m2 pgazl, oo/ 1 — p2> .
01

Because of the symmetry of the joint density function, the same calculations apply when
deriving the marginal density over X, and the corresponding conditional density functions.
The result there just swaps all of the component indices (Figure 3)

p(z5) = normal(z, | 0,05)

o
P;l%aUlv 1 _P2> .
2

p(zq | x5) = normal (ml
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p(w1,72)

p(71)

()

Figure 2: The two-dimensional real space R? is a product space with rich product structure.
(a) A natural two-dimensional Lebesgue reference measure allows us to define joint
distributions by joint density functions. (b) Distinguishing the first component
defines a projection function w; whose level sets are cross sections where x; is fixed.
(¢) The marginal density function with respect to this projection function is given
by integrating the joint density function over the level sets of w;. (d) The remain-
ing information about the joint density function is encoded in conditional density
functions defined over each level set.
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p(z1,72)

(a)
p(z2)
0
(c)

Figure 3: We can also disintegrate the joint density function in Figure 3 with respect to w,.
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Alternatively, a marginal density function and collection of conditional density functions to-
gether define joint density function by point-wise multiplication,

Vl:I

P(Tie, ;) = p(wie | z;) p(x).
Moreover, given a conditional decomposition with the active component subsets i, and a
sequence of conditional probability density functions, we can apply the product rule iteratively
to define the joint probability density function

K-1

Vl:I
plen) = T [p, Tous

k=1

)| Plig)-

—k+1'k

For example, given the product space
Xl:[ — [R4
the conditional decomposition

(({4},{1,2,3}), ({1, 3}, {2}), ({2}, {0})

would yield the joint density function
p(21, @9, T3, 24) = p(xy | By, 29, 33) (1, T35 | T9) p(T2).

Even more explicitly, consider the mixed product space
X2 =RxZ
and the conditional decomposition

({2}, {1}), ({1}, {0}).

Taking
p(y) o 33% (1— 5171)2
and
p(xy | ) ocay? (1 —xp)107 "2

gives the joint density function (Figure 17)

p(zy,m5) = p(xy | 21) p(79)

24w, (1— x1)127w2.

x ]
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p(71)

x2

plz2 | 1)

Figure 4: Conditional decompositions provide a foundation on which we can build up joint
density functions, and hence joint distributions. (a) A choice of conditional decom-
position defines a marginal space, here X, and sequence of cross sections, here just
X, x {zy}. (b) Any choice of marginal density function and (c) conditional density
functions defines (d) a joint density function over the full product space.
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3.4 The Robustness of Logarithmic Density Functions

All of this said, evaluating a joint probability density function defined by a product of con-
ditional density functions on a computer can be surprisingly awkward. In particular, the
multiplication of many sequential conditional density function evaluations, each of which can
result in a number close to zero, is prone to numerical underflow.

One convenient way to avoid these numerical issues, is to not work with probability density
functions but rather work with their composition with the natural logarithm function,

p(xy,...,x;) = logep(xy,...,x;).

The logarithm of the joint density function is then given by adding together the logarithm of
the conditional density functions,

=

—1
{logop(:vik | zox )| +1ogep(ix)-

Vl:

logop(zy,;) =

=

B
I

1

Because addition is a much more numerically stable operation than multiplication, logo p(x;.;)
is much easier to evaluate accurately on a computer.

Once we’ve computed this logarithmic density function, we can always recover the joint density
function whenever needed by applying the exponential function,

p(@y; oy p) = exp (logep(ey, ..., xp)) -

3.5 Conditioning and Partial Evaluation

The product rule allows us to immediately condition a joint probability density function on
the cross sections defined by any subset of components i,

p(ze | 2;) e

In practice, however, the application of this equation is often limited by our ability to calculate
the denominator,

pla;) £ / V(2 (e ).
for each z; € X'.

That said, when we bind z; to a particular value Z;, the denominator reduces to just some

number
p(&) € R*.
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In this case, the particular conditional density function is, up to proportionality, equal to the
partial evaluation of the joint density function

~

p(zie | Z) = W X P(Tie, T;)-

Consequently, we don’t need to be able to evaluate the marginal density function in order to
derive unnormalized conditional density functions. This ends up being a surprisingly powerful
shortcut in many practical applications.

Consider, for instance, a joint density function over the binary product space X; x X, defined
by

play,25) = play | 21) play).

Because we specify p(x, | ;) directly, any application that needs a conditional density function
p(xy | Z1) is immediately satisfied.

The same, however, cannot be said for any application that needs an opposing conditional
density function, p(z; | Z5). This requires being able to calculate

— p($1¢f2>
f”l(dx1)17($17532)-

If we cannot evaluate the normalizing integral, then we cannot construct p(z, | Z,). That said,
if the normalization is irrelevant, then we can skip the normalizing integral entirely,

~ v ~
p(zy | Z5) oc p(ry,Zy).

One circumstance where the marginal density function can’t be neglected is when we want to
compare two conditional distributions to each other. The Radon-Nikodym derivative between
two conditional distributions is given by the ratio of their conditional density functions. Using
the product rule, we can write this ratio as

In this case, the ratio of the marginal density function evaluations is critical to an accurate
comparison.
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4 Directed Graphical Models

So far we have seen conditional decompositions defined explicitly, as a collection of active
and dependency subsets, and implicitly, by writing out a sequence of conditional density
functions and tailing marginal density function. In this section we will be introduced to a
visual representation of conditional decompositions that neatly complements these methods.

4.1 Directed Acyclic Graphs

A graph is a collection of nodes with edges connected certain pairs of nodes. Typically
nodes represent mathematical objects and edges the relationships, or lack thereof, between
those objects.

Directed graphs (Bishop 2006) distinguish between edges that originate from one node
and terminate in another, and vice versa. The structure of a directed graph is particularly
straightforward to visualize, with two-dimensional shapes representing each node and one-
dimensional arrows the directed edges between them (Figure 5).

Figure 5: Directed graphs are typically visualized using shapes to represent each node and
arrows to represent the edges between them. When the nodes of a directed graph
are labeled, we can also label the shapes accordingly.

The nodes at which a directed edge originates is referred to as the parent of the node at which
the edge terminates. Similarly, the terminating node is referred to as a child of originating
node (Figure 6). This familial language motivates a variety of related vocabulary, such as
referring to two nodes that share a common parent as siblings.

A sequence of directed edges connecting parent nodes to child nodes defines a path through
the graph. In general, these paths can circle back on themselves, forming cycles (Figure 7a).
Directed graphs that do not exhibit any cycles (Figure 7b) are known as directed acyclic
graphs, or often just DAGs for short.
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Parent of Child of
Node 2 Node 1

Figure 6: Two nodes connected by a directed edge are referred to as the parent and child of
each other. This terminology allows us to compact describe relationships between
nodes in a directed graph.

Yo &

(a) (b)

Figure 7: (a) Cycles in a directed graph are formed by paths of edges that connect back on
themselves. (b) In a directed acyclic graph, each path originates and terminates at
a distinct node.
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Because of the lack of cycles, directed acyclic graphs exhibit a well-defined notion of direction-
ality (Figure 8). On one side of the graph we have root nodes with no parents, and on the
other we have leaf nodes with no children.

O C[> O ([)
O

Figure 8: Directed acyclic graph can be arranged in a natural direction, starting with root
nodes who have no parents and leaf nodes who have no children.

Although visualizations of directed graphs don’t technically have to respect this directionality,
they tend to be more effective when they do. That said, there is no universal convention for
whether root notes should be on the top, bottom, left, or right of a visualization. We are free
to pick whichever convention is most convenient, provided that we maintain that convention
consistently.

4.2 Graphical Models of Atomic Conditional Decompositions

Conveniently, every atomic conditional decomposition defines a unique directed acyclic graph,
which can then be used to visualize the conditional structure. A conditional decomposition rep-

resented by a directed acyclic graph is known as a directed graphical model, or sometimes
just DGM for short.

Consider, for example, the atomic conditional decomposition

(<{i1}7d1>7 T <{il}ad1)>'

Each subset of active components,

i = {ir}
can be represented by a node labeled with the corresponding component variable. At the same
time, each pair (({is},d;) defines a collection of directed edges, each of which originates from
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one of the nodes representing the elements of d, and terminating at the node representing
iy
To demonstrate, let’s build a graphical model for a joint distribution defined over the product

space
X=X, xX; xX3xXy

with the conditional decomposition

({45, {1,3}),  ({35:{1.2}), ({1},{2}), ({2}, {0}).

Equivalently, we can interpret this as building a graphical model for the density function
decomposition

P(ry, 29,13, 24) = play | 21, 23)
p(wg | 29, 75)
p(zy | o)

(

xqy).

<

Each of the four component spaces defines a node in the corresponding graphical model (Fig-
ure 9a). Because the behavior in X, depends on the behavior in X; and X5, we then place two
directed edges from the nodes representing X; and X5 to the node representing X, (Figure 9b).
Next, we place two directed edges that terminate at the node representing X;, and one that
terminates at the node representing X, (Figure 9¢). Finally, we place one last directed edge
from the node representing X, to the node representing X; (Figure 9d). The behavior in X,
is independent of the behavior in any of the other component spaces; consequently, there are
no more directed edges to place.

For this conditionald decomposition, the node representing X, is the lone leaf node. At the
same time, the node representing X, is the only root node.

The more coupled the behavior in the component spaces are to each other, the more directed
edges the corresponding graphical model will feature. Often the most informative aspect of a
graphical model is the absence of directed edges.

4.3 Graphical Models of More General Conditional Decompositions

Unfortunately, once we move away from atomic conditional decompositions, graphical model-
ing becomes a little bit more complicated. The problem is that not every general conditional
decompositions defines a distinct directed acyclic graph. In other words, some graphical models
will be ambiguous.

To see what can go wrong, let’s go back to the product space

X=X, x X, x X3 xXy,
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Figure 9: Graphical models are straightforward to build for atomic conditional decompositions.
(a) After placing nodes for each component space, (b-d) we work down the condi-
tional decomposition, placing directed arrows between every component node and
its dependencies.
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but now consider the conditional decomposition

({45, {1,2}),  ({1,3},{2}), ({2}, {0}).

Again, we can equivalently interpret this as the density function decomposition
P21, 29, T3, 24) = p(2y | 21, 25) P(1, 25 | T9) p(22).

Here we’ll need a directed edge to represent the conditional dependence of the behavior in X,
on the behavior in X;. There is no node, however, that represents just X;. Instead we have
a node that represents both X; and Xj.

One option is to add a directed edge that originates from the node representing X; x X3 and
terminates at the node representing X, (Figure 10). This approach, however, would have us
add the same exact edge if the behavior in X, conditionally depended on X5 or X; x X3!

p(I171’27I37I4)

= p(z4 | 71, 72) p(1, 23 | 72) p(T2)
p(1'17~732ax3>-754)

= p(z4 | 23,72) p(21, 23 | T2) p(72)

p(T1, T2, T3, T4)
=p(wq | 21,72, 23) p(21, T3 | T2) p(T2)

Figure 10: Not every non-atomic conditional decomposition translates to a unique graphical
model. The graphical model here is consistent with three different conditional
decompositions.

In other words, this graphical model represents three distinct conditional decompositions,

({4} {12}, ({1,3}:{2}), ({2}, {0}))
({45413}, ({1.31{2}), ({2},{0}))
(({45,{1,2,3}),  ({1,3}1,{2}), ({2}, {0})),

at the same time. Without additional information, there would be no way to know which of
these conditional decomposition was intended from the graphical model alone.

Fortunately, it’s not too difficult to characterize a more general class of conditional decom-
positions that correspond to unique graphical models. The key is to consider only those
conditional decompositions where each dependency subset d;, is the union of some number of
active component subsets i/,
dk - U ik/.
k/
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In this case, the behavior in X' will always depend on all of the component spaces in a node
representing X'+ or none of them. Consequently, each directed edge will always have a unique
origin and terminus.

For instance, of the three conditional decompositions that we considered above, only

(({43,{1,2,3}),  ({1,3},{2}), ({2}, {0}))

satisfies this disambiguating criteria. The other two conditional decompositions would have
to be excluded to avoid any ambiguity.

A simpler way to interpret this disambiguating criteria is that is reinterprets the components
of the product space to be not the X,
X = XiIleiv

but rather the X',
X = xE Xix,

Any conditional decomposition built around these composite components will necessarily treat
each X'* uniformly.

Many references avoid this awkwardness entirely by using graphical models for only atomic
conditional decompositions. That said, more general graphical modeling can be extremely
useful in practice, even if used only informally. In this book, I will be relatively generous with
my applications of graphical modeling, taking care to respect the disambiguating criteria.

4.4 Bells and Whistles

The nodes and edges in directed graphical models convey a wealth of information. We can,
however, pack even more information into directed graphical models by augmenting this basic
graph structure with some special features.

4.4.1 Auxiliary Nodes

Many applications consider joint distributions whose behavior depends on the behavior of
auxiliary spaces that are not equipped with any probabilistic structure of their own. In other
words, these joint distributions are parameterized by the configuration of the auxiliary spaces.

These non-probabilistic dependencies can be represented in graphical models by introducing
multiple types of nodes, one to represent the probabilistic spaces and one to represent the
auxiliary spaces. I like to use rounded shapes to represent probabilistic nodes and rectangular
shapes to represent auxiliary nodes.
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For instance, the conditional structure of

p<x17$27$3a$4§y> = p(zy | :Cl,x3)
plry | 23;y)

(
(

plzg | zy)
(

)

<

can be represented by the graphical model in Figure 11.

6 p($1,132,$3,51?4;y)
= p(l’4 \ $1,502)

vy '1:1|‘T35 )

(
p(xs | z2)
o

s

Figure 11: Rectangular nodes communicate non-probabilistic dependencies in joint probability
distributions. Here the conditional density functions p(x; | z4;y) are parameterized

by the configuration of a non-probabilistic space, y € Y.

4.4.2 Pushforward Nodes

Sometimes the behavior of a component space depends on the behavior of other component
spaces through only the output of some intermediate function. For instance, instead of

p(xy | 2y, 23)
ply [ z3;y)
plzg | T5)

(

Ty)

p<x17I27$37$4§y> =

<
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we might have

p(@y, 29,75, 243y) = plzg | f21,23))
Py | 23;9)
p(a3 | 34)
“p(zs).
In this case, the behavior in X, doesn’t directly depend on the behavior in X; x X5, but rather
the behavior in X; x X5 pushed forward through f.

One way to communicate these functional dependencies in a graphical model is to introduce
an explicit variable for the function output,

(1,29, 25, 245Y) = play |y = f(z1,25))
plzy | 2339)
plzy | xy)
-p(Ty),

and then represent that variable with its own node. To avoid any ambiguity, however, we’ll
need to decorate this node differently from the component nodes. I like to use dashed borders
(Figure 12)

4.4.3 Conditioned Nodes

Some applications are less concerned with a given joint distribution than certain conditional
distributions derived from that joint distribution when we bind particular component variables
to particular values.

Once we have a graphical model for the joint distribution, this conditioning process is straight-
forward to visualize by adding a distinct decoration to the nodes corresponding to the bound
variables. A common convention is to fully color these nodes.

For example, let’s say that we start with the joint distribution defined by the probability
density functions (Figure 13a)

P21, 29, 3,24) = p(y | 29, 23)
-p(ay | 23)
-p(as | 22)

-p(zs),
but we are interested in the conditional distribution defined by
p(Zy, @y, T3, Ty)
p(Z1, Zy).

We can visualize this particular conditioning by coloring in the nodes representing X; and X,
(Figure 13b).

p(l‘Q,ZL‘3 | 51)£4) =
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p(x1, T2, T3, T43Y)
= plas |y = f(x1,22))
p(z1 | x3)
p(xs | x2)
p(x2)

Figure 12: Dashed, circular nodes represent the output of functions that depend on components
variables. We can interpret these nodes as modeling the pushforward distribution

along the intermediate function.

a p(z1, 22, T3, 1)
= P(«'M \ 1L'1712)
p(z1 | 23)
'P(Is | 22)
-p(2)

(a) (b)

Figure 13: The various conditional distributions that we can derive from a joint distribution
can be represented by (a) taking the graphical model for the joint distribution and
(b) coloring in the nodes representing the components being bound to particular

p(xe, x3 | T1,%4)
o< p(Z1, 22, 23, Z4)
o p(Zy | T1,22)
p(Z1 | z3)
p(as | z2)
-p(z2

values.
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4.4.4 Plate Notation

Some conditional patterns are sufficiently common that it’s useful to introduce graphical short-
hands that allow for more compact visualizations.

Consider, for example, the product space X = X'*5 and the conditional decomposition

({15451, ({2h45}), (3L{5}), ({4}.{5}), ({5}.{0})),

or, equivalently, the sequence of probability density functions

p<$1a x2,x3,x4,x5) =P

This particular conditional structure results in a fan-like graphical model (Figure 14a), which
can take up a lot of visual space. We can make the graphical model a bit more compact,
however, by packing the first four nodes together into a single plate that represents their
common dependence on the fifth node.

i=1{1,2,3,4}
p(r1, T2, 23, 24, T5) (w1, T2, T3, T4, T5)
= [T p(as | 25)] plas) = [T ples | 23)] pas)
(a) (b)

Figure 14: (a) Conditional dependencies where many subsets of active components depend on
one, and only one, other subset of components, result in fan-like graphical models.
(b) These graphical models can be visually compressed by packing the dependent
nodes into a single plate.

This plate notation is especially useful when we have an arbitrary number of component spaces
whose behavior conditionally depends on the same component spaces. For instance, we might
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have the product space X = X'/ x X, +1 and a joint distribution built up from the conditional
decomposition

(s Trpg) = [HP(% | xl+1>] (@)

We can try to construct heuristic visualizations to represent the arbitrary number of nodes
(Figure 15a), but the plate notation allow us to visualize this structure exactly (Figure 15b).

i={1,...,1I}
p(xl,...,xi,xprl) p(xl,...,.’L‘],x]+1)
= [T (@i 2| plara) = [T plas | 2r) | plorsn)
(a) (b)

Figure 15: (a) Graphical models with an arbitrary number of nodes are awkward to visualize.
(b) When applicable, plates avoid this awkwardness entirely.

Plates can also be nested to accommodate hierarchical conditional dependencies

4.5 Subtleties and Limitations

Directed graphical models can be a powerful tool for communicating the structure of condi-
tional decompositions in practice, especially as a complement to explicit probability density
functions. That said, directed graphical models are without their subtleties and limitations
that require some care.

For instance, directed graphical models communicate the structure of a particular conditional
decomposition, not a particular joint distribution. The same joint distribution under differ-
ent conditional decompositions will result in different graphical models. At the same time,
different joint distributions with the same conditional dependencies will correspond to the
same graphical model, just with differences in the conditional distributions and/or marginal
distribution.

In other words, graphical models does no completely specify joint distributions. Instead it
defines a kind of mathematical “armature” around which we can build up a joint distribution
with the choice of particular conditional and marginal probability distributions. In order
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Figure 16: (a) Nested hierarchies of conditional dependencies can also be compactly visualized
by (b) nested plates within other plates.



to communicate those choices, we need to complement a graphical model with additional
information.

Another potential issue is that transforming a joint distribution will, in general, transform
the corresponding graphical model. Transformations that preserve the product structure of
a space will, by definition, also preserve the structure of conditional decompositions, and
hence the structure of of graphical models. For instance, we can freely transform individual
component spaces without affecting the graphical modeling representation. On the other hand,
transformations that reorder the component spaces or mix them together will usually change
the conditional decomposition, and hence the corresponding graphical model.

One of the more frustrating aspects of directed graphical models is that they can struggle to
effectively communicate certain operations.

Consider, for example, the joint distribution defined by the density function decomposition

P(xy,..,xg) = D

A graphical model using only six nodes, one for each X;, can be confused with a more general
conditional dependencies (Figure 17a),

(T, 26) = p(ay | 24, 26)
play | T35, 26)
plag | 2y, 25)
-p(zy) p(zs) p(26)-

We can capture the conditional dependence on the differences with pushforward nodes (Fig-
ure 17a), but the overlapping arrows can be difficult to parse. Moreover, the parsing becomes
only more difficult as we add more nodes that also depend on differences between z,, x5, and
:1:6-

Another possibility is to employ plate notation (Figure 17¢). The problem with this approach,
however, is that each y, doesn’t depend on z,, =5, and z4 all at the same time. Consequently,
this plate diagram is fundamentally ambiguous as well.

All of this is to say that graphical models are not always the best tool for communicating
conditional dependencies. Sometimes a probability density function decomposition is just more
effective. Other times we might need to reach for other representations, such as probabilistic
programming. This will be a topic for a future chapter.
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= p(x1 | 24, 26) = p(x1 | x4 — @6) = IT p(ai | 25, — )
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Pz | T4, 5) plzz | m5 — 24)
‘p(z4) p(25) p(6) ‘p(z4) p(25) p(6)
(a) (b) (c)

Figure 17: Some conditional decompositions are just awkward to to represent with graphical
models. Consider, for example, a joint density function built up from the condi-
tional density functions p(z, | x4 — z4), p(z4 | g — x5), and p(zg | x5 — x4). ()
The immediate graphical model doesn’t communicate the particular dependence
on differences. (b) Introducing pushforward nodes helps, but at the expense of a
much busier graphical model. (c) Using plates results in a more elegant graphical
model, but requires introducing conditional indices j; and k; whose behavior is left

ambiguous.
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5 Bayes’ Theorem

Given a subset of components, we can decompose a joint distribution two different ways. The
conditional probability kernel and a tailing marginal distribution from each of these decompo-
sitions, however, are intimately related.

Consider the complementary component subsets
ic{l,..,I}

and
icc{1,..,I}.

The partition
(i 1)
defines the conditional probability kernel
T
and the marginal probability distribution
(wi>*7r'
At the same time, the permuted partition
(i,i%)
defines the conditional probability kernel
T (% | @ie)
and the marginal probability distribution
(wic)*ﬂ-‘

Each conditional probability distribution in the conditional probability kernel of the first de-
composition is defined on a cross section,

X x {1},

For fixed z;, this cross section is equivalent to the product space

X,
This, however, is exactly the space over which the marginal probability distribution in the
second decomposition is defined. Consequently, we can define Radon-Nikodym derivatives
between these objects,
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Similarly, we can construct Radon-Nikodym derivatives between each conditional probability
distribution in the second decomposition and the marginal probability distribution in the first
decomposition,
dﬂ-wic
W(% | i)
In order for the two decompositions to define the same joint probability distribution, these
Radon-Nikodym derivatives have to be almost always equal,

dn@i x  dr@e

m(:ﬂic x;) m(ﬂc. | i)

The identification between these Radon-Nikodym derivatives admits a particularly compelling
interpretation. Consider the conditional expectation

/ e (dz, | B ) ().

Using Radon-Nikodym derivatives, we can compute this conditional expectation as a comple-
mentary marginal expectation,
Wic i~ dﬂ—Wic i~
T (d; | Zie) g(2y) = [ (@) m(day) ———(2; | Tie) 9(27).
d(wi)*ﬂ—
With the above identity, we can swap the Radon-Nikodym derivative to give

dr®i

[ 1509w = [@atn) 3 TG | gl

(wic)*ﬂ-
Comparing this to the parallel marginal expectation,

@)tz gtz

we can “update” a marginal expectation into a conditional expectation, where Z;. is fixed, by
scaling the expectand with the Radon-Nikodym derivative

dn®
m(%c | ).
Equivalently,
. dn@ |
T (d; | &) = W(xic | ;) (). 7(day).

This relationship between marginal and conditional expectation values is known as Bayes’
Theorem. The Reverend Thomas Bayes first published a special case of this relationship all
the way back in 1763 (Bayes 1763), albeit posthumously.
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This general form of Bayes’ Theorem is, admittedly, a bit abstract. Fortunately, it becomes
much more straightforward in terms of probability density functions. Assuming consistent
reference measures, the component subset i induces the probability density function decompo-
sitions »

P, Tie) = p(z; | 7)) p(wic)
and .
p(z;, 7 ) = p(xie | ;) p(;).

Bayes’ Theorem relates all of these density functions together,

pla | zie) o P oy

p(zie)
1 Pl | 7) p(x)
p(ze)
vl p(we | ;) .
= TG P
V;I p(£ic | CE;) (l,l)

[ v(day) plag, ).

Conveniently, we can quickly derive this density version of Bayes’ Theorem in a few different
ways. For example, the identification of the mixed Radon-Nikodym derivatives implies

dr@i pir dr®ie
d(wic)ﬂ(xic m) = d(w;),
p(Tic | ;) vt p(z; | ;)

p(zic) p(z;)

(z; | ;)

which we can immediately manipulate into Bayes’ Theorem,

p(Tic | ;) vt pz; | @)

p(zic) p(z;)
v p(we | ;) -
p(‘ri | xi“) - p(:ﬂ;c) p( i

Perhaps the easiest way to derive Bayes’ Theorem, however, is to start with the consistency
of the conditional decompositions directly,

p(a; | i) plaie) == plae | 2;) p(a;)
v p(wpe | ;)
pla | 7o) Py
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Finally, Bayes’ Theorem becomes somewhat trivial to implement when we need only an single
unnormalized conditional density function. As we saw in Section Blah, the unnormalized
conditional density function is immediately given by partially evaluating the joint density

function,
N (T | ;)
p({l/‘l,I'lc) - p(i‘,c) p<$|>
VI:I -
o p(Zie | ;) p(;)
VI:I

X P(jicﬁfi)-

Indeed, this is how Bayes’ Theorem is most often implemented in practice.

6 Convolution

All of this product space probability theory can also be applied to probabilistic systems that
don’t necessarily have any product structure of their own.

Consider, for example, the probability space
(X, X, m).

Even if the ambient space X does not have any product structure, we can always introduce
product structure by combining it with itself. Specifically, we can construct the power space

X?2=XxX
which is naturally equipped with the projection functions
w: X? — X
(x,z") > x,
and
w:X? =X
(x,z") > '
Once we have defined X? and its projection functions, we can introduce a conditional proba-

bility kernel over the level sets of w,
w(dz’ | z).

Any choice of conditional probability kernel lifts the initial probability distribution 7 to a joint
probability distribution over the power space,

w(dz’ | z) w(dx) = 7(dz,dz’).
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By construction, pushing this joint distribution forward along w returns the original probability
distribution,
(w),m(dx) = 7(dz).

Pushing it forward along the second projection function w’, however, defines an entirely new
probability distribution over X,

(@), m(da’) = / m(de’ | 2) n(dz) # m(da’).

This process of lifting and then pushing forward along the converse projection function, trans-
forming an initial probability distribution into a new probability distribution, is known as
convolution. The conditional probability kernel defined by p(z” | x) is referred to as a
convolution kernel.

Consider, for example, the integers X = [ equipped with a probability distribution defined by
the Poisson density function

ATe~A

p(x) = Poisson(z | \) = '
x!

and the somewhat awkward convolution kernel defined by the conditional density functions

’
,’722 —Zp—N

m[[w <z'].

p(a’ | z) =

The convolution of this initial probability distribution with the convolution kernel is a new
probability distribution. After some algebra, which is worked out in Appendix A.2, the new
probability distribution is defined by another Poisson density function,

p’) =) pa' | z)p(x)
=0
= Poisson(z’ | A + 7).

In this case, the convolution translates the intensity of the Poisson parameter by 7.

For a second demonstration, consider a rigid real line X = R equipped with a probability
distribution defined by the normal density function

p(x) = normal(x | u, o)

1 1 (z—p)?
= ———exp|—5—5 |-
V2mo? 2 o
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Given a convolution kernel defined by the conditional density functions

p(z’ | ) = normal(z’ | n —z,T)
1 [ 1($/—n+x)2}
exp | —s——5——|,
V2nmT?

2 T2

we can construct the convolution

p(@') = [ depte, o)
= normal <x’ | p+mn,Vo?+ 7'2> :

The full derivation can be found in Appendix A.3.

In this case, the convolution operation takes in initial normal density function, translates the
location parameter by 7, and then inflates the square of the scale.

When we take the limit 7 — 0, the convolution becomes a pure translation of the location

parameter,
p(a’) = normal (@' | i+, V/o? +72).

Indeed, this is exactly the pushforward of a normal density function along the translation
operation that we discussed in Chapter 7, Section 4.3.2.1.

The convolution kernel in this limit acts like a singular delta function that shifts an input =
to an output x + 1. This limiting convolution is also known as a linear convolution.

7 Conclusion

All of the abstraction of conditional probability theory becomes concrete when we apply it to
product spaces. Fortunately, all of the applications that we will consider in this book will be
on product spaces. Consequently, the discussion in this chapter will be the foundation all of
the work we will do moving forwards.

Appendix: “Explicit” Calculations

Per tradition, I have have sequestered the more involved calculations in this chapter to this
appendix.

o1


http://www.symplectomorphic.com/assets/chapters_html/transforming_probability_spaces.html#examples

A.1 Density Function Disintegration

Consider the binary product space X2 = R? equipped with a two-dimensional Lebesgue
measure and the joint distribution defined by the joint density function

1 [ 1
p(xq,19) = exp—Qm,x]
(01087) = 5 exp | =5 Q01, )
where 5 o 5 o
Qz, x2)202m1—2p0102w1$2+0112

ot ol (1—p?).

The marginal density function over X is given by integrating over x,,

p(ey) = [ doyplar. )

1 1
T 2rJotaR (1—p?) /de P [_2Q(m1’“”2>] :

In order to evaluate this integral, we need to isolate all of the x, terms in Q(z,,z,). This
requires completing the square for x, in the numerator,

2
g
2 ,.2 2,2 _ 2 2 2.2 2.2
0537 —2p0, 09T, Ty +07]T5 = 0] (a;z—paazl) +o5x] —poj ]
1

2
g
=0} (fﬂg - p02$1> +ogaf (1—p?).
1

Then

2,.2 2 ,.2
0537 —2p0, 05T, Ty +072

Q<x11x2> = 2

ot o3 (1—p?)

2
ot (332 - P%fﬁ) +ojat(1—p?)

otos (1—p?)

P 2
(22 —pZ2o1) a3
B—p)

02



This allows us to write the joint density function as

1 1
p(xy,T5) = exp[—fo,x ]
(211 = 5 o |5
- 2
1 1 ( (22— pZay) 22

= exp
2n\/oToE (1= 77)

- oy 2
1 1 (22— pZ2a,) ] [ 1:51}
= eXP | — 55 7 5. | &XP

- —_i_i
2\ o3(1—p?) o}

2m\/o? o3 (1—p?) 2 o3 (1—p?) 20%

With this factorization, the marginal density function reduces to a normal integral which we
can evaluate in closed form,

p(ey) = [ dyplar. )

1 /d 1z pPa) 122
= Ty €XP exp —
27 \/02 02 (1—p? 2 2 o2(1—p?) 20%_
1 122 /d 1 (22— pZ2a;) "]
= exp | — Ty €Xp | — =
2m/ot o5 (1—p?) 207 ’ 2 o3 (1=p?)
1 122
= exp | — =~ |1/2702 (1 — p?
21 \/0F 03 (1—p?) [ 2"%] e

After all of the that, the marginal density function is just a normal density function,

(@) 1 1%
P(T) = —F—=exp | — -
! \/QWU% 20’%

= normal(z, | 0,09).

We can use this same factorization of the joint density function to simplify the calculation of
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the conditional density functions,

p(xq,75)

p(xy [ 21) = p(zy)

1
2703 (1—p?) [ 2 o2 (1—p?)

Perhaps surprisingly, each conditional density function is also a normal density function,

o 2
@ | 2:) 1 1 (22— pZay)
play | xy) = exp | — = ———
2 27102 (1—p?) 2 o3(1-p?)

= normal (:BQ

,025”170'2 1 _P2> .
01

Because of the symmetry of the joint density function, the same calculations apply if when
deriving the other marginal density function and corresponding conditional density functions.
The result just swaps all of the indices,

p(3) = normal(z, | 0,05)

o
P;lxzafﬁ\/ 1 P2> :
2

p(x; | 5) = normal (I‘l

Finally, this is an example where some pattern matching can point to the marginal and condi-
tional density functions directly without having to evaluate a single integral. Examining

2
1 1 (wz - p;fl‘l) 12
p(xy,25) = (1_p2)eXP T | XP | — 53>

27 /0% 02 2 o3 (1-p?) 202
we might notice that both of the exponentiated quadratics define normal density functions,

o N2
1 1 (x2 _P(fol) 12

exp | —-——F5—+—"|exp | — ==
2m\/oto3(1—p?) 2 o03(1—p?) 202

1 1 (2, — pZay) 1 122
= > exp | — s—— 3 Sexp | — 5 —
V2mo3 (1—p?) 2 o3(1—=p?) 2oy 207
pﬁ:@,al V31— p2) normal(z; | 0,04).
P

p(xy,x) =

= normal <x1

o4



In other words, by isolating x, we have incidentally manipulated the joint density function
into the desired conditional decomposition

p(zy,m5) = p(ay | 71) p(2q).

This approach isn’t always useful, in particular it requires being able to identify normalized
density functions by eye. That said, it can save time when working with similar calculations.

A.2 Discrete Convolution

We begin with the space X = [ equipped with a counting reference measure and a probability
distribution defined by the Poisson density function

Ae A

p(x) = Poisson(z | \) = ;
x!

Here we’ll consider the convolution kernel defined by the conditional density functions

7
T —XT

n* re

m[[mé:ﬂ’].

p(a’ | z) =

Before deriving the convolution, however, let’s first verify that this somewhat awkward looking
object is, in fact, a conditional probability kernel. To do that, we’ll need to verify that for
each conditional distribution is properly normalized for all values of n > 0.

The normalizations are given by explicit summations,

AL D D Ay
2/ —0 2/ =0 (.’E/ - ':L')
= (" —x)!

o] o) -
n-e
S ople ) =3
z’=0 k=0
o0 T]k
— 7
=€ Z k!
k=0

as required.
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With the validity of the convolution kernel verified, we can proceed to the convolution itself,

pa’) =Y pla' | z)p(x)
=0
© x'—x —n AT A
=> Ll <]
(v —x)! x!
> 1 /
— —(A+ ’ z'—x \x
e n)ZI[w<x]x!(x,_x)!7] A
=0
—(\4n) & 7|
€ x ' —x T
Ed x! (w’—m)'n AT
z=0 """ '

Conveniently, the summation is immediately given by the binomial theorem,

K
(a+b)K = Zak bE—k,
k=0

Consequently,
~(Atm) & g
, (& X! ’
— XL xX A{E
p(@) e R Gl Jr:)!77
e_<)‘+77) 2
This, however, is just another Poisson density function,
e_<)‘+77> ’
p(x’) = 7,'()\ +n)* = Poisson(x’ | A+ 7).
x’!

A.3 Continuous Convolution

Consider a rigid real line X = R equipped with a Lebesgue reference measure and a probability
distribution defined by the normal density function

p(x) = normal(x | u, o)

The convolution kernel defined by the conditional density functions
p(z’ | ) = normal(z’ | n —z,T)
1 1(z' — 2
exp [_ @W} .

Vo2rT2 2

2 T2

o6



lifts the initial probability distribution into a joint distribution over X? defined by the joint
density function

p(z,2") = p(a’ | z)p(z)
= normal(x | p, o) normal(z’ | n—z,7)

1 Q")
= 76 —_—
2m Vo272 R A
where ( )2 ( )2
T — i ' —n+x
Qz,z’) = = + =~ )

The convolution of the initial probability distribution with the convolution kernel is given by
projecting this joint density function to the auxiliary space,

p(@') = [ dope, o)

-~ gver | 4 e 500

o7



To evaluate this integral, we’ll need to isolate x with some — surprise! — completion of squares,

(x—p)? (@ —n+a)?

Qaa) = o? + 2

2 2 2 ’ , 2

x*=2pr+p®  x®—=2(2 —n)r+(x' —n)
2 + 5

d T

1

TN L R
20272[ (0% +77) (x— o2 + 72

2

2
(T2p+0? (2" —n))
o2+ 712

R e

+ 722+ % (' —n)? —

0272 o2 + 12
: [ TP+ ot P ot (@) =)+ 0?2 (2 —n)?
2.2 R
2 42720 p (2 — ) + o2l — )
- 02+ 72 }

o°T

2

- e (-T2 o0y ]

o°T o2+ 72

1 027'2,LL2—27'20'2lu<x/_77)_|_0.27_2<x/_77)2

o2 72 o

o+ (P pt o’ (@ =)

o212 o2 + 12

P —2p( —n)+ (" —n)?
o2 + 72

B el OO T i k)

o7 o2 + 72

T
2

2

* 02+ 72

o8



This allows us to reduce the convolution operation to a normal integral,

pa') = s [ o exn[~50Q00.7)]

1 / 1o? + 72 2 p+o% (' —n) ?
=——— [do exp|—z—5—5 |2 —
27'(\/0'27'2 2 0'27_2 0_2+TQ
1 (2 — 2
exp 1@ —(p+n)
2 0?2472

_ 2“}02772 exp [_l(m’ — (u+n))2]

2 o2 4+ 72
2
1024 72 T2u+o? (2’ —n)
/dx xp [_2 o2 72 (m— 02 4 72 )
1 1(z' — 2 272
S N ) ol e/ Dl IOl
27V 12 2 o247
1 p[ 1(m’—(u+?7))2]

V27 (0% 4+ 72)

2 02+ 72

= normal (m’ | p+n,Vo?+ 7'2> .
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