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To this point, our discussion of conditional probability theory has been a bit hampered by
its abstraction. Fortunately, both the theory and application of conditional probability the-
ory become much more straightforward when applied to the product spaces that dominate
practice. In this chapter, we will work through the application of conditional probability the-
ory to product spaces step by step, with a specific emphasis the probability density function
representations and practical computation.

1 Product Probability Spaces

Before considering conditional probability theory, let’s begin by discussing the probabilistic
objects that we can derive from the structure of an arbitrary product space.

1.1 Product o-Algebras

The construction of product o-algebras from component o-algebras neatly parallels the con-
struction of topologies.

Component o-algebras, X';, defines measurable component subsets. When each component
space is equipped with a component o-algebra, we can construct rectangle subsets from these
measurable pieces,
X = Xie1:1%
with
x; € X,
Because these particular rectangle subsets are compatible with all of the component-wise o-

algebras at the same time, they are natural candidates for measurable subsets over the full
product space.
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The only problem with these candidates is they do not form a consistent o-algebra. Specifically,
their unions, intersections, and complements define non-rectangular subsets that aren’t neatly
related to the component o-algebras. The solution is to just include all of these successors,
generating a o-algebra from the rectangular subsets.

Although the resulting o-algebra is well behaved when we have only a finite number of compo-
nent spaces, it becomes a bit problematic when we consider infinitely many component spaces.
Fortunately we can avoid these issues in the same way that we did when building up product
topologies: by starting from cylinder subsets instead of more general rectangle subsets.

A product o-algebra, X', is generated by taking cylinder subsets,
X = Xie1:1%

with
x, € X,

7 3

and
Xi = X

(2

for all but a finite number of ¢ € 1 : I, and then adding their unions, intersections, and
complements. Unsurprisingly, this also known as a cylinder o-algebra.

One useful feature of cylinder g-algebras is that they are always compatible with all of the
projection functions that map into a finite thinned product space. More formally, given the
component indices

iC1l:1,
the projection function w; is always (X1, X)-measurable. Consequently, we rarely have

to worry about measurability on product spaces so long as the component spaces are well
behaved.

1.2 Independent Product Measures and Probability Distributions

Product o-algebras are not the only probabilistic structure that we can derive from component
probabilistic structure. We can also derive entire measures and probability distributions.

Consider each component space being equipped with not only a component o-algebra X';, but
also a component measure
pi Xy — [0, 00].

Each of these component measures defines allocations to component measurable subsets. In
turn, these component allocations define a notion of allocation to measurable cylinder sub-
sets.

Specifically, given the measurable cylinder subset,

X = Xie1:1%



with

X’L € xi,
we can define the product allocations
P () = (X err)
I
= H i (i)
i=1

To define the allocations for arbitrary measurable product subsets, we can apply
Carathéodory’s extension theorem as we did when constructing the Lebesgue measure
in Chapter 4, Section 5.2. When each component measure is o-finite, these derived allocations
define a unique product measure

ptl s B — 00, 00].

Because each component measure acts independently of the others, this derived measure is
often referred to as an independent product measure.

If each component measure is not only o-finite but also a probability distribution, then the
derived measure will satisfy all of the Kolmogorov axioms. In other words, component prob-
ability distributions define an independent product probability distribution over the
corresponding product space. Given how cumbersome this name is, however, shorthands
like independent product distribution or even just independent distribution are com-
mon.

One nice feature of this construction is that it does not lose any information about the compo-
nent spaces. In particular, we can always recover any of the component measures by pushing
an independent product measure forward along the corresponding projection function,

We have already encountered an independent product measure in Chapter 4, Section 5.3.
Multivariate real spaces R! are built up from I component real lines. Fixing the component
metric on each of these real lines defines o-finite component Lebesgue measures, and the
independent product of these component Lebesgue measures formally defines the multivariate
Lebesgue measure.

1.3 The Fubini-Tonelli Theorem

One of most useful properties of independent product measures is that their integrals can be
computed entirely from component-wise integrals.
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Before going into more detail, however, let’s briefly discuss notation. The integral of a suffi-
ciently well-behaved function
g: X' SR

with respect to an independent product measure is most compactly denoted

0,2:(g] = /,Ul:](d$1:[)g(x1:1>

Often, however, it can be more useful to list the components out explicitly using the integral
notation

0,21(9] :/MM(dxl,...,de)g(ajl,...,xI).

This is especially useful when we denote the component spaces not with indices, but rather
different variables names, such as

olg) = [ 07 (do. dyud2) .. 2).

With notation settled, let’s now consider two measurable component spaces X; and X, that are
equipped with the o-finite measures p; and pu,, respectively. The Fubini-Tonelli theorem
(Folland 1999) shows that the integral of an integrable, measurable function

with respect to the independent product measure,

uula[g]:=L/"u12<dx1,dx2>g<x1,x2x

can be computed by nesting or iterating component integrals in either order,
ole) = [ o) [ [ rotde) ooy

— [ (o) | [ miiazy) glay,a)].

By repeatedly applying this result, we can decompose integrals with respect to independent
product measures on arbitrary product spaces into any sequence of component-wise integrals.
More formally, for any permutation of the component indices,

we can compute the independent product integral with the nested component integrals

lrlgl = /Ms(l)(dxs(l)> ---/Msu)(dﬂ?su))g(xl,---7371)-



To make this a bit more concrete, consider the product space Z! built up from I integer spaces,
each of which is naturally equipped with a counting measure x;. The independent product of
these component counting measures, '/ defines a product measure over Z%.

Because each y, is o-finite, integration with respect to x'*/ can be implemented by nested
component integrals. Moreover, in this case the component integrals can be evaluated directly
by summation.

Consequently, '/ integrals can be evaluated by any sequence of nested summations, such
as

/Xlzs(dwl,de,dx3)g(azl,x2,w3)

= 2229(95173727333)

T Ty T3

[z

Another common example is a multivariate Lebesgue measure over R!. Because the component
Lebesgue measures \; are all o-finite, we can implement multivariate Lebesgue integrals by
nesting one-dimensional Lebesgue integrals. When the integrand is sufficiently well-behaved,
we can then evaluate these component Lebesgue integrals as Riemann integrals.

For instance, the integral of
f:R*—=R

can be calculated with any sequence of nested Riemann integrals, such as

/)\1:3(dx1,dx2,dx3)g(xl,xQ,x3)

_ /)\Q(de) [/Al(dxl) [/ Ag(dwg)g(xl,xz,ws)”
:/dx2 /d:v1 /d$39($17$2>f’33)

/)\1:3(dx1,dx2,dx3)g(a:l,xz,xg)

- /)\3(d:v3) [/AQ(d@) [/ Al(dxl)g(xl,xgaws)”
:/dq:3 /d:c2 /dxlg(asl,xg,wg).

or



The Fubini-Tonelli theorem does not require that the component spaces are homogeneous.
Consider, for example, the product of a rigid real line and an integer space,

X=RxZ.

The two component spaces are naturally equipped with a Lebesgue measure and counting
measure, respectively. The independent product of these two component measures defines a
kind of mixed measure over X.

Integrals of sufficiently well-behaved functions with respect to this mixed measure can imple-
mented by iterating summation and Riemann integration,

oalol = [ (o) [ [ a(de) gla,z)|

= [ A [ [ xi@r gt )]
:/dxl [;9@171’2)]

or, equivalently,
olo) = [ r(das) [ [ (o) glom)|

:/X(dxl) [/ /\(d$2)9($17372>}
— ; [/dx2 g(xl,l‘z)] :

1.4 General Product Measures and Probability Distributions

Once we have defined a cylinder o-algebra, we are not limited to only independent product
measures. We can always define more general product measures axiomatically. Specifically,
any countably-addictive function

v: X — 0, 00]

defines a measure over the product space X!, while any countably-additive function
7 X —0,1].
defines a probability distribution.

Once we introduce general product measures, however, we have to be wary of the potential
for terminological confusion. Here, I have used “product measure” to refer to any measure
over a product space. In particular, “product” refers to the structure of the space and not the



structure of the measure. If one were to assume the latter, however, then “product measure”

would more naturally refer to the specific independent product measures that we derived in
the previous section.

One way to avoid this potential confusion is to be a bit more descriptive, referring to arbitrary
product measures as joint product measures, or simply joint measures. The adjective
“joint” here implies that the component spaces cannot necessarily be treated separately; it
also nicely complements the use of “independent” for those exceptional measures that can be
decomposed into separate component contributions.

Equivalently, I will refer to arbitrary product probability distributions as joint product prob-
ability distributions, joint probability distributions, or even just joint distributions
for short.

Let’s pause briefly to review. Given a finite collection of measurable spaces,
{(XD x1)7 s (XI7 ‘II)}7

we can immediately construct a product space X'/ and a cylinder o-algebra, X'*/. In other
words, measurable component spaces define a measurable product space.

Once we've constructed the measurable product space (X, X'%*), we can then define arbitrary
joint measures and probability distributions. At the same time, a finite collection of measure
spaces

{(Xl’xlnui)v s (Xbxb#i)}a

defines not only a product space and cylinder o-algebra, but also an independent product
measure. Component measure spaces also define a product measure space.

In addition to deriving independent product measures from explicit component measures, we
can also define them axiomatically as special joint measures. From this more abstract perspec-
tive, an independent product measure is any measure that satisfies

for all cylinder subsets
X = Xie1:1%

with measurable components,
x; € X..

1.5 Component Means

If a component space can be embedded into a rigid real line, then the corresponding projec-
tion function defines a measurable function that can be integrated. More formally, given a
projection function,

w, XU — X,



and an embedding function,
t: X, = R,

we can construct the measurable, real-valued function
tow; : X 5 R

A joint probability distribution,
X —0,1],

then defines a corresponding expectation value

[E7T[L ° w1] .

Using the transformation properties of expectation values that we discussed in Chapter 7, we
can also write E_[c o @;] as a component-wise expectation value,

I}:TI'[L ° wz] = l}:ﬂ[(w»*[’} = [E(wl)*w[l’] :

From this perspective, the expectation value is just the mean of the pushforward distribution
(wz>*ﬂ-'

When taking the embedding for granted,
Eﬂ[wz] = [Eﬂ'[[’ ° wz] ’

we often refer to the expectation of a projection function as a component mean. From this
component mean, we can then build up more general component moments and cumulants
accordingly.

The convention for denoting a component mean varies wildly across different communities. For
example, it’s not uncommon to encounter a notation like

[Ew[xi]y

where the projection function is implied by the component variable.

1.6 Expanding Product o-Algebras

Let’s end this section on a technical note that can be safely skipped by those not interested in
more rigorous details.

Cylinder g-algebras inherit many of the nice features that are shared by all of the component
o-algebras. For example, if the component o-algebras are all Hausdorff, then the cylinder
o-algebra will also be Hausdorff.

That said, not all useful properties are preserved by this construction. In particular, even if all
of the component o-algebras are complete, the product o-algebra might not be. To facilitate
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the construction of complete product measures, we have to expand the initial cylinder o-algebra
to include cylinder subsets where only some of the components are measurable.

This raises the question of how we should define the action of an independent product measure
on a cylinder subset of mixed measurability. Typically we just set the allocations to zero, so
that the new subsets are all null subsets. In this case, the new subsets have have no impact on
practical applications. The difference between a nominal cylinder g-algebra and an expanded
one can then be safely ignored.

The distinction, however, is important in more theoretical calculations that leverage properties
like completeness. Consequently, readers moving on to more technical treatments of probability
theory should prepare themselves for this subtlety.

2 Conditional Probability Theory on Product Spaces

At this point, we have discussed the explicit construction of independent product measures,
but only the implicit existence of more general, joint product measures. How do we construct
explicit joint product measures in practice? With our good friend, conditional probability
theory.

Applying conditional probability theory to the projection functions on a product space allows
us to build up joint measures and joint distributions from more manageable pieces.

2.1 Decomposing Joint Probability Distributions

Recall that any subsequence of component indices,
iC1:1,
defines a projection function that maps the full product space into a thinned product space,
w; s XU — X

If each component space X, is equipped with a component o-algebra, then we can construct
a cylinder o-algebra over both X'/ and X'.

If the component o-algebras are all Hausdorff, then these cylinder o-algebra will also be Haus-
dorff. This allows us to also define a subspace g-algebra over the cross sections

o Hz;) = X" x {x;}.

In fact, the subspace o-algebra over any cross section is isomorphic to the complementary
cylinder o-algebra X', Each cross section X'* x {z;} can still be treated as a copy of X" after
we have introduced measurable structure!

10



Because the projection function o, is measurable with respect to all of these o-algebras, it dis-
integrates any joint probability distribution (Figure 1) into a marginal probability distribution
over X',

(@), (%;),

and a conditional probability kernel,
TEi(x | ;).

The conditional probability kernel consists of conditional probability distributions that con-
centrate on each cross section. If we interpret the conditional probability distributions as not
just concentrating but actually being defined on these cross sections, then we can also write
the kernel in terms of cross section variables,

T ((%ie ), | 7).

In general, the behavior of these conditional probability distributions will be heterogeneous.
Although each cross section X x {z;} can be identified with X", the probabilistic behavior
will generally vary with z;. Once we consider conditional probability theory, we have to be
careful to distinguish between each cross section.

The formal notation that we have used to this point takes nothing for granted. It is also,
however, sufficiently dense that it can be difficult to parse. If we’re conditioning with only
projection functions, however, then some of this notation is redundant and amenable to stream-
lining.

Specifically, the variable to the right of the conditioning bar completely determines both the

relevant projection function and the corresponding cross section. In this case, we can safely
overload our notation a bit, writing

and
T ((Xie ), | 1) = 7(xe | 2)).

Under the assumption that we are conditioning with only projection functions, the arguments
fully differentiate each probabilistic object without any risk of ambiguity. While these partic-
ular disintegrations dominate practical applications, they are not completely universal. Con-
sequently, we do have to be on the lookout for the occasional exception.

When working with only a few component spaces, this streamlined notation becomes even
easier to parse in integral notation. For instance, given four component spaces

(XlaX27X37X4)7

the conditional expectations defined by the disintegration of a joint measure with respect to
the projection function
o X (1,2,3,4) _, x(2,4)

11



X X X {{.Tl}XXQXXg
1 X A2 X A3
for z;1 € X3 }

(a)

L m(dzy)

7T(d.’L‘1, d.’172, d:IZ'g)

{ m(dzq,dzs | 1)
for 1 € X3 }

(b)

Figure 1: The composite structure of a product space allows us to not only (a) decompose it
into cross sections, but also (b) decompose any joint probability distribution over
the product space into a marginal probability distribution over a thinned product
space and conditional probability distributions over those cross sections.

12



can be written as
[ wday,day | ) gl )

Similarly, the law of total expectation can be written as
/W(d%adf’?zadx&d%)9@1@2@3@4)

:/W(dx2,d:1:4) /W(dxl,dx3 | 29, 74) (21, 79, T3, 24),

or even just
m(dzy, dzy, dwg, duy) = 7(dwy, doy) w(day, dag [ 25, 24).

2.2 Constructing Joint Probability Distributions

Conditional probability theory can also be used to build up joint distributions rather than
tearing them down.

Given the component indices
ic1:1,
we can first engineer an appropriate marginal distribution
().
over the thinned product space X'. Next, we can construct a conditional probability kernel,
T(Xe | ;)

over the cross sections

X x {z;}.
The conditional probability kernel “lifts” the marginal distribution into a joint distribution
over the full product space.

Because both X' and X™ x {z;} contain fewer degrees of freedom than X!, engineering
probabilistic objects over these spaces will often be more manageable than trying to work with
the full product space all at once. Moreover, when X' is still too complex we can always
decompose it further. This will be the subject of the next chapter.

3 Product Probability Density Functions

In order to realize all of this probability theory in a practical application, we need to be able
to implement the probabilistic calculations. To do that, we’ll need to consider probability
density functions. Fortunately, the component structure of a product space provides all of the
ingredients we need to construct useful joint and conditional probability density functions.

13



3.1 Product Reference Measures

Theoretically, we can always define a reference measure directly over a given product space. As
with most product structures, however, it will typically be more useful to build up a product
reference measure from component pieces. If each component space X, is equipped with a
o-finite reference measure v; that admits practical integration, then their independent product
v defines a natural reference measure over the corresponding product space.

Provided that each of the component reference measures is o-finite, the Fubini-Tonelli theorem
will allow us to evaluate integrals with respect to v/ by iterating the integration operations
defined by each v;. As we discussed in Section 1.3, for instance, integrals with respect to
a product counting measure can be evaluated by nesting discrete sums, while integrals with
respect to a product of Lebesgue measures can often be evaluated by nesting one-dimensional
Riemann integrals.

Another powerful feature of independent product reference measures is their disintegrations
with respect to projection functions are particularly well-behaved. For example, the component
indices,

ic1:1,

allows us to construct not only the reference measure v**! over X!, but also the reference

measure ' over X'. Together, the thinned reference measure ' and the projection function
;s X X

1:

disintegrate the full reference measure v into a collection of conditional measures

T

Vi(Xie | @)

defined over each of the cross sections

w; H(x) = X x {x}
These conditional measures behave like independent product measures over the complementary
components,

Vi (%o | &) = 7 (%)

for all
7, e X\
This means that we can also use the Fubini-Tonelli theorem to evaluate conditional integrals

as nested component integrals.

If we can implement integration on each component space, then independent product reference
measures allow us to integrate on all of the full product space, any thinned product space, and
any cross section.

14



3.2 Joint, Marginal, And Conditional Density Functions

Once we have an independent product reference measure, the construction of probability den-
sity functions, and consequently the evaluation of expectation values, is immediate.

For any probability distribution 7 defined over the full product space, we can construct the
joint probability density function, or simply joint density function, using the indepen-
dent product reference measure,

dm
p(xlv 7'7:]) = W(xlw-'uzl)'

Given this joint density function, we can then compute joint expectation values by nesting
component integrals, for example

E [g] = /ul(dx1>[...

/Vi(dxi)[...

/ vr(dey) p(ay, o s 2p) glags s y)

Provided that the joint expectation value is well-defined, any ordering of the component inte-
grals will yield the same answer.

Similarly, for any i C 1 : I we can construct a marginal probability density function, or
simply marginal density function,

On the cross sections
@i ;)
we can define conditional probability density functions, or simply conditional density

functions,
dr®i

v
The computation of marginal and conditional expectation values once again follows from the
Fubini-Tonelli theorem and the component integration operations.

p(xie | ;) (Tie | ;).

15



This is all a bit easier to follow when we consider explicit components. To that end, let’s
combine four rigid real lines into the product space

XU =R,

Because each component space is equipped with a specific metric, we can construct a o-finite
Lebesgue reference measure A; on each of them. The independent product of these component
reference measures defines the joint reference measure A4,

This allows us to construct joint density functions,

dm
p(ry,T9, T3, 7y) = W(%?xz?%a%)a

and evaluate joint expectation values with nested Riemann integrals. For instance we might
take

[Ew[g] :/dxl /d.%'2 /d(]?3 /d$4p<$1,$2,$3,$4)9(1'1,332,.%'3,1'4),

but any ordering of the component integrals is equally valid.

Given the component indices
i=(2,4),

with
i©=(1,3),

we can disintegrate this joint density function into a marginal density function,
p(@y,24),
and conditional density functions,
p(zy, 23 | g, 2y).
Marginal and conditional expectations are, once again, given by nesting the appropriate com-

ponent integrals.

3.3 Relating Probability Density Functions

In practice, we rarely if ever construct joint, marginal, and conditional density functions
separately. Instead, it’s almost always more convenient derive them from each other.

16



3.3.1 Decomposition

As we saw in Chapter 9, for example, a marginal density function can be derived from the a
joint density function by integrating over the cross sections,

pa) 2 [ v

a / U (560 (e, ).

7)) p(xie, 1)

This is no longer an abstract result, however, as the conditional integrals can now be evaluated
with the Fubini-Tonelli theorem.

At the same time, the product rule that we derived in Chapter 9, Section 5.2 relates the joint,
marginal, and conditional probability density functions together,

1:7

p(zie, ;) "= p(zie | ;) pla).
This allows us to derive any one of these objects from the other two.

Given a joint density function, we can derive a marginal density function by integrating over
the cross sections and then construct conditional density functions from point-wise division,

p(wic | ) o

To demonstrate, let’s consider the product space X'? = R? equipped with a multivariate
Lebesgue reference measure. This allows us to define a joint distribution through the joint
density function (Figure 2a)

: [ 1 ]
Ty, Ty) = exp |—=Q(xq,
p( 1 2) o O-%O-§<1_p2) p QQ( 1 2)

where

2 ,.2 2.2
0537 —2p0 09T Ty + 0] TH

ot o3 (1—p?).

Q(y,29) =

The marginal density function over X, is given by integrating the joint density function over
the level sets of wy, which are just lines where z; is fixed (Figure 2b),

plz,) = /dx2p<x1, z,).

After some calculus, which I've sequestered to Appendix A.1, this becomes a normal density
function (Figure 2c)
p(zq) = normal(z, | 0,0y).

17
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Similarly, the conditional density functions become normal density functions of their own
(Figure 2d).

P(xbxz)

p<$2 | xl) = p(xl)

g
pgzwl,Uz\/l—pQ)-
1

= normal (:L’2

Because of the symmetry of the joint density function, the same calculations apply when
deriving the marginal density over X, and the corresponding conditional density functions.
The result there just swaps all of the component indices (Figure 3)

p(zy) = normal(z, | 0,05)

o
P;lx2a‘71\/ 1 _Pz> :

2

p(z; | 5) = normal (azl

3.3.2 Composition

These relationships can also be used to construct joint density functions from more manageable
pieces. Any marginal density function p(z;) over the thinned product space X' and collection
of conditional density functions p(w;. | x;) over the cross sections X'* x {x;} together define a
joint density function over the full product space by point-wise multiplication,

Consider, for example, the mixed product space
X2 =R x Z.

Taking
p(y) o m% (1— 551)2
and
p(xy | xy) ocxy? (1 —xp)107 %2

gives the joint density function (Figure 4)

p(z1,25) = p(xy | 21) p(79)

x :U?Hc2 (1 — )22,

18



p(-Tl, '7”2)

p(71)

()

Figure 2: The two-dimensional real space R? is a product space with a rich product structure.
(a) A natural two-dimensional Lebesgue reference measure allows us to define joint
distributions with joint density functions. (b) Distinguishing the first component
x, defines a projection function w; whose level sets are cross sections where z; is
fixed. (c) The marginal density function with respect to this projection function is
given by integrating the joint density function over the level sets of w;. (d) The
remaining information about the joint density function is encoded in conditional
density functions defined over each cross section.

19



p(z1,72)

(a)
p(z2)
0
(c)

Figure 3: We can also disintegrate the joint density function in Figure 3 with respect to w,.

20



p(71)

T2
1
T
(b)
(a)
P(lb'z | ll'1) p(-Tl-,-TQ)

) : : .\\\\\‘)12
o ® ! ; : ¢

(c) (d)

Figure 4: Conditional decompositions provide a foundation on which we can build up joint
density functions, and hence joint distributions. (a) A choice of component indices
defines a thinned product space, here X, and sequence of cross sections, here just
X, x {zy}. (b) Any choice of marginal density function and (c) conditional density
functions defines (d) a joint density function over the full product space.
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3.4 The Robustness of Logarithmic Density Functions

On a computer, evaluating a joint probability density function defined by a product of density
functions can be surprisingly awkward. In particular, the multiplication of density function
evaluations, each of which can result in a number close to zero, is prone to numerical under-
flow.

One convenient way to avoid these numerical issues, is to not work with probability density
functions but rather work with their composition with the natural logarithm function,

p(xy,...,x;) = logep(xy,...,x;).

The logarithm of the joint density function is then given by adding together the logarithm of
the conditional density functions and marginal density function,

pld .
logop(zy,;) = logop(ze | x;) + logop(i).

Because addition is a much more numerically stable operation than multiplication, logo p(xy.;)
is much easier to evaluate accurately on a computer.

Once we’ve computed this logarithmic density function, we can always recover the joint density
function whenever needed by applying the exponential function,

p(l’l, 7$I) = €Xp (logop(xla 7xl>) .

3.5 Conditioning and Partial Evaluation

In theory, the product rule allows us to immediately condition a joint probability density
function on any of the cross sections defined by the component indices i,

vt P(Tie, 7;)
p<xiC ‘ :Ei) - p<$|>

In practice, however, the application of this equation can be limited by our ability to calculate
the marginal density function in the denominator,

for each z; € X'.

That said, when we bind z; to a particular value Z;, and fix out attention to a single cross
section, the denominator reduces to a single number,

p(F) € R*.
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In this case, the particular conditional density function is equal to the partial evaluation of
the joint density function up to proportionality,

~ 1/1‘1 p('l"ic"%i) ~
P(Tie | T;) = ——z— X p(Tic, T;).
(@ | ) = IS o plae, )

Consequently, we don’t need to be able to evaluate the marginal density function in order to
derive unnormalized conditional density functions. This ends up being a surprisingly powerful
shortcut in many practical applications.

Consider, for instance, a joint density function over the binary product space X; x X, defined
by

v

p(x1,75) = play | 21) play).

Because we specify p(z, | ;) in the definition of the joint density function, any application
that needs these conditional density functions is immediately satisfied.

The same, however, cannot be said for any application that needs an opposing conditional
density function, p(z; | Z5). This requires being able to calculate

x 7)) = p<x17‘%2)
p( 1| 2) p(iig)

— p<x1¢'%2>
fVl(d%)p(l’hi’z)'

If we cannot evaluate the normalizing integral, then we cannot construct p(z, | ¥5). That said,
if the normalization is irrelevant, then we can skip the normalizing integral entirely,

N ~
p(xy | Ty) o p(xy,Zy).

One circumstance where the marginal density function can’t be neglected is when we want to
compare two conditional distributions to each other. The Radon-Nikodym derivative between
two conditional distributions is given by the ratio of their conditional density functions. Using
the product rule, we can write this ratio as

p(@y | By) w12 p(xy,Ty)  p(E))
p(zy | 13) p(Ea) play, o)

Here the ratio of the marginal density function evaluations is critical to an accurate compari-
Som.

To summarize: an unnormalized conditional probability density function is sufficient when
considering only a single level set in isolation, where as normalized conditional probability
density functions are necessary when making comparisons across multiple level sets.
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4 Bayes’ Theorem

Given a subsequence of component indices, we can decompose a joint distribution two differ-
ent ways. The conditional probability kernel and marginal distribution from each of these
decompositions are intimately related.

4.1 General Form

The component indices i C 1 : I define the conditional probability kernel
T (e | 2;)
and the marginal probability distribution

(),

At the same time, the complementary indices i C 1 : I define the conditional probability

kernel
T (% | i)

and the marginal probability distribution

(Wie ),

Each conditional probability distribution in the conditional probability kernel of the first de-
composition is defined on a cross section, X x {z;}. Each of these cross sections can be
identified with the thinned product space X'°. This thinned product space, however, is ex-
actly the space over which the marginal probability distribution in the second decomposition
is defined. Consequently, we can define Radon-Nikodym derivatives between these objects,

dr@i

m(ﬁic | ;).

Similarly, we can construct Radon-Nikodym derivatives between each conditional probability
distribution in the second decomposition and the marginal probability distribution in the first

decomposition,
dﬂ.wic

m(@’i | Zie ).

In order for the two decompositions to be consistent, and define the same joint probability
distribution, these Radon-Nikodym derivatives have to be almost always equal,

dn@e

e

(@i | ie).-




Although not immediately obvious, the identification between these Radon-Nikodym deriva-
tives results in a particularly interpretable consequence. Consider the conditional expecta-
tion

/ e (dz, | B ) ().

Using Radon-Nikodym derivatives, we can compute this as a complementary marginal expec-

tation,
dﬂ.wic ~

[ 7 e F ) = [(@.mtae) G (a5 ().

Using our consistency identity, we can almost always swap the Radon-Nikodym derivatives to
give
dn=

[ n | 509w 2 [ (@).atdn) g TG | ) gl

(@ie )0

In other words, binding ;. to the particular value Z,. “updates” the prior marginal expecta-
tion

[ (@)t gtz

into a posterior marginal expectation

/ﬂwic (dz; | Zpe) g(z;)

dn@i

= [(m).mlaz) [d@)ﬂ< )| gla).

Mechanically, this update is achieved by simply multiplying the initial expectand by the Radon-

Nikodym derivative
dr™i

d(wic)*ﬂ(iic | :I;i>'

Equivalently, we can write this integral relationship out in short hand,

dn@i

(e )

~

a%e (dx, | F) = 3

(Zie | ;) (@), m(da;).

This relationship between marginal and conditional expectation values is known as Bayes’
Rule or Bayes’ Theorem. The Reverend Thomas Bayes first derived a special case of this
relationship which was then posthumously published in 1763 (Bayes 1763).
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4.2 Probability Density Function Form
This general form of Bayes’ Theorem is, admittedly, a bit abstract. Fortunately, it becomes
much more straightforward in terms of probability density functions.

Assuming consistent reference measures, the component indices i induce the probability density

function decomposition
1:I

p(z;, T ) = p(a; | i) p(xie),

while the complementary indices i¢ give

Bayes’ Theorem relates all of these density functions together in a single integral equation,

dn®

/Wwic(dxi | Zie) g(a;) = /(wi)ﬂ(dxﬂ m(%c | z;) 9(;)
. . - . dr@i »
[t | Fata) = [ ) pte) 37— ) gl

[y pten | 5gta) = [vian)pta) PO o),

Again, the intuition is that binding z;. to the particular value Z;,. “updates” the prior marginal
expectation,

/a@WMamwm

into a posterior marginal expectation,
[ Vi) ol | 50 g
- i P(Zpe | x;
e e

p(Zic)

In order for this integral relationship to be true for all expectands g, the probability density
functions on both sides must be almost always equal,

e |7 V;I - (& | 7;)
p( |‘ |C) p( |) p(fic) .

This relationship between a conditional density function and a scaled marginal density function
is often presented as Bayes’ Theorem itself. As we have seen here, however, it is actually derived
from the more general theorem.
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Conveniently, we can immediately derive this form of Bayes’ Theorem directly from the con-
sistency of the two conditional decompositions,

Bayes’ Theorem becomes somewhat trivial to implement when we need only an unnormalized
posterior density function. As we saw in Section 3.5, an unnormalized conditional density
function is given by just partially evaluating the joint density function,

p(z;, i) = ZM (z;)

p(Ze)
"x P(Zie | x;) p(x;)

X p(‘%i%xi)'

Indeed, this is how Bayes’ Theorem is most often implemented in practice.

5 Convolution

All of this product space probability theory can also be applied to probabilistic systems that
don’t necessarily have any composite structure of their own.

Consider, for example, the probability space
(X, X, m).

Even if the ambient space X does not have any composite structure, we can always introduce
product structure by combining it with itself. Specifically, we can construct the power space

X2 =XxX
which is naturally equipped with the projection functions

w: X? — X

(x,z") > x,
and

w’ : X2 — X

(x,z") > '
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Once we have defined X? and its projection functions, we can introduce a conditional proba-
bility kernel over the level sets of w,
m(dz’ | z).

Any choice of conditional probability kernel lifts the initial probability distribution 7 to a joint
probability distribution over the power space,

m(dz’ | z) w(dx) = 7(dz,dz’).

By construction, pushing this joint distribution forward along w returns the original probability
distribution,
(w),m(dx) = 7(dz).

Pushing it forward along the second projection function w’, however, defines an entirely new
probability distribution over X,

(@), m(dz”) = /W(dﬂ:’ | z) m(dx) # w(dz’).

This process of lifting on one projection function and then pushing forward along the other,
transforming an initial probability distribution into a new one, is known as convolution. In
this context, the conditional probability kernel m(dz’ | x) is referred to as a convolution
kernel.

Consider, for example, the integers X = [ equipped with a probability distribution defined by
the Poisson density function

ATe A

p(z) = Poisson(z | A) = '
x!

and the somewhat awkward convolution kernel defined by the conditional density functions

-
i Iz < 2'].

p($/|$>:m >

The convolution of this initial probability distribution with the convolution kernel is a new
probability distribution. After some algebra, which is worked out in Appendix A.2, the new
probability distribution is defined by another Poisson density function,

p(a’) = ZP(&“' | z) p(z)
= Poisson(z’ | A +n).

In this case, the convolution translates the intensity of the Poisson parameter by 7.
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For a second demonstration, consider a rigid real line X = R equipped with a probability
distribution defined by the normal density function

p(x) = normal(x | u, o)

Given a convolution kernel defined by the conditional density functions

p(a’ | ) = normal(x’ | n —x, T)

1 1(z/ —n+ux)?
= exXp | —w———— |,
V2m T2 2 72

we can construct the convolution
p(a’) = /dxp(ac,x/)
= normal (a:’ | p+n,Vo?+ 7'2> :

The full derivation can be found in Appendix A.3.

In this case, the convolution operation takes in initial normal density function, translates the
location parameter by 7, and then inflates the square of the scale.

When we take the limit 7 — 0, the convolution becomes a pure translation of the location
parameter,
p(z’) = normal (2" | u+n,0).

Indeed, this is exactly the pushforward of a normal density function along the translation
operation that we discussed in Chapter 7, Section 4.3.2.1.

The convolution kernel in this limit acts like a singular delta function that shifts an input =
to an output x + 1. This limiting convolution is also known as a linear convolution.

6 Conclusion

All of the abstraction of conditional probability theory becomes concrete when we apply it to
product spaces. Fortunately, all of the applications that we will consider in this book will be
on product spaces. The material in this chapter will be the foundation on which we will build
those applications.

That said, we have not yet completed our discussion of decomposing joint probability distri-
butions. Once we have decomposed an initial joint distribution into a conditional probability
kernel and marginal distribution, we can iterate and decompose the marginal distribution into
simpler pieces. These recursive decompositions will be the subject of the next chapter.
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Appendix: “Explicit” Calculations

Per tradition, I have have sequestered the more involved calculations in this chapter to this
appendix where they cannot harm anyone. At least not without consent.

A.1 Density Function Disintegration

Consider the binary product space X2 = R? equipped with a two-dimensional Lebesgue
measure and the joint distribution defined by the joint density function

1 [1
p(xq,29) = exp —Qx,x]
(r112) = e b | Q011

where
0322 —2p0o, 0y, Ty + O3 T

ot o3 (1—p?).

Q(xb x2)
The marginal density function over X, is given by integrating over x,,

p@ﬁz/¢wﬂ%wﬁ

dz, exp Q(xhl“z)] :

W/

In order to evaluate this integral, we need to isolate all of the x, terms in Q(zq,z,). This
requires completing the square for z, in the numerator,

2

222 -2 x| Lo + 02 12 2 (o — %2, + o2 2?2 2 12
03 T7 pPO103T1 Ty T 01Ty =07 2 PU 1 O3] — POy
1

2

a.

= o} (xz - p(f%) +o3ai(1—p?).
1

Then
Qlay, ) = o323 — 2p0102x1x2+01x2
’ ot os (1_P>
B ot (552*P2$1) +ojat(1—p?)
ot o3 (1—p?)

0'2 2
(22— pB2ar) a3
FA—p?) P
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This allows us to write the joint density function as

1 1
p(xy,T5) = exp[—fo,x ]
(211 = 5 o |5
- 2
1 1 ( (22— pZay) 22

= exp
2n\/oToE (1= 77)

- oy 2
1 1 (22— pZ2a,) ] [ 1:51}
= eXP | — 55 7 5. | &XP

- —_i_i
2\ o3(1—p?) o}

2m\/o? o3 (1—p?) 2 o3 (1—p?) 20%

With this factorization, the marginal density function reduces to a normal integral which we
can evaluate in closed form,

p(ey) = [ dyplar. )

1 /d 1z pPa) 122
= Ty €XP exp —
27 \/02 02 (1—p? 2 2 o2(1—p?) 20%_
1 122 /d 1 (22— pZ2a;) "]
= exp | — Ty €Xp | — =
2m/ot o5 (1—p?) 207 ’ 2 o3 (1=p?)
1 122
= exp | — =~ |1/2702 (1 — p?
21 \/0F 03 (1—p?) [ 2"%] e

After all of the that, the marginal density function is just a normal density function,

(@) 1 1%
P(T) = —F—=exp | — -
! \/QWU% 20’%

= normal(z, | 0,09).

We can use this same factorization of the joint density function to simplify the calculation of
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the conditional density functions,

p(xq,75)

p(xy [ 21) = p(zy)

1
2703 (1—p?) [ 2 o2 (1—p?)

Perhaps surprisingly, each conditional density function is also a normal density function,

o 2
@ | 2:) 1 1 (22— pZay)
play | xy) = exp | — = ———
2 27102 (1—p?) 2 o3(1-p?)

= normal (:BQ

,025”170'2 1 _P2> .
01

Because of the symmetry of the joint density function, the same calculations apply when
deriving the other marginal density function and corresponding conditional density functions.
The result just swaps all of the indices,

p(3) = normal(z, | 0,05)

o
P;lxzafﬁ\/ 1 P2> :
2

p(x; | 5) = normal (I‘l

Finally, this is an example where some pattern matching can point to the marginal and condi-
tional density functions directly, without having to evaluate a single integral. Examining

2
1 1 (wz - p;fl‘l) 12
p(xy,25) = (1_p2)eXP T | XP | — 53>

27 /0% 02 2 o3 (1-p?) 202
we might notice that both of the exponentiated quadratics define normal density functions,

o N2
1 1 (x2 _P(fol) 12

exp | —-——F5—+—"|exp | — ==
2m\/oto3(1—p?) 2 o03(1—p?) 202

1 1 (2, — pZay) 1 122
= > exp | — s—— 3 Sexp | — 5 —
V2mo3 (1—p?) 2 o3(1—=p?) 2oy 207
pﬁ:@,al V31— p2) normal(z; | 0,04).
P

p(xy,x) =

= normal <x1
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In other words, by isolating x, we have incidentally manipulated the joint density function
into the desired conditional decomposition

p(zy,m5) = p(ay | 21) p(21).

This approach isn’t always useful; in particular, it requires being able to identify normalized
density functions by eye. That said, it can save time when working with similar calculations.

A.2 Discrete Convolution

We begin with the space X = [ equipped with a counting reference measure and a probability
distribution defined by the Poisson density function

ATe A

p(x) = Poisson(z | \) = '
x!

Then we’ll consider the convolution kernel defined by the conditional density functions

’
nz —Z e

m[[aﬁgx’].

p(z’ | z) =

Before deriving the convolution, however, let’s first verify that this somewhat awkward looking
object is, in fact, a conditional probability kernel. To do that, we’ll need to verify that each
conditional distribution is properly normalized for all values of 1 > 0.

The normalizations are given by explicit summations,

> > nz —:re—n ,

p(a’ [ z) = ; Iz < 2]
> 2w
B 2= (':U, - x)'

Changing the index of the summation to k = x’ — x gives

o] o) k,—n
n-e
S ople ) =3
/=0 k=0 :
o0 nk
— oM g
=€ Z k!
k=0

as required.
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With the validity of the convolution kernel verified, we can proceed to the convolution itself,

pa’) =Y pla' | z)p(x)
=0
© x'—x —n AT A
=> Ll <]
(v —x)! x!
> 1 /
— —(A+ ’ z'—x \x
e n)ZI[w<x]x!(x,_x)!7] A
=0
—(\4n) & 7|
€ x ' —x T
Ed x! (w’—m)'n AT
z=0 """ '

Conveniently, the summation is immediately given by the binomial theorem,

K
(a+b)K = Zak bE—k,
k=0

Consequently,
~(Atm) & g
, (& X! ’
— XL xX A{E
p(@) e R Gl Jr:)!77
e_<)‘+77) 2
This, however, is just another Poisson density function,
e_<)‘+77> ’
p(x’) = 7,'()\ +n)* = Poisson(x’ | A+ 7).
x’!

A.3 Continuous Convolution

Consider a rigid real line X = R equipped with a Lebesgue reference measure and a probability
distribution defined by the normal density function

p(x) = normal(x | u, o)

The convolution kernel defined by the conditional density functions
p(z’ | ) = normal(z’ | n —z,T)
1 1(z' — 2
exp [_ @W} .

Vo2rT2 2

2 T2
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lifts the initial probability distribution into a joint distribution over X? defined by the joint
density function

p(z,2") = p(a’ | z)p(z)
= normal(x | p, o) normal(z’ | n—z,7)

1 Q")
= 76 —_—
2m Vo272 R A
where ( )2 ( )2
T — i ' —n+x
Qz,z’) = = + =~ )

The convolution of the initial probability distribution with the convolution kernel is given by
projecting this joint density function to the auxiliary space,

p(@') = [ dope, o)

-~ gver | 4 e 500
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To evaluate this integral, we’ll need to isolate x with some — surprise! — completion of squares,

(x—p)? (@ —n+a)?

Qaa) = o? + 2

2 2 2 ’ , 2

x*=2pr+p®  x®—=2(2 —n)r+(x' —n)
2 + 5

d T

1

TN L R
20272[ (0% +77) (x— o2 + 72

2

2
(T2p+0? (2" —n))
o2+ 712

R e

+ 722+ % (' —n)? —

0272 o2 + 12
: [ TP+ ot P ot (@) =)+ 0?2 (2 —n)?
2.2 R
2 42720 p (2 — ) + o2l — )
- 02+ 72 }

o°T

2

- e (-T2 o0y ]

o°T o2+ 72

1 027'2,LL2—27'20'2lu<x/_77)_|_0.27_2<x/_77)2

o2 72 o

o+ (P pt o’ (@ =)

o212 o2 + 12

P —2p( —n)+ (" —n)?
o2 + 72

B el OO T i k)

o7 o2 + 72

T
2

2

* 02+ 72
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This allows us to reduce the convolution operation to a normal integral,

pa') = s [ o exn[~50Q00.7)]

1 / 1o? + 72 2 p+o% (' —n) ?
=——— [do exp|—z—5—5 |2 —
27'(\/0'27'2 2 0'27_2 0_2+TQ
1 (2 — 2
exp 1@ —(p+n)
2 0?2472

= ex
2m\Vo212
102 + 72 T2u+o? (2’ —n) 2
/dx eXp [_2 0272 (m— o2+ 12 )
1 1(z' — 2 272
S N ) ol e/ Dl IOl
v P2
1 p[ 1(m’—(u+?7))2]

V27 (0% 4+ 72)

1 p[ ;(m’—(wn))z]
02 4 72

2 02+ 72

= normal (m’ | p+n,Vo?+ 7'2> .
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