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We often take for granted our ability to observe every event that arises from a latent data
generating process. Many observations, however, are compromised by selection effects, where
the output of an initial, latent data generating process must pass through an intermediate
selection process that can prevent events from being observed.

Inferences derived from the resulting data capture only a biased perspective of that latent
data generating process. To derive faithful inferences we need to model both the latent data
generating process and the subsequent selection process.

In this chapter we’ll review the basic modeling techniques for incorporating selection processes
and the computational challenges that arise when trying to implement the resulting models in
practice.

1 Selection Models

Consider an initial data generating process which generates events that take values in the space
𝑌 . Introducing a selection process annotates 𝑌 with a binary variable 𝑧 ∈ {0, 1} that takes
the value 𝑧 = 0 when an event is rejected and 𝑧 = 1 when an event is accepted and persists to
the final observation.

A joint model of the latent data generating process and the selection process is defined by a
joint probability density function over the product space {0, 1} × 𝑌 ,

𝑝(𝑧, 𝑦).

The complete data generating process is then captured by the conditional decomposition

𝑝(𝑧, 𝑦) = 𝑝(𝑧 ∣ 𝑦) 𝑝(𝑦),
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where 𝑝(𝑦) models the latent data generating process and 𝑝(𝑧 ∣ 𝑦) models the selection process.
Here the conditional probability of selection

𝑝(𝑧 = 1 ∣ 𝑦) ≡ 𝑆(𝑦),

is known as a selection function.

Because we do not observe every event we cannot use the joint model 𝑝(𝑧, 𝑦) directly. Instead
we have to condition it on a successful observation.

1.1 Modeling Accepted Events

Observations that survive the selection process are modeled with the conditional probability
density function (Figure 1)

𝑝(𝑦 ∣ 𝑧 = 1) = 𝑝(𝑧 = 1, 𝑦)
𝑝(𝑧 = 1)

= 𝑝(𝑦) 𝑆(𝑦)
∫ d𝑦′ 𝑝(𝑦′) 𝑆(𝑦′) .

The more the selection function deviates from 𝑆(𝑦) = 1 across neighborhoods of high latent
probability the more the observational model 𝑝(𝑦 ∣ 𝑧 = 1) will deviate from the latent model
𝑝(𝑦) (Figure 2).

Latent Probability Density Function

p(y)

y

(a)

Selection Function

p(z = 1 | y)

y

(b)

Observed Probability Density Function

p(y | z = 1)

y

(c)

Figure 1: In a selection model events are generated from (a) a latent probability distribution
before passing through a selection process defined by (b) a selection function. The
observed events that are accepted by the selection process are modeled with a corre-
sponding (c) observed probability distribution.

The denominator
𝑍 ≡ 𝑝(𝑧 = 1) = ∫ d𝑦′ 𝑝(𝑦′) 𝑆(𝑦′)
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Figure 2: The overlap between the latent probability distribution and the selection function
determines how strongly the selection process affects the observed data. (a) When
a selection function strongly varies in regions of high latent probability the resulting
observed probability distribution will be skewed away from the latent probability
distribution. (b) On the other hand if the selection function is relatively uniform
in regions of high latent probability then the selected events will be similar to the
original latent events.
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is referred to as the normalization integral, normalization constant, or simply normal-
ization for short. Note that the normalization integral is also equal to the expectation value
of the selection function with respect to the latent probability distribution,

𝑍 = ∫ d𝑦′ 𝑝(𝑦′) 𝑆(𝑦′) = 𝔼𝜋[𝑆].

In most applications the latent probability density function and selection function are not
known exactly and we have to infer their behaviors from observed data (Figure 3). When
the latent probability density function is configured with the parameters 𝜙 and the selection
function is configured with the parameters 𝜓 the observational model becomes

𝑝(𝑦 ∣ 𝑧 = 1, 𝜙, 𝜓) = 𝑝(𝑦 ∣ 𝜙) 𝑆(𝑦; 𝜓)
∫ d𝑦′ 𝑝(𝑦′ ∣ 𝜙) 𝑆(𝑦′; 𝜓) .

Critically the normalization is no longer a constant but varies with the possible parameter
configurations,

𝑍(𝜙, 𝜓) = ∫ d𝑦′ 𝑝(𝑦′ ∣ 𝜙) 𝑆(𝑦′; 𝜓).

In order to implement this observational model in practice we need to be able to evaluate the
normalization integral for arbitrarily values of 𝜙 and 𝜓. Unfortunately analytic evaluation of
𝑍(𝜙, 𝜓) is rarely feasible for practical models. Because of this computational hurdle selection
models are often referred to as intractable models.

We will discuss general numerical methods for evaluating 𝑍(𝜙, 𝜓) in Section 2. The exercises
in Section 3, however, will focus on exceptional cases where the normalization can be evaluated
analytically so that we can directly quantify the error of these numerical methods.

1.2 Modeling The Number of Rejected Events

In some applications we may not be completely ignorant of the rejected events. The mere
existence of rejected events can be surprisingly informative about the behavior of the latent
probability distribution and selection function even if we don’t know the exact values of those
events.

We can model the presence of a single rejected event by evaluating the joint model at 𝑧 = 0

5
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Figure 3: (a) A narratively generative full Bayesian model of a selection process is comprised
of (b) a prior model for the parameters, (c) a latent model for the events before
selection, and (d) a selection function. (e) When we observe only the selected events
we have to condition this model on 𝑧 = 1 which introduces a parameter-dependent
normalization integral.
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and then marginalizing out the possible latent values (Figure 4),

𝑝(𝑧 = 0 ∣ 𝜙, 𝜓) = ∫ d𝑦′ 𝑝(𝑧 = 0, 𝑦 ∣ 𝜙, 𝜓)

= ∫ d𝑦′ 𝑝(𝑦 ∣ 𝜙) 𝑝(𝑧 = 0 ∣ 𝑦, 𝜓)

= ∫ d𝑦′ 𝑝(𝑦 ∣ 𝜙) (1 − 𝑝(𝑧 = 1 ∣ 𝑦, 𝜓))

= ∫ d𝑦′ 𝑝(𝑦 ∣ 𝜙) (1 − 𝑆(𝑦; 𝜓))

= ∫ d𝑦′ 𝑝(𝑦; 𝜙) − ∫ d𝑦′ 𝑝(𝑦 ∣ 𝜙) 𝑆(𝑦; 𝜓)

= 1 − ∫ d𝑦′ 𝑝(𝑦 ∣ 𝜙) 𝑆(𝑦; 𝜓)

= 1 − 𝑍(𝜙, 𝜓).

An observation with 𝑁 independent accepted events,

{(𝑧1 = 1, 𝑦1), … (𝑧𝑁 = 1, 𝑦𝑁)},

and 𝑅 independent rejected events,

{𝑧𝑁+1 = 0, … , 𝑧𝑁+𝑅 = 0},

is then modeled as

𝑝(𝑧1, 𝑦1, … ,𝑧𝑁 , 𝑦𝑁 , 𝑧𝑁+1, 𝑧𝑁+𝑅 ∣ 𝜙, 𝜓)

=
𝑁

∏
𝑛=1

𝑝(𝑧𝑛 = 1, 𝑦𝑛 ∣ 𝜙, 𝜓)
𝑅

∏
𝑟=1

𝑝(𝑧𝑁+𝑟 = 0 ∣ 𝜙, 𝜓)

=
𝑁

∏
𝑛=1

𝑝(𝑦𝑛 ∣ 𝜙, 𝜓) 𝑝(𝑧𝑛 = 1 ∣ 𝑦𝑛, 𝜙, 𝜓)
𝑅

∏
𝑟=1

𝑝(𝑧𝑁+𝑟 ∣ 𝜙, 𝜓)

=
𝑁

∏
𝑛=1

𝑝(𝑦𝑛 ∣ 𝜙) 𝑆(𝑦𝑛; 𝜓)
𝑅

∏
𝑟=1

(1 − 𝑍(𝜙, 𝜓))

= (
𝑁

∏
𝑛=1

𝑝(𝑦𝑛 ∣ 𝜙) 𝑆(𝑦𝑛; 𝜓))(1 − 𝑍(𝜙, 𝜓))
𝑅

.

Note that because we are modeling all of the latent events, both accepted and rejected, we
model the accepted events with the joint model 𝑝(𝑧 = 1, 𝑦) instead of the conditional model
𝑝(𝑦 ∣ 𝑧 = 1) and its possibly intractable normalization integral . That said the normalization
still shows up in the model for the rejected events so that the implementation isn’t actually
any easier.
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Figure 4: In order to incorporate the number of rejected events we (a) separate all events into
those that are observed, 𝑧𝑛 = 1, and those that are unobserved, 𝑧𝑟 = 0 before (b)
marginalizing out the value of the unobserved events and then finally (c) collapsing
the unobserved indicators into the total number of rejected events, 𝑅 = ∑𝑅

𝑟=1(1−𝑧𝑟).
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We can see the benefit of knowing the number of rejected events by rewriting this model in
terms of the conditional model used for modeling accepted events,

𝑝(𝑧1, 𝑦1, … ,𝑧𝑁 , 𝑦𝑁 , 𝑧𝑁+1, 𝑧𝑁+𝑅 ∣ 𝜙, 𝜓)

= (
𝑁

∏
𝑛=1

𝑝(𝑦𝑛 ∣ 𝜙) 𝑆(𝑦𝑛; 𝜓))(1 − 𝑍(𝜙, 𝜓))
𝑅

= (
𝑁

∏
𝑛=1

𝑝(𝑦𝑛 ∣ 𝜙) 𝑆(𝑦𝑛; 𝜓)
𝑍(𝜙, 𝜓) 𝑍(𝜙, 𝜓))(1 − 𝑍(𝜙, 𝜓))

𝑅

= (
𝑁

∏
𝑛=1

𝑝(𝑦𝑛 ∣ 𝜙) 𝑆(𝑦𝑛; 𝜓)
𝑍(𝜙, 𝜓) )(

𝑁
∏
𝑛=1

𝑍(𝜙, 𝜓))(1 − 𝑍(𝜙, 𝜓))
𝑅

= (
𝑁

∏
𝑛=1

𝑝(𝑦 ∣ 𝑧 = 1, 𝜙, 𝜓))(
𝑁

∏
𝑛=1

𝑍(𝜙, 𝜓))(1 − 𝑍(𝜙, 𝜓))
𝑅

= (
𝑁

∏
𝑛=1

𝑝(𝑦 ∣ 𝑧 = 1, 𝜙, 𝜓))𝑍(𝜙, 𝜓)𝑁 (1 − 𝑍(𝜙, 𝜓))
𝑅

.

Writing the total number of latent events as 𝑀 = 𝑁 + 𝑅 this becomes

𝑝(𝑧1, 𝑦1, … ,𝑧𝑁 , 𝑦𝑁 , 𝑧𝑁+1, 𝑧𝑁+𝑅 ∣ 𝜙, 𝜓)

= (
𝑁

∏
𝑛=1

𝑝(𝑦 ∣ 𝑧 = 1, 𝜙, 𝜓))𝑍(𝜙, 𝜓)𝑁 (1 − 𝑍(𝜙, 𝜓))
𝑅

= (
𝑁

∏
𝑛=1

𝑝(𝑦 ∣ 𝑧 = 1, 𝜙, 𝜓))𝑍(𝜙, 𝜓)𝑁 (1 − 𝑍(𝜙, 𝜓))
𝑀−𝑁

= (
𝑁

∏
𝑛=1

𝑝(𝑦 ∣ 𝑧 = 1, 𝜙, 𝜓))binomial (𝑁 ∣ 𝑀, 𝑍(𝜙, 𝜓)) .

This additional binomial probability mass function directly informs 𝑍(𝜙, 𝜓), and hence indi-
rectly informs 𝜙 and 𝜓, beyond what we would learn from the accepted events alone!

For example observing a large number of rejections relative to the number of acceptances,
𝑅 ≫ 𝑁 , restricts 𝑍(𝜙, 𝜓) to small values. Small values of 𝑍(𝜙, 𝜓), however, require that the
latent probability density function and selection function are misaligned. This misalignment
doesn’t directly inform 𝜙 and 𝜓, but it can be a powerful complement to the information
provided by the accepted events.

1.3 Types of Selection Processes

The inferential consequences and implementation details of selection models depend on the na-
ture of the selection process and the resulting structure of the selection function. In particular
there are two main categories of selection functions.
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1.3.1 Deterministic Selection

If the selection function outputs only extreme values,

𝑆(𝑦; 𝜓) ∶ 𝑌 → {0, 1},

then all latent events with a given value 𝑦 are either always accepted or always rejected. In
other words the selection process becomes completely deterministic once we know the value
of the latent event.

Deterministic selection functions partition the observational space into the subset of latent
values that are always accepted, 𝑆−1(1; 𝜓) ⊂ 𝑌 , and the subset of latent values that are always
rejected, 𝑆−1(0; 𝜓) ⊂ 𝑌 . Moreover the normalization reduces to the probability allocated to
the acceptance subset,

𝑍(𝜙, 𝜓) = ∫ d𝑦′ 𝑝(𝑦′ ∣ 𝜙) 𝑆(𝑦′; 𝜓)

= ∫ d𝑦′ 𝑝(𝑦′ ∣ 𝜙) 𝐼𝑆−1(1;𝜓)(𝑦′)

= ∫
𝑆−1(1;𝜓)

d𝑦′𝑝(𝑦′ ∣ 𝜙)

= 𝜋(𝑆−1(1; 𝜓)).

Consequently a deterministic selection process is equivalent to restricting the latent probability
distribution to the subset 𝑆−1(1; 𝜓) (Figure 5a),

𝑝(𝑦 ∣ 𝜙, 𝜓, 𝑧 = 1) = 𝑝(𝑦 ∣ 𝜙) 𝑆(𝑦; 𝜓)
∫ d𝑦′ 𝑝(𝑦′ ∣ 𝜙) 𝑆(𝑦′; 𝜓)

=
𝑝(𝑦 ∣ 𝜙) 𝐼𝑆−1(1;𝜓)(𝑦)

𝜋(𝑆−1(1; 𝜓)) .

When the observational space is one-dimensional and ordered the acceptance subset 𝑆−1(1; 𝜓)
often decomposes into a union of continuous intervals. In this case we can evaluate
𝜋(𝑆−1(1; 𝜓)), and hence the normalization integral 𝑍(𝜙, 𝜓), with various cumulative distri-
bution function calculations. If we can evaluate the cumulative distribution function for the
latent model analytically then the implementation of these particular deterministic selection
models is straightforward.

That said implementing inference for deterministic selection models requires some care. Any
observation ̃𝑦 by definition has been accepted by the selection process and has to fall in the
acceptance subset,

̃𝑦 ∈ 𝑆−1(1; 𝜓).
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Consequently any model configuration with 𝑆( ̃𝑦; 𝜓) = 0 is completely inconsistent with the
observation and must be excluded from our inferences. When deriving inferences from multiple
observed events

{ ̃𝑦1, … , ̃𝑦𝑁}
we can include only those model configurations where the acceptance subset contains all of the
observations (Figure 5b)

{ ̃𝑦1, … , ̃𝑦𝑁} ∈ 𝑆−1(1; 𝜓).

S−1(0;ψ)

S−1(1;ψ)

Y

(a)

S−1(0;ψ)

S−1(1;ψ)

ỹ1

ỹ2
ỹ3

ỹ4

ỹ5

Y

(b)

S−1(0;ψ)

S−1(1;ψ)

ỹ1

ỹ3
ỹ5 ỹ2

ỹ4

Y

(c)

Figure 5: (a) A deterministic selection function partitions the observational space into a subset
of possible observed values 𝑆−1(1; 𝜓) and a subset of impossible observed values
𝑆−1(0; 𝜓). (b) Only those configurations of the selection function with { ̃𝑦1, … , ̃𝑦𝑁} ∈
𝑆−1(1; 𝜓) are consistent with the observed data. (c) Proper inferences have to avoid
any configurations where even one observed events falls into 𝑆−1(0; 𝜓).

Any computational method attempting to quantify a posterior distribution derived from a
deterministic selection model will then have to avoid model configurations that yield 𝑆( ̃𝑦𝑛; 𝜓) =
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0. For example when using Markov chain Monte Carlo we have to find initial states that satisfy
this condition and then reject all Markov transitions to states that violate this condition.

Unfortunately the influence of 𝜓 on the zero level set 𝑆−1(0; 𝜓) is subtle and difficult to quantify
in many applications. Identifying the good model configurations with 𝑆( ̃𝑦𝑛; 𝜓) > 0 from the
bad model configurations with 𝑆( ̃𝑦𝑛; 𝜓) = 0 is often much easier said than done.

1.3.2 Probabilistic Selection

When the selection function outputs an intermediate value for a given 𝑦 ∈ 𝑌 ,

0 < 𝑆(𝑦; 𝜓) < 1,

then the acceptance of latent events with this value will no longer be deterministic and we
cannot perfectly predict whether or not the event will be accepted or rejected. When

0 < 𝑆(𝑦; 𝜓) < 1

for all 𝑦 ∈ 𝑌 then the selection function is described as probabilistic or, depending on the
interpretation of the probabilistic selection, sometimes stochastic or even random.

Probabilistic selections functions that never output zero,

0 < 𝑆(𝑦; 𝜓)

for all 𝑦 ∈ 𝑌 , are particularly well-behaved when it comes to implementing inferences. In this
case no model configurations are completely incompatible with observed data. An initial model
configuration might imply that the observations are extremely unlikely, but because they are
not outright impossible we will be able to follow the shape of the posterior distribution to
more reasonable model configurations.

2 Computational Strategies For Evaluating Normalization
Constants

In an ideal selection model the normalization integral

𝑍(𝜙, 𝜓) = ∫ d𝑦′ 𝑝(𝑦′ ∣ 𝜙) 𝑆(𝑦′; 𝜓)

can be evaluated in closed form, allowing us to analytically evaluate the normalization constant
for any model configuration (𝜙, 𝜓). Unfortunately these ideal selection models are rare in
practice.
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When we cannot evaluate the normalization analytically we have to rely on numerical integra-
tion techniques that can approximate it,

̂𝑍(𝜙, 𝜓) ≈ 𝑍(𝜙, 𝜓).
In this section we’ll consider a few techniques that provide deterministic estimates for the
normalization integral,

̂𝑍(𝜙, 𝜓) ≈ 𝑍(𝜙, 𝜓),
and hence deterministic approximations to the full Bayesian probability density function,

̂𝑝(𝑦, 𝜙, 𝜓 ∣ 𝑧 = 1) = 𝑝(𝑦′ ∣ 𝜙) 𝑆(𝑦′; 𝜓) 𝑝(𝜓, 𝜙)
̂𝑍(𝜙, 𝜓)

≈ 𝑝(𝑦′ ∣ 𝜙) 𝑆(𝑦′; 𝜓) 𝑝(𝜓, 𝜙)
𝑍(𝜙, 𝜓)

= 𝑝(𝑦, 𝜙, 𝜓 ∣ 𝑧 = 1),
and finally deterministic approximations to posterior density functions,

̂𝑝(𝜙, 𝜓 ∣ ̃𝑦, ̃𝑧 = 1) ∝ ̂𝑝( ̃𝑦, 𝜙, 𝜓 ∣ ̃𝑧 = 1) ≈ 𝑝( ̃𝑦, 𝜙, 𝜓 ∣ ̃𝑧 = 1) ∝ 𝑝(𝜙, 𝜓 ∣ ̃𝑦, ̃𝑧 = 1).

We can then use tools like Hamiltonian Monte Carlo to estimate expectation values with
respect to these approximate posterior density functions. If the approximate posterior density
function is close enough to the exact posterior density function then this can provide reasonably
accurate estimates of the exact posterior expectation values,

∫ d𝜙 d𝜓 ̂𝑝(𝜙, 𝜓 ∣ ̃𝑦, ̃𝑧 = 1)𝑓(𝜙, 𝜓) ≈ ∫ d𝜙 d𝜓 𝑝(𝜙, 𝜓 ∣ ̃𝑦, ̃𝑧 = 1)𝑓(𝜙, 𝜓).

While we can often quantify the error in estimating the normalization integral, propagating
that error through to the posterior density function estimate and then any resulting posterior
expectation value estimates is much more difficult and outright infeasible for most practical
problems. This makes it difficult to determine just how accurate our numerical integration
need to be to ensure faithful posterior inferences.

In some cases we can verify that the consequences of the normalization estimator error are
negligible by repeating the approximate posterior quantification with more accurate, although
more expensive, estimators until the resulting posterior inferences appear to stabilize. The
main limitation of this approach is that these consequences don’t always vary smoothly with
the normalization error itself: apparent stability doesn’t always imply negligible error.

Another approach is to consider methods like Simulation-Based Calibration (Talts et al. 2018).
Any normalization estimator error will introduce an inconsistency between the model used
to simulate prior predictive data and the model used to construct posterior samples. This
inconsistency will then bias the prior-posterior ranks which should manifest in the Simulation-
Based Calibration rank histograms. That said we might need an excess number of replications,
and hence an excess amount of computation, to resolve this bias.
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2.1 Numerical Quadrature

When the observational space is one-dimensional numerical quadrature becomes a feasible tool
for estimating the normalization integral.

Given a grid
{𝑦0, … , 𝑦𝑘, … , 𝑦𝐾} ∈ 𝑌

we can construct a crude quadrature estimate of the normalization constant as

̂𝑍(𝜙, 𝜓) =
𝐾

∑
𝑘=1

(𝑦𝑘 − 𝑦𝑘−1) 𝑝(𝑦𝑘 ∣ 𝜙) 𝑆(𝑦𝑘; 𝜓)

≈ ∫ d𝑦′ 𝑝(𝑦′ ∣ 𝜙) 𝑆(𝑦′; 𝜓).

The finer the grid the more we have to evaluate the latent probability density function and
selection function, and the more computationally expensive the estimator becomes, but the
smaller of an error we can achieve.

Modern numerical quadrature tools dynamically construct a grid based on the shape of the
integrand, here 𝑆(𝑦𝑘; 𝜓) 𝑝(𝑦𝑘 ∣ 𝜙), to guarantee extremely small errors with as few evaluations
as possible.

Unfortunately the effectiveness of numerical quadrature decays rapidly with the dimension
of the observational space. In order to maintain a fixed error the cost of numerical quadra-
ture needs to increase exponentially with the dimension. At the same time if we fix the cost
then the error will grow exponentially with dimension. Moreover as we go to higher and
higher-dimensional observational spaces robust dynamic grid adaptation becomes more diffi-
cult. Ultimately numerical quadrature is most productive for one-dimensional problems, with
exceptional applications for two and three-dimensional problems.

2.2 Monte Carlo Estimation

Recall that the normalization integral can be written as the expectation value of the selection
function with respect to the latent probability distribution,

𝑍(𝜓, 𝜙) = ∫ d𝑦′ 𝑝(𝑦′ ∣ 𝜙) 𝑆(𝑦′; 𝜓))

= ∫ 𝜋(d𝑦′ ∣ 𝜙) 𝑆(𝑦′; 𝜓)

= ∫ 𝜋𝜙(d𝑦′) 𝑆(𝑦′; 𝜓)

= 𝔼𝜋𝜙
[𝑆(⋅; 𝜓)].
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Consequently we can use expectation value estimation techniques to approximate the normal-
ization integral.

For example we can use Monte Carlo estimation to approximate the normalization integral.
Given an ensemble of exact samples

{ ̃𝑦1, … , ̃𝑦𝑗, … , ̃𝑦𝐽} ∼ 𝜋𝜙

we can construct the Monte Carlo estimator

1
𝐽

𝐽
∑
𝑗=1

𝑆( ̃𝑦𝑗; 𝜓) ≈ 𝔼𝜋𝜙
[𝑆(⋅; 𝜓)] = 𝑍(𝜓, 𝜙).

We can then use the Monte Carlo central limit theorem to estimate the error of this estimator.
Moreover if we ever need to decrease the error then we can increase the ensemble size 𝐽 as
needed.

As we consider higher and higher-dimensional observational spaces the cost of generating exact
samples will in general increase, although the growth is often more linear than exponential.
The Monte Carlo estimator error, however, will remain stable. This makes Monte Carlo
particularly attractive for higher-dimensional selection problems.

That said any changes to the configuration of the latent probability distribution or selection
function complicate the incorporation of Monte Carlo estimates into selection models. Varying
𝜓 changes the expectand which requires computing a new Monte Carlo estimator. At the
same time varying 𝜙 changes the latent probability distribution which requires generating a
new ensemble of samples and then re-evaluating the Monte Carlo estimator.

To accommodate variations in the behavior of the latent probability distribution we would
have to generating a new ensemble every time we evaluate the selection model. Consequently
we would not longer be working with a fixed approximate model ̂𝑝(𝑦, 𝜙, 𝜓 ∣ 𝑧 = 1) but rather
a stochastic one. This, in turn, disrupts the scalable performance of computational tools like
Hamiltonian Monte Carlo (Betancourt 2015).

When the configuration of the latent probability distribution is fixed, however, we can generate
a single ensemble of latent samples and use it estimate the normalization integral for any given
configuration of the selection function. We just have to be careful that the ensemble is large
enough to ensure that the Monte Carlo estimator error is small for all selection function
configurations of interest. In particular if we ever need to evaluate the selection model when
the selection function is strongly misaligned with the latent probability distribution then we
will need relatively large ensembles to ensure that Monte Carlo estimator error is always well-
behaved.

One way to monitor for any problems is to compute and save the Monte Carlo estimator error
at each evaluation of the model and check that the entire ensemble of errors is sufficiently
small.
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2.3 Importance Sampling Estimation

Unfortunately the convenience of Monte Carlo estimation is rarely of use in applied problems
given that the behavior of the latent probability distribution is almost never known precisely.
One way to infer the latent probability distribution at the same time as the selection function
is to generate one ensemble of samples and adapt them to the varying behavior of the latent
probability distribution. More formally we can replace our Monte Carlo estimator with an
importance sampling estimator.

In this case we would generate an ensemble of samples from a convenient reference probability
distribution 𝜌,

{ ̃𝑦1, … , ̃𝑦𝑗, … , ̃𝑦𝐽} ∼ 𝜌(𝑦)
and then estimate the normalization as

1
𝐽

𝐽
∑
𝑗=1

𝑤( ̃𝑦𝑗; 𝜙) 𝑆( ̃𝑦𝑗; 𝜓) ≈ 𝔼𝜋𝜙
[𝑆(⋅; 𝜓)] = 𝑍(𝜓, 𝜙),

where the importance weights account for the difference between the reference probability
distribution and the current configuration of the latent probability distribution,

𝑤(𝑦, 𝜙) = 𝜋(𝑦 ∣ 𝜙)
𝜌(𝑦) .

Unfortunately error quantification for importance sampling estimators is much more fragile
than it is for Monte Carlo estimators. When the reference probability distribution is sufficiently
similarly to the latent probability distribution then the importance weights will concentrate
around 1 and the error in estimating the expectation value 𝔼𝜋𝜙

[𝑓] will be well-approximated
by

𝜖[𝑓] = √Var𝜌[𝑤 𝑓]
𝐽 .

In practice we can estimate the variance Var𝜌[𝑤 𝑓] with the empirical variance of the individual
products

{𝑤( ̃𝑦1; 𝜙) 𝑓( ̃𝑦1), … , 𝑤( ̃𝑦𝑗; 𝜙) 𝑓( ̃𝑦𝑗), … , 𝑤( ̃𝑦𝐽 ; 𝜙) 𝑓( ̃𝑦𝐽)}.

If the reference probability distribution is not similar enough to the latent probability distribu-
tion, however, then the distribution of the importance weights will exhibit heavy tails and the
resulting importance sampling estimators, let alone the estimator error quantification, will be
unreliable. In particular most of the importance weights will be very close to zero with only a
few taking on extremely large values. The small weights will have negligible contributions to
the importance sampling estimator, and the effective ensemble size will be very small.

When applying importance sampling estimates to the normalization integral in selection models
we cannot tune the reference probability distribution to a single latent probability distribution.
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Instead we need the reference probability distribution to span all of the latent probability
distribution behaviors in neighborhoods of high posterior probability (Figure 6). The larger
our posterior uncertainties the wider the reference probability distribution will need to be,
and the larger of an ensemble of points we will need to ensure reasonable importance sampling
estimator accuracy for any given configuration of the latent probability distribution.

Latent
Probability
Density
Functions

Ideal
Reference
Probability
Density
Function

y

(a)

Latent
Probability
Density
Functions

Overdispersed
Reference
Probability
Density
Function

y

(b)

Figure 6: The choice of reference distribution is critical to the performance of importance sam-
pling estimation of the normalization integral in selection models. (a) Ideally the
reference distribution would span only the latent probability distribution configu-
rations with high posterior probability. (b) In practical applications, however, we
don’t know what those configurations will be and instead have to use more conserva-
tive proxies such as the latent probability distribution configurations with high prior
probability. The more strongly the posterior distribution contracts away from the
prior model the worse the resulting importance sampling estimators will perform.

In most practical applications, however, we will not know what latent probability distribution
behaviors will be spanned by the posterior distribution before we attempt posterior compu-
tation. All we can do in this case is adapt the reference probability distribution to the prior
model; the more informative the prior model is the better this strategy will be. With enough
effort we can even approach this problem iteratively, starting with a reference probability
distribution adapted to the prior model and then tweaking it based on the results from each
fit.

Unfortunately as the dimension of the observational space increases the engineering of a produc-
tive reference probability distribution that spans all of the relevant latent probability distribu-
tion behaviors becomes more and more difficult, and quickly becomes impractical altogether.

Because of their fragility we have to be very careful about the verification of importance
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sampling estimators. For example we can start by examining the importance weights generated
when evaluating the normalization integral at each Markov chain state for any indications of
a heavy tail, such as excessive zeros or large but sparse deviations. When the reference
probability distribution isn’t too far off then diagnostics like the importance sampling effective
sample size and the 𝑘̂ statistic (Vehtari et al. 2015) can also be helpful.

Critically all of these diagnostics are limited by the size of the ensemble. If the ensemble is
too small then we can easily miss large but rare weights that indicate unreliable estimation.
In practice it can be useful to run with multiple ensemble sizes to verify that the estimator
behavior is consistent.

3 Demonstrations

To contextualize these ideas let’s explore their application in a variety of simulated data
exercises that span different selection function scenarios.

3.1 Setup

Before we start with our first exercise, however, let’s set up our local R environment.

par(family="serif", las=1, bty="l",
cex.axis=1, cex.lab=1, cex.main=1,
xaxs="i", yaxs="i", mar = c(5, 5, 3, 5))

c_light <- c("#DCBCBC")
c_light_highlight <- c("#C79999")
c_mid <- c("#B97C7C")
c_mid_highlight <- c("#A25050")
c_dark <- c("#8F2727")
c_dark_highlight <- c("#7C0000")

c_light_teal <- c("#6B8E8E")
c_mid_teal <- c("#487575")
c_dark_teal <- c("#1D4F4F")

In particular we’ll need to load RStan and my recommended Hamiltonian Monte Carlo analysis
suite.
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library(rstan)
rstan_options(auto_write = TRUE) # Cache compiled Stan programs
options(mc.cores = parallel::detectCores()) # Parallelize chains
parallel:::setDefaultClusterOptions(setup_strategy = "sequential")

util <- new.env()
source('stan_utility_rstan.R', local=util)

3.2 Deterministic Selection

For our first example let’s consider a one-dimensional, real-valued observational space 𝑌 = ℝ
and a deterministic selection process that always rejects events with values above a certain
threshold 𝜓 = 𝜆 ∈ 𝑌 . Because this selection process limits the size of latent values that can
be observed it is also known as truncation.

We can model this selection process with the selection function

𝑆(𝑦; 𝜆) = { 1, 𝑦 ≤ 𝜆
0, 𝑦 > 𝜆

The resulting normalization integral is

𝑍(𝜙, 𝜆) = ∫ d𝑦′ 𝑝(𝑦′ ∣ 𝜙) 𝑆(𝑦′; 𝜆)

= ∫ d𝑦′ 𝑝(𝑦′ ∣ 𝜙) 𝐼(−∞,𝜆](𝑦′)

= ∫
𝜆

−∞
d𝑦′𝑝(𝑦′; 𝜙),

= Π(𝜆; 𝜙),

where Π is the cumulative distribution function of the latent probability distribution.

In order to avoid selection function configurations that are inconsistent with the observed data,
𝑆( ̃𝑦; 𝜆) = 0, we need to bound the selection threshold below by the observed data,

̃𝑦 < 𝜆.

If we have multiple observations
{ ̃𝑦1, … , ̃𝑦𝑁}

then we need to bound 𝜆 below by the largest observed value,

max ({ ̃𝑦1, … , ̃𝑦𝑁}) < 𝜆.
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Now let’s assume that the latent probability distribution is specified by a one-dimensional,
normal density function with the parameters 𝜙 = (𝜇, 𝜏),

𝑝(𝑦 ∣ 𝜇, 𝜏) = normal(𝑦 ∣ 𝜇, 𝜏)

In this case the normalization integral reduces to

𝑍(𝜇, 𝜏, 𝜆) = ∫ d𝑦′ 𝑝(𝑦′ ∣ 𝜇, 𝜏) 𝑆(𝑦′; 𝜆)

= ∫ d𝑦′ normal(𝑦′ ∣ 𝜇, 𝜏) 𝐼(−∞,𝜆](𝑦′)

= ∫
𝜆

−∞
d𝑦′ normal(𝑦′ ∣ 𝜇, 𝜏)

= Φnormal(𝜆 ∣ 𝜇, 𝜏).

For example taking 𝜇 = 3 and 𝜏 = 2 gives a latent probability density function that concen-
trates around 𝑦 = 3.

delta <- 0.1
ys <- seq(-7, 13, delta)

mu <- 3
tau <- 2

latent_pds <- dnorm(ys, mu, tau)

plot(ys, latent_pds, type="l", main ="p(y)", col=c_dark, lwd=4,
xlab="y", xlim=c(-7, 13),
ylab="Latent Probability Density", yaxt='n', ylim=c(0, 0.2))
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Taking 𝜆 = 4.75 defines a selection function that truncates all values above 𝑦 = 4.75.

lambda <- 4.75

selection_probs <- ifelse(ys <= lambda, 1, 0)

plot(ys, latent_pds, type="l", main ="p(z = 1 | y)", col=c_light, lwd=4,
xlab="y", xlim=c(-7, 13),
ylab="Selection Probability", yaxt='n', ylim=c(0, 0.25))

abline(v = lambda, col="#DDDDDD", lty=3, lwd=4)
lines(ys, 0.22 * selection_probs, col=c_dark, lwd=4)
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Together these components define an observed probability density function that abruptly cuts
off at the truncation point.

observed_pds <- (selection_probs * latent_pds)
norm <- pnorm(lambda, mu, tau)
observed_pds <- observed_pds / norm

plot(ys, latent_pds, type="l", main ="p(y | z = 1)", col=c_light, lwd=4,
xlab="y", xlim=c(-7, 13),
ylab="Observed Probability Density", yaxt='n', ylim=c(0, 0.25))

abline(v = lambda, col="#DDDDDD", lty=3, lwd=4)
lines(ys, 0.22 * selection_probs, col=c_light_highlight, lwd=4)
lines(ys, observed_pds, col=c_dark, lwd=4)
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Note that below the threshold the observed probability density function is larger than the
latent probability density function because the probability that would be allocated above the
threshold instead has to be reallocated to values below the threshold.

3.2.1 Simulating Data

The most efficient way to generate data is to sample directly from the observed probability
distribution specified by the probability density function

𝑝(𝑦 ∣ 𝜇, 𝜏, 𝜆, 𝑧 = 1) =
normal(𝑦 ∣ 𝜇, 𝜏) 𝐼(−∞,𝜆](𝑦)

Πnormal(𝜆 ∣ 𝜇, 𝜏) .

Conveniently sampling from this particular observed probability distribution is straightforward
with a small modification to the quantile function pushforward method.

First we compute the cumulative probability of the selection threshold,

𝑟 = Πnormal(𝜆 ∣ 𝜇, 𝜏).
Next we simulate a uniform variate in the interval (0, 𝑟),

̃𝑞 ∼ uniform(0, 𝑟).
Finally we apply the normal quantile function,

̃𝑦 = Π−1
normal( ̃𝑞 ∣ 𝜇, 𝜏).
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More generally we can also simulate the selection process directly. Here we generate a candidate
sample from the latent probability distribution,

̃𝑦 ∼ 𝜋𝜙,

and then a binary acceptance variable

̃𝑧 ∼ Bernoulli(𝑆( ̃𝑦; 𝜓)).

If ̃𝑧 = 0 then we reject ̃𝑦 and generate a new candidate sample. We then repeat these steps
until ̃𝑧 = 1.

Although straightforward this approach can also become extremely inefficient if the overlap
between the latent probability distribution and selection function is weak. In this case we will
need to generate many candidate samples, expend a lot of computation, and wait a long time
for every acceptance.

The direct simulation approach is implemented in the following Stan program for the ground
truth that we introduced above,

𝜇 = 3
𝜏 = 2
𝜆 = 4.75.

In general the while loop here can be dangerous because there’s no guarantee that it will
terminate in a finite time. Because the overlap between the latent probability distribution and
selection function is reasonably large here, however, this shouldn’t be a problem.

To ensure a pretty substantial observation we’ll take 𝑁 = 1000.

N <- 1000

simu <- stan(file="stan_programs/simu_threshold.stan",
iter=1, warmup=0, chains=1, data=list("N" = N),
seed=4838282, algorithm="Fixed_param")

SAMPLING FOR MODEL 'anon_model' NOW (CHAIN 1).
Chain 1: Iteration: 1 / 1 [100%] (Sampling)
Chain 1:
Chain 1: Elapsed Time: 0 seconds (Warm-up)
Chain 1: 0 seconds (Sampling)
Chain 1: 0 seconds (Total)
Chain 1:
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y <- extract(simu)$y[1,]
N_reject <- extract(simu)$N_reject[1]

To double check our simulation implementation we can compare a properly normalized his-
togram of the component observations to the true observed probability density function. For-
tunately there don’t appear to be any conflicts here.

plot_line_hist <- function(s, bin_min=NULL, bin_max=NULL, delta=NULL,
prob=FALSE, xlab="y", main="") {

# Remove any NA values
s <- s[!is.na(s)]

# Construct binning configuration
if (is.null(bin_min))

bin_min <- min(s)
if (is.null(bin_max))

bin_max <- max(s)
if (is.null(delta))

delta <- (bin_max - bin_min) / 25

# Construct bins
bins <- seq(bin_min, bin_max, delta)
B <- length(bins) - 1
idx <- rep(1:B, each=2)
x <- sapply(1:length(idx),

function(b) if(b %% 2 == 1) bins[idx[b]] else bins[idx[b] + 1])
x <- c(bin_min - 10, x, bin_max + 10)

# Check bin containment
N <- length(s)

N_low <- sum(s < bin_min)
if (N_low > 0)

warning(sprintf('%s values (%.1f%%) fell below the histogram binning.',
N_low, 100 * N_low / N))

N_high <- sum(bin_max < s)
if (N_high > 0)

warning(sprintf('%s values (%.1f%%) fell above the histogram binning.',
N_high, 100 * N_high / N))

# Compute bin contents, including empty bounding bins
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counts <- hist(s[bin_min <= s & s <= bin_max], breaks=bins, plot=FALSE)$counts

ylab <- "Counts"
if (prob) {

ylab <- "Empirical Bin Probability / Bin Width"
# Normalize bin contents, if desired
counts <- counts / (delta * sum(counts))

}

y <- counts[idx]
y <- c(0, y, 0)

# Plot
ymax <- 1.1 * max(y)

plot(x, y, type="l", main=main, col="black", lwd=2,
xlab=xlab, xlim=c(bin_min, bin_max),
ylab=ylab, ylim=c(0, ymax))

}

plot_line_hist(y, -7, 13, 1, prob=TRUE, xlab="y")
lines(ys, observed_pds, col=c_dark, lwd=4)
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Additionally if our simulation is correct then the ratio of the total number of acceptances to
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the expected number of rejections will be

⟨𝑁reject⟩
𝑁 = 1 − 𝑍(𝜇, 𝜏, 𝜆)

𝑍(𝜇, 𝜏, 𝜆) .

Although we can’t expect exact equality the ratio 𝑁reject/𝑁 should be near the value on the
right-hand side. Fortunately for us, it is.

N_reject / N; (1 - norm) / norm

[1] 0.233

[1] 0.2357685

With our simulation validated let’s try to actually fit the simulated data.

3.2.2 Ignoring The Selection Process

To begin we’ll be careless and ignore the selection process entirely, assuming that the data are
drawn directly from the latent probability distribution.

data <- list("N" = N, "y" = y)

fit1 <- stan(file="stan_programs/fit_threshold1.stan",
data=data, seed=8438338,
warmup=1000, iter=2024, refresh=0)

There are no signs of computational problems.

diagnostics <- util$extract_hmc_diagnostics(fit1)
util$check_all_hmc_diagnostics(diagnostics)

All Hamiltonian Monte Carlo diagnostics are consistent with reliable
Markov chain Monte Carlo.

samples <- util$extract_expectands(fit1)
base_samples <- util$filter_expectands(samples,

c('mu', 'tau'))
util$check_all_expectand_diagnostics(base_samples)
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All expectands checked appear to be behaving well enough for reliable
Markov chain Monte Carlo estimation.

The retrodictive performance, however, leaves much to be desired.

hist_retro <- function(obs, samples, pred_names,
bin_min=NULL, bin_max=NULL, delta=NULL,
xlab="", ylim=NA, title="") {

# Check that pred_names are in samples
all_names <- names(samples)

bad_names <- setdiff(pred_names, all_names)
if (length(bad_names) > 0) {

warning(sprintf('The expectand names %s are not in the `samples` object and will be ignored.',
paste(bad_names, collapse=", ")))

}

good_names <- intersect(pred_names, all_names)
if (length(good_names) == 0) {

stop('There are no valid expectand names.')
}
pred_names <- good_names

# Remove any NA values
obs <- obs[!is.na(obs)]

pred <- sapply(pred_names,
function(name) c(t(samples[[name]]), recursive=TRUE))

pred_collapse <- c(pred)
pred_collapse <- pred_collapse[!is.na(pred_collapse)]

# Construct binning configuration
if (is.null(bin_min))

bin_min <- min(min(obs), min(pred_collapse))
if (is.null(bin_max))

bin_max <- max(max(obs), max(pred_collapse))
if (is.null(delta))

delta <- (bin_max - bin_min) / 25

# Construct bins
breaks <- seq(bin_min, bin_max, delta)
B <- length(breaks) - 1
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idx <- rep(1:B, each=2)
xs <- sapply(1:length(idx),

function(b) if(b %% 2 == 0) breaks[idx[b] + 1]
else breaks[idx[b]] )

# Check bin containment for observed values
N <- length(obs)

N_low <- sum(obs < bin_min)
if (N_low > 0)

warning(sprintf('%s data values (%.1f%%) fell below the histogram binning.',
N_low, 100 * N_low / N))

N_high <- sum(bin_max < obs)
if (N_high > 0)

warning(sprintf('%s data values (%.1f%%) fell above the histogram binning.',
N_high, 100 * N_high / N))

# Compute observed bin contents
obs_counts <- hist(obs[bin_min <= obs & obs <= bin_max],

breaks=breaks, plot=FALSE)$counts
pad_obs_counts <- do.call(cbind,

lapply(idx, function(n) obs_counts[n]))

# Check bin containment for posterior predictive values
N <- length(pred_collapse)

N_low <- sum(pred_collapse < bin_min)
if (N_low > 0)

warning(sprintf('%s predictive values (%.1f%%) fell below the histogram binning.',
N_low, 100 * N_low / N))

N_high <- sum(bin_max < pred_collapse)
if (N_high > 0)

warning(sprintf('%s predictive values (%.1f%%) fell above the histogram binning.',
N_high, 100 * N_high / N))

# Construct ribbons for predictive bin contents
N <- dim(pred)[1]
pred_counts <- sapply(1:N,

function(n) hist(pred[n, bin_min <= pred[n,] &
pred[n,] <= bin_max],
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breaks=breaks,
plot=FALSE)$counts)

probs = c(0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9)
cred <- sapply(1:B,

function(b) quantile(pred_counts[b,], probs=probs))
pad_cred <- do.call(cbind, lapply(idx, function(n) cred[1:9, n]))
if (any(is.na(ylim))) {

ylim <- c(0, max(c(obs_counts, cred[9,])))
}

# Plot
plot(1, type="n", main=title,

xlim=c(bin_min, bin_max), xlab=xlab,
ylim=ylim, ylab="Counts")

polygon(c(xs, rev(xs)), c(pad_cred[1,], rev(pad_cred[9,])),
col = c_light, border = NA)

polygon(c(xs, rev(xs)), c(pad_cred[2,], rev(pad_cred[8,])),
col = c_light_highlight, border = NA)

polygon(c(xs, rev(xs)), c(pad_cred[3,], rev(pad_cred[7,])),
col = c_mid, border = NA)

polygon(c(xs, rev(xs)), c(pad_cred[4,], rev(pad_cred[6,])),
col = c_mid_highlight, border = NA)

lines(xs, pad_cred[5,], col=c_dark, lwd=2)

lines(xs, pad_obs_counts, col="white", lty=1, lw=4)
lines(xs, pad_obs_counts, col="black", lty=1, lw=2)

}

While the observed histogram exhibits a clear asymmetry, with a hard cut off around 𝑦 = 5,
the posterior predictive distribution concentrates on symmetric histograms that not only peak
at smaller values of 𝑦 abut also exhibit a tail that extends far above the hard cut off seen in
the data.

par(mfrow=c(1, 1), mar = c(5, 5, 3, 1))

pred_names <- grep('y_pred', names(samples), value=TRUE)
hist_retro(data$y, samples, pred_names, -7, 13, 0.75, 'y')
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Moreover the resulting posterior inferences concentrate far away from the true values. Any
decisions or predictions that we might derive from these inferences will perform poorly.

par(mfrow=c(1, 2))

util$plot_expectand_pushforward(samples[['mu']], 25, 'mu',
flim=c(2, 4), baseline=mu)

util$plot_expectand_pushforward(samples[['tau']], 25, 'tau',
flim=c(1, 3), baseline=tau)
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3.2.3 Modeling The Selection Process

To obtain an accurate picture of the latent behavior we’ll have to explicitly model the selection
process. Fortunately this is straightforward given that the normalization integral can be
evaluated as a normal cumulative distribution function.

In order to avoid model configurations with zero likelihood, and hence zero posterior density,
we need to force the selection threshold 𝜆 to be larger than the largest observation.

Additionally to avoid excessive computation when the latent density function and selection
function are poorly aligned we will cap the number of attempted latent simulations in the
generated quantities block. Poor alignment is typically most problematic during the
warmup phase, but we can readily diagnose any problems that persist into the sampling phase
by looking for NA outputs.

fit2 <- stan(file="stan_programs/fit_threshold2.stan",
data=data, seed=8438338,
warmup=1000, iter=2024, refresh=0)

The diagnostics are clean.

diagnostics <- util$extract_hmc_diagnostics(fit2)
util$check_all_hmc_diagnostics(diagnostics)
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All Hamiltonian Monte Carlo diagnostics are consistent with reliable
Markov chain Monte Carlo.

samples <- util$extract_expectands(fit2)
base_samples <- util$filter_expectands(samples,

c('mu', 'tau', 'lambda'))
util$check_all_expectand_diagnostics(base_samples)

All expectands checked appear to be behaving well enough for reliable
Markov chain Monte Carlo estimation.

The lack of any retrodictive tension in the histogram summary statistic suggests that our selec-
tion model is accurately capturing the threshold behavior exhibited by the observed data.

par(mfrow=c(1, 1), mar = c(5, 5, 3, 1))

pred_names <- grep('y_pred', names(samples), value=TRUE)
hist_retro(data$y, samples, pred_names, -7, 13, 0.75, 'y')

Warning in hist_retro(data$y, samples, pred_names, -7, 13, 0.75, "y"): 6
predictive values (0.0%) fell below the histogram binning.

−5 0 5 10

0

50

100

150

200

y

C
ou

nt
s

More importantly our posterior inferences are consistent with the true model configurations
from which we simulated data.
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par(mfrow=c(1, 3))

util$plot_expectand_pushforward(samples[['mu']], 25, 'mu',
flim=c(2.5, 4), baseline=mu)

util$plot_expectand_pushforward(samples[['tau']], 25, 'tau',
flim=c(1.5, 2.75), baseline=tau)

util$plot_expectand_pushforward(samples[['lambda']], 25, 'lambda',
flim=c(4.72, 4.82), baseline=lambda)
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3.2.4 Incorporating The Number of Rejections

Finally let’s go one step further and consider how our inferences might change if we knew not
only that some latent events were rejected but also how many were rejected. Recall that in
this case the accepted events no longer need to be modeled with a modified normalization, but
that the normalization integral still shows up in the model for the rejected events.

data$N_reject <- N_reject

fit3 <- stan(file="stan_programs/fit_threshold3.stan",
data=data, seed=8438338,
warmup=1000, iter=2024, refresh=0)
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Fortunately the computation remains unproblematic.

diagnostics <- util$extract_hmc_diagnostics(fit3)
util$check_all_hmc_diagnostics(diagnostics)

All Hamiltonian Monte Carlo diagnostics are consistent with reliable
Markov chain Monte Carlo.

samples <- util$extract_expectands(fit3)
base_samples <- util$filter_expectands(samples,

c('mu', 'tau', 'lambda'))
util$check_all_expectand_diagnostics(base_samples)

All expectands checked appear to be behaving well enough for reliable
Markov chain Monte Carlo estimation.

In addition to the histogram summary statistic which is sensitive to the behavior of the ac-
cepted events we can also consider the number of rejected events as its own summary statistic.
Our model is consistent with the observed behavior of both of these statistics, giving us confi-
dence that we’re capturing the relevant behavior.

par(mfrow=c(1, 2), mar = c(5, 5, 3, 1))

pred_names <- grep('y_pred', names(samples), value=TRUE)
hist_retro(data$y, samples, pred_names, -7, 13, 0.75, 'y')

Warning in hist_retro(data$y, samples, pred_names, -7, 13, 0.75, "y"): 1
predictive values (0.0%) fell below the histogram binning.

util$plot_expectand_pushforward(samples[['N_reject_pred']], 25, 'N_reject',
baseline=data$N_reject)
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As in the previous fit the posterior inferences concentrate around the true model configuration.
The concentration, however, is much stronger for the latent probability distribution parameters
𝜇 and 𝜏 than in that previous fit.

par(mfrow=c(3, 2))

samples2 <- util$extract_expectands(fit2)
samples3 <- util$extract_expectands(fit3)

util$plot_expectand_pushforward(samples2[['mu']], 25, 'mu',
flim=c(2.5, 4),
main="Unknown Number of Rejections",
baseline=mu)

util$plot_expectand_pushforward(samples3[['mu']], 25, 'mu',
flim=c(2.5, 4),
main="Known Number of Rejections",
baseline=mu)

util$plot_expectand_pushforward(samples2[['tau']], 25, 'tau',
flim=c(1.5, 2.75),
main="Unknown Number of Rejections",
baseline=tau)

util$plot_expectand_pushforward(samples3[['tau']], 25, 'tau',
flim=c(1.5 ,2.75),
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main="Known Number of Rejections",
baseline=tau)

util$plot_expectand_pushforward(samples2[['lambda']], 25, 'lambda',
flim=c(4.72, 4.82),
main="Unknown Number of Rejections",
baseline=lambda)

util$plot_expectand_pushforward(samples3[['lambda']], 25, 'lambda',
flim=c(4.72, 4.82),
main="Known Number of Rejections",
baseline=lambda)

Warning in util$plot_expectand_pushforward(samples3[["lambda"]], 25, "lambda",
: 1 posterior samples (0.0%) fell above the histogram binning.
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We shouldn’t be surprised that we achieve our most precise inferences when we take advantage
of all of the data available. What may be surprising is just how much more we learn when we
incorporate only the total number of rejected events and not their latent values.
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3.3 One-Dimensional Probabilistic Selection

As in the previous deterministic selection example let’s consider a one-dimensional latent
probability distribution specified by the normal probability density function,

𝑝(𝑦 ∣ 𝜙 = (𝜇, 𝜏)) = normal(𝑦 ∣ 𝜇, 𝜏),
only this time with the location parameter 𝜇 = −1 and scale parameter 𝜏 = 3.

delta <- 0.1
ys <- seq(-20, 20, delta)

mu <- -1
tau <- 3

latent_pds <- dnorm(ys, mu, tau)

par(mfrow=c(1, 1), mar = c(5, 5, 3, 1))
plot(ys, latent_pds, type="l", main ="p(y)", col=c_light, lwd=4,

xlab="y", xlim=c(-15, 15),
ylab="Latent Probability Density", yaxt='n', ylim=c(0, 0.25))
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In this case, however, we’ll consider a continuous selection function

𝑆(𝑦; 𝜓 = (𝜒, 𝛾)) = Φ(𝛾 (𝑦 − 𝜒)),
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where Φ(𝑥) = Πnormal(𝑥; 0, 1) is the standard normal cumulative distribution function. When
𝛾 > 0 this selection function gradually rises as the input increases, achieving a selection
probability of 1/2 at 𝜒. Conversely when 𝛾 < 0 the selection function falls as the input
increases.

Here we’ll take 𝛾 = 0.75, so the selection function is monotonically increasing, and 𝜒 = 2,
so that the selection function is centered in the upper tail of the latent probability density
function.

chi <- 2
gamma <- 0.75

selection_probs <- pnorm(gamma * (ys - chi))

plot(ys, latent_pds, type="l", main ="p(z = 1 | y)", col=c_light, lwd=4,
xlab="y", xlim=c(-15, 15),
ylab="Selection Probability", yaxt='n', ylim=c(0, 0.25))

lines(ys, 0.22 * selection_probs, col=c_dark, lwd=4)
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Conveniently the normalization integral resulting from this selection model does admit a closed-
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form solution,

𝑍(𝜇, 𝜏, 𝜒, 𝛾) = ∫
+∞

−∞
d𝑦 𝑆(𝑦; 𝜒, 𝛾) 𝑝(𝑦 ∣ 𝜇, 𝜏)

= ∫
+∞

−∞
d𝑦 Φ(𝛾 (𝑦 − 𝜒)) normal(𝑦 ∣ 𝜇, 𝜏)

= Φ ( 𝛾 (𝜇 − 𝜒)
√1 + (𝛾 𝜏)2 ) .

More details on this integral are available in the Appendix.

observed_pds <- (selection_probs * latent_pds)
norm <- pnorm(gamma * (mu - chi) / sqrt(1 + (gamma * tau)**2), 0, 1)
observed_pds <- observed_pds / norm

plot(ys, latent_pds, type="l", main ="p(y | z = 1)", col=c_light, lwd=4,
xlab="y", xlim=c(-15, 15),
ylab="Observed Probability Density", yaxt='n', ylim=c(0, 0.25))

lines(ys, 0.22 * selection_probs, col=c_light_highlight, lwd=4)
lines(ys, observed_pds, col=c_dark, lwd=4)
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The observed probability density function exhibits a noticeable skew, but not one so large that
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it couldn’t be approximated okay by a symmetric normal probability density function. Indeed
we’ll see this below.

3.3.1 Simulating Data

Although we can derive an analytic normalization integral, we cannot derive an analytic cu-
mulative distribution function for the observed probability density function. Consequently we
cannot simulate data with the inverse cumulative distribution function method.

We can, however, generate data by simulating the selection process directly.

N <- 1000

simu <- stan(file="stan_programs/simu_selection_uni.stan",
iter=1, warmup=0, chains=1, data=list("N" = N),
seed=4838282, algorithm="Fixed_param")

SAMPLING FOR MODEL 'anon_model' NOW (CHAIN 1).
Chain 1: Iteration: 1 / 1 [100%] (Sampling)
Chain 1:
Chain 1: Elapsed Time: 0 seconds (Warm-up)
Chain 1: 0 seconds (Sampling)
Chain 1: 0 seconds (Total)
Chain 1:

y <- extract(simu)$y[1,]
N_reject <- extract(simu)$N_reject[1]

To double check our implementation let’s compare a normalized histogram of the simulated
data to the true observed probability density function. Fortunately there are no signs on
inconsistencies.

plot_line_hist(y, -5, 15, 0.75, prob=TRUE, xlab="y")
lines(ys, observed_pds, col=c_dark, lwd=4)
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3.3.2 Ignoring The Selection Process

Let’s begin as we did in the previous exercise by attempting to fit a model that ignores the
selection process entirely.

data <- list("N" = N, "y" = y)

fit <- stan(file="stan_programs/fit_no_selection_uni.stan",
data=data, seed=8438338,
warmup=1000, iter=2024, refresh=0)

There are no indications of inaccurate posterior quantification.

diagnostics <- util$extract_hmc_diagnostics(fit)
util$check_all_hmc_diagnostics(diagnostics)

All Hamiltonian Monte Carlo diagnostics are consistent with reliable
Markov chain Monte Carlo.

samples <- util$extract_expectands(fit)
base_samples <- util$filter_expectands(samples,

c('mu', 'tau'))
util$check_all_expectand_diagnostics(base_samples)
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All expectands checked appear to be behaving well enough for reliable
Markov chain Monte Carlo estimation.

Perhaps surprisingly the retrodictive performance isn’t terrible. If we look carefully we can
see that the observed histogram skews slightly to smaller values more than in the posterior
predictive histograms.

par(mfrow=c(1, 1), mar = c(5, 5, 3, 1))

pred_names <- grep('y_pred', names(samples), value=TRUE)
hist_retro(data$y, samples, pred_names, -5, 15, 1, 'y')

Warning in hist_retro(data$y, samples, pred_names, -5, 15, 1, "y"): 18
predictive values (0.0%) fell below the histogram binning.
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We can see this skew a bit more clearly if we use a histogram with finer bins as our summary
statistic. We can’t use too fine a histogram summary statistic, however, as the bin occupancies
will become too noisy and wash out the signal. Our ability to resolve the retrodictive tension
is limited by the available data.

par(mfrow=c(1, 1))

hist_retro(data$y, samples, pred_names, -5, 15, 0.5, 'y')
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Warning in hist_retro(data$y, samples, pred_names, -5, 15, 0.5, "y"): 18
predictive values (0.0%) fell below the histogram binning.
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If we wanted to investigate this retrodictive tension even further then we could consider sum-
mary statistics that target this shape more directly, such as an empirical skewness statistic.

What is not ambiguous is how extremely misaligned the posterior inferences of the latent
probability distribution configuration are with the true model configuration.

par(mfrow=c(1, 2))

util$plot_expectand_pushforward(samples[['mu']], 25, 'mu',
flim=c(-2, 4), baseline=mu)

util$plot_expectand_pushforward(samples[['tau']], 25, 'tau',
flim=c(1, 4), baseline=tau)
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Our model for the latent probability distribution is itself flexible enough to contort into an
okay approximation of the observed behavior. This contortion, however, will not generalize to
other circumstances where the behavior of the selection changes.

3.3.3 Modeling An Unknown Selection Behavior

In order to derive more robust inferences we’ll need to model the selection process, which then
requires evaluating the normalization integral. These exercises will then give us an opportunity
to compare and contrast exact evaluations to numerical approximations.

Before confronting the entire model let’s see what happens when the behavior of the latent
probability distribution is known and we just need to infer the behavior of the selection func-
tion.

3.3.3.1 Exact

We’ll begin with the exact evaluation.

To visualize the inferred selection function behaviors in this one-dimensional problem we can
compute the inferred outputs along a grid of latent inputs.

delta <- 0.1
ys <- seq(-20, 20, delta)
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data$y_grid <- ys
data$N_grid <- length(ys)

fit_exact <- stan(file="stan_programs/fit_unknown_selection_uni_exact.stan",
data=data, seed=8438338,
warmup=1000, iter=2024, refresh=0)

The diagnostics are clean.

diagnostics <- util$extract_hmc_diagnostics(fit_exact)
util$check_all_hmc_diagnostics(diagnostics)

All Hamiltonian Monte Carlo diagnostics are consistent with reliable
Markov chain Monte Carlo.

samples <- util$extract_expectands(fit_exact)
base_samples <- util$filter_expectands(samples,

c('chi', 'gamma'))
util$check_all_expectand_diagnostics(base_samples)

All expectands checked appear to be behaving well enough for reliable
Markov chain Monte Carlo estimation.

The posterior predictions how exhibit a mild skewness similar to what we see in the observed
data. With this retrodictive agreement we have nothing to criticize.

par(mfrow=c(1, 1), mar = c(5, 5, 3, 1))

pred_names <- grep('y_pred', names(samples), value=TRUE)
hist_retro(data$y, samples, pred_names, -5, 15, 1, 'y')

Warning in hist_retro(data$y, samples, pred_names, -5, 15, 1, "y"): 2
predictive values (0.0%) fell above the histogram binning.
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Even better the inferred configuration of the selection function is consistent with the true
configuration.

par(mfrow=c(1, 2))

util$plot_expectand_pushforward(samples[['chi']], 25, 'chi',
flim=c(1, 3), baseline=chi)

util$plot_expectand_pushforward(samples[['gamma']], 25, 'gamma',
flim=c(0.4, 1), baseline=gamma)
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When the influence of the 𝜒 and 𝛾 parameters on the shape of the selection function isn’t
immediately obvious we can also visualize the inferred selection function behaviors directly.

plot_realizations <- function(xs, fs, N=50,
x_name="", display_xlims=NULL,
y_name="", display_ylims=NULL,
title="") {

I <- dim(fs)[2]
J <- min(N, I)

plot_idx <- sapply(1:J, function(j) (I %/% J) * (j - 1) + 1)

nom_colors <- c("#DCBCBC", "#C79999", "#B97C7C",
"#A25050", "#8F2727", "#7C0000")

line_colors <- colormap(colormap=nom_colors, nshades=J)

if (is.null(display_xlims)) {
xlims <- range(xs)

} else {
xlims <- display_xlims

}

if (is.null(display_ylims)) {
ylims <- range(fs)

} else {
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ylims <- display_ylims
}

plot(1, type="n", main=title,
xlab=x_name, xlim=xlims,
ylab=y_name, ylim=ylims)

for (j in 1:J) {
r_fs <- fs[, plot_idx[j]]
lines(xs, r_fs, col=line_colors[j], lwd=3)

}
}

par(mfrow=c(1, 1), mar = c(5, 4, 2, 1))

fs <- t(sapply(1:data$N_grid,
function(n) c(samples[[paste0('select_prob_grid[', n, ']')]],

recursive=TRUE)))

plot_realizations(data$y_grid, fs, 50,
x_name="y", display_xlims=c(-5, 15),
y_name="Selection Probability", display_ylims=c(0, 1))

lines(ys, selection_probs, type="l", col="white", lwd=4)
lines(ys, selection_probs, type="l", col="black", lwd=2)
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3.3.3.2 Numerical Quadrature

Now we can repeat using a numerical quadrature estimate of the normalization integral. Con-
veniently Stan implements an adaptive quadrature method for one-dimensional integrals.

fit <- stan(file="stan_programs/fit_unknown_selection_uni_quad.stan",
data=data, seed=8438338,
warmup=1000, iter=2024, refresh=0)

Large numerical error can often result in inconsistent model evaluations which in turn can
compromise the performance of Markov chain Monte Carlo. Fortunately that doesn’t seem to
be the case here.

diagnostics <- util$extract_hmc_diagnostics(fit)
util$check_all_hmc_diagnostics(diagnostics)

All Hamiltonian Monte Carlo diagnostics are consistent with reliable
Markov chain Monte Carlo.

samples <- util$extract_expectands(fit)
base_samples <- util$filter_expectands(samples,

c('chi', 'gamma'))
util$check_all_expectand_diagnostics(base_samples)

All expectands checked appear to be behaving well enough for reliable
Markov chain Monte Carlo estimation.

Indeed the error in the adaptive numerical quadrature is at the same level of double floating
precision! We can even see the discretization that arises from subtracting two numbers whose
difference is close to the double floating point precision threshold.

par(mfrow=c(1, 1), mar = c(5, 5, 2, 1))

util$plot_expectand_pushforward(samples[['norm_error']], 25,
'Quadrature Norm - Exact Norm')
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Because the error in evaluating the normalization integral is so small we see the same retrod-
ictive behavior as in the exact fit.

par(mfrow=c(1, 1), mar = c(5, 5, 3, 1))

pred_names <- grep('y_pred', names(samples), value=TRUE)
hist_retro(data$y, samples, pred_names, -5, 15, 1, 'y')

Warning in hist_retro(data$y, samples, pred_names, -5, 15, 1, "y"): 2
predictive values (0.0%) fell above the histogram binning.
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Similarly the posterior inferences appear to be the same.

par(mfrow=c(2, 2))

samples_exact <- util$extract_expectands(fit_exact)

util$plot_expectand_pushforward(samples_exact[['chi']], 25, 'chi',
flim=c(1, 3), baseline=chi,
main="Exact Normalization")

util$plot_expectand_pushforward(samples[['chi']], 25, 'chi',
flim=c(1, 3), baseline=chi,
main="Numerical Quadrature\nNormalization")

util$plot_expectand_pushforward(samples_exact[['gamma']], 25, 'gamma',
flim=c(0.4, 1), baseline=gamma,
main="Exact Normalization")

util$plot_expectand_pushforward(samples[['gamma']], 25, 'gamma',
flim=c(0.4, 1), baseline=gamma,
main="Numerical Quadrature\nNormalization")
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3.3.3.3 Monte Carlo

How do Monte Carlo estimates of the normalization integral behave? Let’s start with a rela-
tively small Monte Carlo ensemble.

Recall that we have to generate a single Monte Carlo ensemble, here in the transformed data
block, which we then use to construct all Monte Carlo estimates of the normalization integral.
Conditioned on this particular ensemble the Monte Carlo estimates define a fully deterministic
model approximation, with evaluations at the same selection function configuration always
returning the same output.

data$N_MC <- 100

fit <- stan(file="stan_programs/fit_unknown_selection_uni_mc.stan",
data=data, seed=8438338,
warmup=1000, iter=2024, refresh=0)

The diagnostics are clean.

diagnostics <- util$extract_hmc_diagnostics(fit)
util$check_all_hmc_diagnostics(diagnostics)
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All Hamiltonian Monte Carlo diagnostics are consistent with reliable
Markov chain Monte Carlo.

samples <- util$extract_expectands(fit)
base_samples <- util$filter_expectands(samples,

c('chi', 'gamma'))
util$check_all_expectand_diagnostics(base_samples)

All expectands checked appear to be behaving well enough for reliable
Markov chain Monte Carlo estimation.

The exact normalization estimate error is much larger than it was for the adaptive numerical
quadrature estimator, although not huge in absolute terms.

par(mfrow=c(1, 1), mar = c(5, 5, 2, 1))

util$plot_expectand_pushforward(samples[['norm_error']], 25,
'Monte Carlo Norm - Exact Norm')
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Perhaps most importantly the estimated Monte Carlo standard error provides a good estimate
of the magnitude of the exact error. This makes the Monte Carlo standard error particularly
important in applications where we don’t know the exact normalization and hence cannot
compute the exact error.
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par(mfrow=c(1, 1), mar = c(5, 5, 2, 1))

plot(abs(c(samples[['norm_error']], recursive=TRUE)),
c(samples[['MCSE']], recursive=TRUE),

col=c_dark, pch=16,
xlim=c(0, 0.01), xlab="Magnitude of Exact Error",
ylim=c(0, 0.05), ylab="Monte Carlo Standard Error")

lines(c(0, 1), c(0, 1), col="#DDDDDD", lwd=2, lty=2)
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Note that the precise behavior we see here, where the Monte Carlo standard error conserva-
tively upper bounds the exact error, is an accident of the particular Monte Carlo ensemble
we drew. Changing the seed argument in the stan call will result in a different Monte Carlo
ensemble whose Monte Carlo estimators could both overshoot or undershoot the exact error.
That said the Monte Carlo standard error will usually be within a factor of five of the exact
error.

The retrodictive performance has degraded substantially. Because we’ve changed only how we
estimate the normalization integral this must be due to the Monte Carlo estimator error being
too large.

par(mfrow=c(1, 1), mar = c(5, 5, 3, 1))
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pred_names <- grep('y_pred', names(samples), value=TRUE)
hist_retro(data$y, samples, pred_names, -5, 15, 1, 'y')

Warning in hist_retro(data$y, samples, pred_names, -5, 15, 1, "y"): 1
predictive values (0.0%) fell above the histogram binning.
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We can confirm this by examining the marginal posterior distributions which have both shifted
away from the true model configuration.

par(mfrow=c(2, 2))
util$plot_expectand_pushforward(samples_exact[['chi']], 25, 'chi',

flim=c(0.5, 3), baseline=chi,
main="Exact Normalization")

util$plot_expectand_pushforward(samples[['chi']], 25, 'chi',
flim=c(0.5, 3), baseline=chi,
main="Monte Carlo Normalization, N = 100")

util$plot_expectand_pushforward(samples_exact[['gamma']], 25, 'gamma',
flim=c(0.4, 1.25), baseline=gamma,
main="Exact Normalization")

util$plot_expectand_pushforward(samples[['gamma']], 25, 'gamma',
flim=c(0.4, 1.25), baseline=gamma,
main="Monte Carlo Normalization, N = 100")
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One of the reasons why Monte Carlo estimation is so powerful is that we can somewhat control
the error. In particular increasing the Monte Carlo ensemble will, at least in expectation,
decrease the Monte Carlo estimator error. Here let’s try going from 100 samples to 10000
samples.

data$N_MC <- 10000

fit <- stan(file="stan_programs/fit_unknown_selection_uni_mc.stan",
data=data, seed=8438338,
warmup=1000, iter=2024, refresh=0)

The Markov chain Monte Carlo diagnostics remain clean.

diagnostics <- util$extract_hmc_diagnostics(fit)
util$check_all_hmc_diagnostics(diagnostics)

All Hamiltonian Monte Carlo diagnostics are consistent with reliable
Markov chain Monte Carlo.
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samples <- util$extract_expectands(fit)
base_samples <- util$filter_expectands(samples,

c('chi', 'gamma'))
util$check_all_expectand_diagnostics(base_samples)

All expectands checked appear to be behaving well enough for reliable
Markov chain Monte Carlo estimation.

With the larger ensemble the error in the Monte Carlo estimates of the normalization integral
have shrunk by almost a factor of ten.

par(mfrow=c(1, 1), mar = c(5, 5, 2, 1))

util$plot_expectand_pushforward(samples[['norm_error']], 25,
'Monte Carlo Norm - Exact Norm')
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Moreover the Monte Carlo standard error continues to well-approximate the exact error.

par(mfrow=c(1, 1), mar = c(5, 5, 2, 1))

plot(abs(c(samples[['norm_error']], recursive=TRUE)),
c(samples[['MCSE']], recursive=TRUE),
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col=c_dark, pch=16,
xlim=c(0, 0.004), xlab="Magnitude of Exact Error",
ylim=c(0, 0.004), ylab="Monte Carlo Standard Error")

lines(c(0, 1), c(0, 1), col="#DDDDDD", lwd=2, lty=2)
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With the error in evaluating the normalization integral so much smaller the resulting model
implementation much better approximates the exact model, and the retrodictive performance
recovers what we saw with the exact model.

par(mfrow=c(1, 1), mar = c(5, 5, 3, 1))

pred_names <- grep('y_pred', names(samples), value=TRUE)
hist_retro(data$y, samples, pred_names, -5, 15, 1, 'y')

Warning in hist_retro(data$y, samples, pred_names, -5, 15, 1, "y"): 1
predictive values (0.0%) fell below the histogram binning.

Warning in hist_retro(data$y, samples, pred_names, -5, 15, 1, "y"): 2
predictive values (0.0%) fell above the histogram binning.
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Similarly the posterior inferences derived from this approximate model are now indistinguish-
able from the posterior inferences derived from the exact model.

par(mfrow=c(2, 2))
util$plot_expectand_pushforward(samples_exact[['chi']], 25, 'chi',

flim=c(1, 3), baseline=chi,
main="Exact Normalization")

util$plot_expectand_pushforward(samples[['chi']], 25, 'chi',
flim=c(1, 3), baseline=chi,
main="Monte Carlo Normalization, N = 10000")

util$plot_expectand_pushforward(samples_exact[['gamma']], 25, 'gamma',
flim=c(0.4, 1), baseline=gamma,
main="Exact Normalization")

util$plot_expectand_pushforward(samples[['gamma']], 25, 'gamma',
flim=c(0.4, 1), baseline=gamma,
main="Monte Carlo Normalization, N = 10000")
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In a real application of Monte Carlo normalization integral estimation we won’t know the
exact errors nor the exact posterior behaviors. Consequently we won’t be able to validate our
inferences using these comparisons.

We will, however, be able to consult the Monte Carlo standard errors and compare posterior
inferences across different ensemble sizes. In particular we can always increase the ensemble
size until the posterior inferences stabilize.

3.3.4 Modeling Unknown Selection and Latent Behavior

In most applications we won’t know the behavior of the latent probability distribution. Instead
we will have to infer it jointly with the behavior of the selection function.

3.3.4.1 Exact

Following the same progression as in the previous section we’ll start with a model implementing
the exact normalization integral.

fit_exact <- stan(file="stan_programs/fit_unknown_both_uni_exact.stan",
data=data, seed=8438338,
warmup=1000, iter=2024, refresh=0)
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Fortunately our computational diagnostics continue to be clean.

diagnostics <- util$extract_hmc_diagnostics(fit_exact)
util$check_all_hmc_diagnostics(diagnostics)

All Hamiltonian Monte Carlo diagnostics are consistent with reliable
Markov chain Monte Carlo.

samples <- util$extract_expectands(fit_exact)
base_samples <- util$filter_expectands(samples,

c('mu', 'tau', 'chi', 'gamma'))
util$check_all_expectand_diagnostics(base_samples)

All expectands checked appear to be behaving well enough for reliable
Markov chain Monte Carlo estimation.

As expected the exact model allows us to recover all of the features of the observed data,
including the mild skewness.

par(mfrow=c(1, 1), mar = c(5, 5, 3, 1))

pred_names <- grep('y_pred', names(samples), value=TRUE)
hist_retro(data$y, samples, pred_names, -5, 15, 1, 'y')

Warning in hist_retro(data$y, samples, pred_names, -5, 15, 1, "y"): 1
predictive values (0.0%) fell above the histogram binning.
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One immediate difference from the previous exercise is that our marginal posterior uncertain-
ties are much wider.

par(mfrow=c(2, 2))

util$plot_expectand_pushforward(samples[['mu']], 25, 'mu',
flim=c(-8, 4), baseline=mu)

util$plot_expectand_pushforward(samples[['tau']], 25, 'tau',
flim=c(1, 5), baseline=tau)

util$plot_expectand_pushforward(samples[['chi']], 25, 'chi',
flim=c(-2, 4), baseline=chi)

util$plot_expectand_pushforward(samples[['gamma']], 25, 'gamma',
flim=c(0.25, 1.25), baseline=gamma)
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Indeed the pairs plots between the four parameters reveal some nontrivial degeneracies.

par(mfrow=c(2, 3))

names <- c('mu', 'tau', 'chi', 'gamma')
for (n in 1:4) {
for (m in tail(1:4, 4 - n)) {

plot(c(samples[[names[n]]], recursive=TRUE),
c(samples[[names[m]]], recursive=TRUE),
col=c_dark, pch=16,
xlab=names[n], ylab=names[m])

}
}
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Strong degeneracies like these are not uncommon when fitting full selection models. Many dif-
ferent configurations of the latent probability distribution and selection function will typically
be able to accommodate any particular set of observations.

With a powerful tool like Hamiltonian Monte Carlo we may be able to accurately quantify
these complex uncertainties, but they may leave much to be desired when it comes to decision
making and prediction. In order to improve the situation we need to reduce our uncertainties,
which means incorporating additional information.

A more informative prior model often helps, but additional channels of data are often most
informative. For example knowledge of the total number of rejected events is often quite
informative. So too are calibration observations where we can probe the configuration of
the selection function using an auxiliary, but fully determined, latent probability distribution
(Figure 7). Which strategy is most productive in any given applications will depend on the
particular details of that application.

3.3.4.2 Numerical Quadrature

One of the complications of large uncertainties is that our numerical approximations will have
to be accurate over a wider range of inputs. How does our adaptive numerical quadrature hold
up?
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Figure 7: Observations of selected events are often not informative enough to constrain the
behavior of the latent probability distribution from the behavior of the selection
function. The behavior of the selection function, however, can often be informed
directly with data from a calibration process where latent events are generated from
a auxiliary but known latent probability distribution. A joint Bayesian model of
both sources of data is straightforward to implement in practice.

fit <- stan(file="stan_programs/fit_unknown_both_uni_quad.stan",
data=data, seed=8438338,
warmup=1000, iter=2024, refresh=0)

The diagnostics are clean. So far so good.

diagnostics <- util$extract_hmc_diagnostics(fit)
util$check_all_hmc_diagnostics(diagnostics)

All Hamiltonian Monte Carlo diagnostics are consistent with reliable
Markov chain Monte Carlo.

samples <- util$extract_expectands(fit)
base_samples <- util$filter_expectands(samples,

c('mu', 'tau', 'chi', 'gamma'))
util$check_all_expectand_diagnostics(base_samples)

All expectands checked appear to be behaving well enough for reliable
Markov chain Monte Carlo estimation.
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Despite the wider range of inputs that we have to explore the adaptive numerical quadra-
ture algorithm has been able to maintain similarly small errors, save for a few exceptional
evaluations.

par(mfrow=c(1, 1), mar = c(5, 5, 2, 1))

util$plot_expectand_pushforward(samples[['norm_error']], 25,
'Quadrature Norm - Exact Norm',
flim=c(-2e-16, +2e-16))

Warning in util$plot_expectand_pushforward(samples[["norm_error"]], 25, : 21
posterior samples (0.5%) fell below the histogram binning.

Warning in util$plot_expectand_pushforward(samples[["norm_error"]], 25, : 569
posterior samples (13.9%) fell above the histogram binning.
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Consequently the retrodictive performance remains the same.

par(mfrow=c(1, 1), mar = c(5, 5, 3, 1))

pred_names <- grep('y_pred', names(samples), value=TRUE)
hist_retro(data$y, samples, pred_names, -5, 15, 1, 'y')
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Moreover we cannot distinguish between the posterior inferences derived from the exact model
and the approximate model.

samples_exact <- util$extract_expectands(fit_exact)

par(mfrow=c(2, 2))

util$plot_expectand_pushforward(samples_exact[['mu']], 25, 'mu',
flim=c(-8, 4), baseline=mu,
main="Exact\nNormalization")

util$plot_expectand_pushforward(samples[['mu']], 25, 'mu',
flim=c(-8, 4), baseline=mu,
main="Numerical Quadrature\nNormalization")

util$plot_expectand_pushforward(samples_exact[['tau']], 25, 'tau',
flim=c(1, 5), baseline=tau,
main="Exact\nNormalization")

util$plot_expectand_pushforward(samples[['tau']], 25, 'tau',
flim=c(1, 5), baseline=tau,
main="Numerical Quadrature\nNormalization")
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par(mfrow=c(2, 2))

util$plot_expectand_pushforward(samples_exact[['chi']], 25, 'chi',
flim=c(-2, 4), baseline=chi,
main="Exact\nNormalization")

util$plot_expectand_pushforward(samples[['chi']], 25, 'chi',
flim=c(-2, 4), baseline=chi,
main="Numerical Quadrature\nNormalization")

util$plot_expectand_pushforward(samples_exact[['gamma']], 25, 'gamma',
flim=c(0.25, 1.25), baseline=gamma,
main="Exact\nNormalization")

util$plot_expectand_pushforward(samples[['gamma']], 25, 'gamma',
flim=c(0.25, 1.25), baseline=gamma,
main="Numerical Quadrature\nNormalization")
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3.3.4.3 Importance Sampling

Because the latent probability distribution is no longer fixed we cannot utilize Monte Carlo
estimation using a fixed ensemble. We can, however, utilize importance sampling estimation
with a fixed ensemble drawn from a fixed reference probability distribution.

Ideally the reference probability distribution would span all of the latent probability distribu-
tions in neighborhoods of high posterior probability. In practice, however, we will not know
the shape of the posterior distribution. As a proxy we can tune the reference probability
distribution to the shape of the prior model.

For example our prior model roughly contains the location of the latent probability density
function to the interval

−5 ⪅ 𝜇 ⪅ 5
and the scale to the interval

0 < 𝜏 ⪅ 5.
The largest 𝑌 interval allowed by these constraints is

−5 − 2.32 ⋅ 5 ⪅ 𝑦 ⪅ +5 + 2.32 ⋅ 5
−16.6 ⪅ 𝑦 ⪅ +16.6.
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This interval is in turn spanned by a normal probability density function with location param-
eter 0 and scale parameter of about 7.2.

Note that much of the Stan program is dedicated to computing importance sampling diagnos-
tics.

As with our previous Monte Carlo experiment we’ll start with a relatively small ensemble.

data$N_IS <- 100

fit <- stan(file="stan_programs/fit_unknown_both_uni_is.stan",
data=data, seed=8438338,
warmup=1000, iter=2024, refresh=0)

Info: Found int division at 'string', line 90, column 22 to column 26:
N_IS / 2

Values will be rounded towards zero. If rounding is not desired you can write
the division as
N_IS / 2.0

For the first time in this chapter we have encountered some diagnostic warnings. In addition
to large autocorrelations across many parameters it appears that 𝛾 might be exhibiting heavy
tails.

diagnostics <- util$extract_hmc_diagnostics(fit)
util$check_all_hmc_diagnostics(diagnostics)

All Hamiltonian Monte Carlo diagnostics are consistent with reliable
Markov chain Monte Carlo.

samples <- util$extract_expectands(fit)
base_samples <- util$filter_expectands(samples,

c('mu', 'tau', 'chi', 'gamma'))
util$check_all_expectand_diagnostics(base_samples)

tau:
Chain 3: hat{ESS} (94.353) is smaller than desired (100)!

chi:
Chain 4: hat{ESS} (79.693) is smaller than desired (100)!
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gamma:
Chain 2: Left tail hat{xi} (0.309) exceeds 0.25!
Chain 3: Left tail hat{xi} (0.437) exceeds 0.25!
Chain 4: Left tail hat{xi} (0.352) exceeds 0.25!
Chain 3: hat{ESS} (73.131) is smaller than desired (100)!
Chain 4: hat{ESS} (69.685) is smaller than desired (100)!

Large tail hat{xi}s suggest that the expectand might not be
sufficiently integrable.

Small empirical effective sample sizes indicate strong empirical
autocorrelations in the realized Markov chains. If the empirical
effective sample size is too small then Markov chain Monte Carlo
estimation may be unreliable even when a central limit theorem holds.

The sudden change in posterior quantification suggests that the importance sampling error may
be large enough to be causing problems. To investigate further let’s consult the importance
sampling diagnostics.

plot_histogram_pushforward <- function(samples, var_names,
bin_min=NULL, bin_max=NULL, delta=NULL,
xlab="", ylim=NA, title="") {

# Check that pred_names are in samples
all_names <- names(samples)

bad_names <- setdiff(var_names, all_names)
if (length(bad_names) > 0) {

warning(sprintf('The expectand names %s are not in the `samples` object and will be ignored.',
paste(bad_names, collapse=", ")))

}

good_names <- intersect(var_names, all_names)
if (length(good_names) == 0) {

stop('There are no valid expectand names.')
}
var_names <- good_names

# Remove any NA values
var <- sapply(var_names,

function(name) c(t(samples[[name]]), recursive=TRUE))
var_collapse <- c(var)
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var_collapse <- var_collapse[!is.na(var_collapse)]

# Construct binning configuration
if (is.null(bin_min))

bin_min <- min(var_collapse)
if (is.null(bin_max))

bin_max <- max(var_collapse)
if (is.null(delta))

delta <- (bin_max - bin_min) / 25

# Construct bins
breaks <- seq(bin_min, bin_max, delta)
B <- length(breaks) - 1
idx <- rep(1:B, each=2)
xs <- sapply(1:length(idx),

function(b) if(b %% 2 == 0) breaks[idx[b] + 1]
else breaks[idx[b]] )

# Check bin containment of values
N <- length(var_collapse)

N_low <- sum(var_collapse < bin_min)
if (N_low > 0)

warning(sprintf('%s values (%.1f%%) fell below the histogram binning.',
N_low, 100 * N_low / N))

N_high <- sum(bin_max < var_collapse)
if (N_high > 0)

warning(sprintf('%s values (%.1f%%) fell above the histogram binning.',
N_high, 100 * N_high / N))

# Construct ribbons for bin contents
N <- dim(var)[1]
var_counts <- sapply(1:N,

function(n) hist(var[n, bin_min <= var[n,] &
var[n,] <= bin_max],

breaks=breaks,
plot=FALSE)$counts)

probs = c(0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9)
cred <- sapply(1:B,

function(b) quantile(var_counts[b,], probs=probs))
var_cred <- do.call(cbind, lapply(idx, function(n) cred[1:9, n]))
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if (any(is.na(ylim))) {
ylim <- c(0, max(cred[9,]))

}

# Plot
plot(1, type="n", main=title,

xlim=c(bin_min, bin_max), xlab=xlab,
ylim=ylim, ylab="Counts")

polygon(c(xs, rev(xs)), c(var_cred[1,], rev(var_cred[9,])),
col = c_light, border = NA)

polygon(c(xs, rev(xs)), c(var_cred[2,], rev(var_cred[8,])),
col = c_light_highlight, border = NA)

polygon(c(xs, rev(xs)), c(var_cred[3,], rev(var_cred[7,])),
col = c_mid, border = NA)

polygon(c(xs, rev(xs)), c(var_cred[4,], rev(var_cred[6,])),
col = c_mid_highlight, border = NA)

lines(xs, var_cred[5,], col=c_dark, lwd=2)
}

The distribution importance weights appears to be particularly well-behaved; the weights not
only show no signs of heavy tails but also appear to be bounded below by 3 or so. This suggests
that our reference probability distribution has been well-chosen, boding well for importance
sampling estimation.

par(mfrow=c(1, 1), mar = c(5, 5, 2, 1))

weight_names <- grep('weights', names(samples), value=TRUE)
plot_histogram_pushforward(samples, weight_names, -0.125, 4.125, 0.25,

"Importance Sampling\nWeights")

Warning in plot_histogram_pushforward(samples, weight_names, -0.125, 4.125, :
1015 values (0.2%) fell above the histogram binning.
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The negative values of the 𝑘̂ statistic support the good behavior of the importance weights.
That said the importance sampling effective sample size is quite low, suggesting imprecise
normalization integral estimates.

par(mfrow=c(1, 2), mar = c(5, 5, 2, 1))

util$plot_expectand_pushforward(samples[['khat']], 25,
'Importance Sampling\nkhat Statistic')

abline(v=0.7, col="#DDDDDD", lwd=2, lty=2)

util$plot_expectand_pushforward(samples[['ISESS']], 25,
'Importance Sampling\nEffective Sample Size')
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Indeed the exact errors are quite large.

par(mfrow=c(1, 1), mar = c(5, 5, 2, 1))

util$plot_expectand_pushforward(samples[['norm_error']], 25,
'Importance Sampling Norm - Exact Norm')
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That said the importance sampling standard errors provides a reasonably accurate estimate of
the magnitude of the exact error. The fact that the importance sampling standard errors all
underestimate the exact error is an accident of the particular importance sampling ensemble
that we generated here, similarly to what we saw with the Monte Carlo method.

par(mfrow=c(1, 1), mar = c(5, 5, 2, 1))

plot(abs(c(samples[['norm_error']], recursive=TRUE)),
c(samples[['ISSE']], recursive=TRUE),

col=c_dark, pch=16,
xlim=c(0, 0.2), xlab="Magnitude of Exact Error",
ylim=c(0, 0.2), ylab="Importance Sampling Standard Error")

lines(c(0, 1), c(0, 1), col="#DDDDDD", lwd=2, lty=2)
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These large normalization integral errors compromise the retrodictive performance.

par(mfrow=c(1, 1), mar = c(5, 5, 3, 1))

pred_names <- grep('y_pred', names(samples), value=TRUE)
hist_retro(data$y, samples, pred_names, -5, 15, 1, 'y')
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Similarly the posterior inferences no longer conform to the posterior inferences derived from
the exact model.

samples_exact <- util$extract_expectands(fit_exact)

par(mfrow=c(2, 2))

util$plot_expectand_pushforward(samples_exact[['mu']], 25, 'mu',
flim=c(-8, 4.5), baseline=mu,
main="Exact\nNormalization")

util$plot_expectand_pushforward(samples[['mu']], 25, 'mu',
flim=c(-8, 4.5), baseline=mu,
main="Importance Sampling\nNormalization, N=100")

Warning in util$plot_expectand_pushforward(samples[["mu"]], 25, "mu", flim =
c(-8, : 5 posterior samples (0.1%) fell above the histogram binning.

util$plot_expectand_pushforward(samples_exact[['tau']], 25, 'tau',
flim=c(1, 5), baseline=tau,
main="Exact\nNormalization")

util$plot_expectand_pushforward(samples[['tau']], 25, 'tau',
flim=c(1, 5), baseline=tau,
main="Importance Sampling\nNormalization, N=100")
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par(mfrow=c(2, 2))

util$plot_expectand_pushforward(samples_exact[['chi']], 25, 'chi',
flim=c(-3, 5), baseline=chi,
main="Exact\nNormalization")

util$plot_expectand_pushforward(samples[['chi']], 25, 'chi',
flim=c(-3, 5), baseline=chi,
main="Importance Sampling\nNormalization, N=100")

util$plot_expectand_pushforward(samples_exact[['gamma']], 25, 'gamma',
flim=c(-0.25, 1.25), baseline=gamma,
main="Exact\nNormalization")

util$plot_expectand_pushforward(samples[['gamma']], 25, 'gamma',
flim=c(-0.25, 1.25), baseline=gamma,
main="Importance Sampling\nNormalization, N=100")

Warning in util$plot_expectand_pushforward(samples[["gamma"]], 25, "gamma", : 5
posterior samples (0.1%) fell below the histogram binning.
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If the importance weights are as well-behaved as they appear then we should be able to reduce
the error of the importance sampling normalization integral evaluations by increasing the
ensemble size.

data$N_IS <- 10000

fit <- stan(file="stan_programs/fit_unknown_both_uni_is.stan",
data=data, seed=8438338,
warmup=1000, iter=2024, refresh=0)

If rounding is intended please use the integer division operator %/%.
Info: Found int division at 'string', line 90, column 22 to column 26:
N_IS / 2

Values will be rounded towards zero. If rounding is not desired you can write
the division as
N_IS / 2.0

The diagnostics warnings have gone away.

diagnostics <- util$extract_hmc_diagnostics(fit)
util$check_all_hmc_diagnostics(diagnostics)
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All Hamiltonian Monte Carlo diagnostics are consistent with reliable
Markov chain Monte Carlo.

samples <- util$extract_expectands(fit)
base_samples <- util$filter_expectands(samples,

c('chi', 'gamma', 'mu', 'tau'))
util$check_all_expectand_diagnostics(base_samples)

All expectands checked appear to be behaving well enough for reliable
Markov chain Monte Carlo estimation.

The distribution of the importance weights across evaluations is determined by the reference
probability distribution and posterior distribution over the parameter inputs. Because the
reference probability distribution is the same the only way that the importance weight dis-
tributions could change is if the larger ensemble allows us to explore the exact posterior
distribution more accurately.

Here there doesn’t seem to be any obvious difference in the behavior of the importance weights
using the larger ensemble relative to the smaller ensemble.

par(mfrow=c(1, 1), mar = c(5, 5, 2, 1))

weight_names <- grep('weights', names(samples), value=TRUE)
plot_histogram_pushforward(samples, weight_names, -0.125, 4.125, 0.25,

"Importance Sampling\nWeights")

Warning in plot_histogram_pushforward(samples, weight_names, -0.125, 4.125, :
25 values (0.0%) fell above the histogram binning.
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The 𝑘̂-statistics, however, now concentrate at larger values and even extend to the 0.7 threshold
that is suggested as a diagnostic of unreliable importance sampling estimates. On the other
hand the 𝑘̂-statistic does not work particularly well when the importance weights are bounded,
as they are here, so we shouldn’t be too worried.

Indeed the importance sampling effective sample sizes are much larger, suggesting more accu-
rate normalization integral estimates.

par(mfrow=c(1, 2), mar = c(5, 5, 2, 1))

util$plot_expectand_pushforward(samples[['khat']], 25,
'Importance Sampling\nkhat Statistic')

abline(v=0.7, col="#DDDDDD", lwd=2, lty=2)

util$plot_expectand_pushforward(samples[['ISESS']], 25,
'Importance Sampling\nEffective Sample Size')
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Indeed the exact errors are over an order of magnitude smaller than they were with the smaller
ensemble.

par(mfrow=c(1, 1), mar = c(5, 5, 2, 1))

util$plot_expectand_pushforward(samples[['norm_error']], 25,
'Importance Sampling Norm - Exact Norm')
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The accuracy of the importance sampling standard errors persists.

par(mfrow=c(1, 1), mar = c(5, 5, 2, 1))

plot(abs(c(samples[['norm_error']], recursive=TRUE)),
c(samples[['ISSE']], recursive=TRUE),

col=c_dark, pch=16,
xlim=c(0, 0.03), xlab="Magnitude of Exact Error",
ylim=c(0, 0.03), ylab="Importance Sampling Standard Error")

lines(c(0, 1), c(0, 1), col="#DDDDDD", lwd=2, lty=2)
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On a more positive note our previous retrodictive performance is back.

par(mfrow=c(1, 1), mar = c(5, 5, 3, 1))

pred_names <- grep('y_pred', names(samples), value=TRUE)
hist_retro(data$y, samples, pred_names, -5, 15, 1, 'y')

Warning in hist_retro(data$y, samples, pred_names, -5, 15, 1, "y"): 1
predictive values (0.0%) fell below the histogram binning.
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At the same time the posterior inferences are now indistinguishable from those of the exact
model.

samples_exact <- util$extract_expectands(fit_exact)

par(mfrow=c(2, 2))

util$plot_expectand_pushforward(samples_exact[['mu']], 25, 'mu',
flim=c(-8, 4), baseline=mu,
main="Exact\nNormalization")

util$plot_expectand_pushforward(samples[['mu']], 25, 'mu',
flim=c(-8, 4), baseline=mu,
main="Importance Sampling\nNormalization, N=10000")

util$plot_expectand_pushforward(samples_exact[['tau']], 25, 'tau',
flim=c(1, 5), baseline=tau,
main="Exact\nNormalization")

util$plot_expectand_pushforward(samples[['tau']], 25, 'tau',
flim=c(1, 5), baseline=tau,
main="Importance Sampling\nNormalization, N=10000")
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par(mfrow=c(2, 2))

util$plot_expectand_pushforward(samples_exact[['chi']], 25, 'chi',
flim=c(-2, 4), baseline=chi,
main="Exact\nNormalization")

util$plot_expectand_pushforward(samples[['chi']], 25, 'chi',
flim=c(-2, 4), baseline=chi,
main="Importance Sampling\nNormalization, N=10000")

util$plot_expectand_pushforward(samples_exact[['gamma']], 25, 'gamma',
flim=c(0.25, 1.25), baseline=gamma,
main="Exact\nNormalization")

util$plot_expectand_pushforward(samples[['gamma']], 25, 'gamma',
flim=c(0.25, 1.25), baseline=gamma,
main="Importance Sampling\nNormalization, N=10000")
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Although more general than Monte Carlo estimation, importance sampling estimation is also
more fragile. If the importance sampling ensemble is too small then the importance sampling
diagnostics can be unreliable, leaving us ignorant to large errors. When using importance
sampling estimation in practice it becomes especially important to consider a sequence of larger
ensembles to verify that the importance sampling estimates and the associated diagnostics are
actually well-behaved.

3.4 Multi-Dimensional Probabilistic Selection

To see how the performance of our normalization integral estimation methods scales to higher
dimensions let’s consider a selection process that spans a real-valued latent space with 𝐾
dimensions, 𝑌 = ℝ𝐾.

In particular let’s consider a latent probability distribution specified by a 𝐾-dimensional mul-
tivariate normal density function,

𝑝(y ∣ 𝜇, Σ)
where the covariance matrix is parameterized by a Cholesky matrix Ψ and vector of scales
𝜏 ,

Σ = diag(𝜏) ⋅ Ψ ⋅ Ψ𝑇 ⋅ diag(𝜏).
Altogether the latent probability distribution parameters are

𝜙 = (𝜇, 𝜏, Ψ).
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To facilitate visualization let’s first consider an example with 𝐾 = 2.

disc_colors <- c("#FFFFFF", "#DCBCBC", "#C79999", "#B97C7C",
"#A25050", "#8F2727", "#7C0000")

cont_colors <- colormap(colormap=disc_colors, nshades=100)

N <- 200
y1s <- seq(-5, 5, 10 / (N - 1))
y2s <- seq(-5, 5, 10 / (N - 1))

K <- 2

mu <- c(0, 0)

sigma1 <- 1.5
sigma2 <- 1.5
rho <- 0.5
Sigma <- matrix(0, nrow=K, ncol=K)
Sigma[1, 1] <- sigma1**2
Sigma[1, 2] <- rho * sigma1 * sigma2
Sigma[2, 1] <- rho * sigma1 * sigma2
Sigma[2, 2] <- sigma2**2
L <- chol(Sigma)

latent_pds <- matrix(0, nrow=N, ncol=N)

for (n in 1:N) {
for (m in 1:N) {

y <- c(y1s[n], y2s[m])
z <- backsolve(L, y)
Q <- t(z) %*% z
latent_pds[n, m] <- exp(-0.5 * Q - (K / 2) * log(2 * pi) - sum(log(diag(L))) )

}
}

par(mfrow=c(1, 1), mar = c(5, 5, 3, 1))
image(y1s, y2s, latent_pds, col=rev(cont_colors),

main="Latent Probability Density Function p(y1, y2)",
xlab="y1", ylab="y2")
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A higher-dimensional observational space allows for all kinds of interesting selection functions.
Here we’ll consider a selection function that begins to suppress latent events when the sum of
the component values becomes too small or too large, depending on the sign of the parameter
𝛾,

𝑆(y; 𝜓 = (𝜒, 𝛾)) = Πnormal (
𝐾

∑
𝑘=1

𝑦𝑘; 𝜒, 𝛾) .

For example in two dimensions this selection function rejects latent events whose summed
components fall above 0.

chi <- 0
gamma <- -1

selection_probs <- matrix(0, nrow=N, ncol=N)

for (n in 1:N) {
for (m in 1:N) {

y <- c(y1s[n], y2s[m])
selection_probs[n, m] <- pnorm(gamma * (sum(y) - chi))

}
}

par(mfrow=c(1, 1), mar = c(5, 5, 3, 1))
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image(y1s, y2s, selection_probs, col=rev(cont_colors),
main="Selection Function p(z = 1 | y1, y2)",
xlab="y1", ylab="y2")
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Somewhat miraculously we can actually derive an analytic normalization integral for this
particular normalization model,

𝑍(𝜇, 𝜏, Ψ, 𝜒, 𝛾) = Φ ( 𝛾 ⋅ (𝜇𝑆 − 𝜒)
√1 + (𝛾 𝜏𝑆)2 )

where

𝜇𝑆 =
𝐾

∑
𝑘=1

𝜇𝑘

and 𝜏𝑆 is a pretty complicated function of the covariance matrix defined by 𝜏 and Ψ. As my
favor to you I have relegated the details of this derivation to the Appendix.

observed_pds <- (selection_probs * latent_pds)

mu_sum <- sum(mu)

Lambda <- solve(Sigma)
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k <- 1
idxs <- setdiff(1:K, k)

l <- rep(0, K - 1)
A <- matrix(0, nrow=(K - 1), ncol=(K - 1))

for (i in 1:(K - 1))
for (j in 1:(K - 1))

A[i, j] = Lambda[idxs[i], idxs[j]] -
Lambda[k, idxs[j]] -
Lambda[idxs[i], k] +
Lambda[k, k]

for (i in 1:(K - 1))
l[i] = Lambda[k, idxs[i]] - Lambda[k, k]

omega <- ( Lambda[k, k] - t(l) %*% solve(A, l) )[1, 1]
tau_sum <- 1 / sqrt(omega)

norm <- pnorm(gamma * (mu_sum - chi) / sqrt(1 + (gamma * tau_sum)**2), 0, 1)

observed_pds <- observed_pds / norm

par(mfrow=c(1, 1), mar = c(5, 5, 3, 1))
image(y1s, y2s, observed_pds, col=rev(cont_colors),

main="Observed Probability Density Function p(y1, y2 | z = 1)",
xlab="y1", ylab="y2")
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3.4.1 Simulating Data

To push our normalization integral estimation methods let’s go beyond the two dimensions we
used for visualization all the way to five entire dimensions. We’ll also sample the multivariate
normal density function locations, scales, and Cholesky factor so that we don’t have to assign
all of those values one by one.

K <- 5
N <- 1000

chi <- 2
gamma <- -1

simu <- stan(file="stan_programs/simu_selection_multi.stan",
iter=1, warmup=0, chains=1,
data=list("N" = N, "K" = K, "chi" = chi, "gamma" = gamma),
seed=4838282, algorithm="Fixed_param")

SAMPLING FOR MODEL 'anon_model' NOW (CHAIN 1).
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Chain 1: Iteration: 1 / 1 [100%] (Sampling)
Chain 1:
Chain 1: Elapsed Time: 0 seconds (Warm-up)
Chain 1: 0.003 seconds (Sampling)
Chain 1: 0.003 seconds (Total)
Chain 1:

mu <- extract(simu)$mu[1,]
tau <- extract(simu)$tau[1,]
Psi <- extract(simu)$Psi[1,,]
y <- extract(simu)$y[1,,]
N_reject <- extract(simu)$N_reject[1]

The individual components exhibit a wide range of behaviors, some concentrated and some
diffuse but most exhibiting a weak skew. We also see a substantial skew in the sum of the
components, which we expect from the selection process.

par(mfrow=c(2, 3))

for (k in 1:K)
plot_line_hist(y[,k], -10, 6, 0.5, xlab=paste0("y[", k, "]"))

plot_line_hist(sapply(1:N, function(n) sum(y[n,])),
-5, 7.5, 0.5, xlab="sum_k y[k]")

95



−10 0 5

0

200

400

600

800

1000

y[1]

C
ou

nt
s

−10 0 5

0

100

200

300

400

500

y[2]
C

ou
nt

s

−10 0 5

0

50

100

150

200

y[3]

C
ou

nt
s

−10 0 5

0

50

100

150

200

y[4]

C
ou

nt
s

−10 0 5

0
100
200
300
400
500
600

y[5]

C
ou

nt
s

−4 2 6

0

50

100

150

sum_k y[k]

C
ou

nt
s

3.4.2 Ignoring The Selection Process

Let’s once again see what happens when we ignore the selection process entirely and try to fit
the latent model directly to the observed data.

data <- list("N" = N, "K" = K, "y" = y)

fit <- stan(file="stan_programs/fit_no_selection_multi.stan",
data=data, seed=8438338,
warmup=1000, iter=2024, refresh=0)

We have no signs of computational issues.

diagnostics <- util$extract_hmc_diagnostics(fit)
util$check_all_hmc_diagnostics(diagnostics)

All Hamiltonian Monte Carlo diagnostics are consistent with reliable
Markov chain Monte Carlo.
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samples <- util$extract_expectands(fit)
base_samples <- util$filter_expectands(samples,

c('mu', 'tau', 'Psi'),
check_arrays=TRUE)

util$check_all_expectand_diagnostics(base_samples,
exclude_zvar=TRUE)

All expectands checked appear to be behaving well enough for reliable
Markov chain Monte Carlo estimation.

Someone surprisingly the retrodictive checks don’t look terrible within each individual compo-
nent. That said there is some retrodictive tension in the histogram of the summed components,
with the observed data exhibiting a slight skew that the model doesn’t seem to be able to ac-
commodate.

par(mfrow=c(2, 3), mar = c(5, 4, 2, 1))

lower <- c(0.25, -2, -10, -3, -1)
upper <- c(1, 3, 4, 6, 3)
delta <- c(0.05, 0.25, 0.75, 0.5, 0.25)
for (k in 1:data$K) {
pred_names <- grep(paste0('y_pred\\[[0-9]*,', k),

names(samples), value=TRUE)
hist_retro(data$y[,k], samples, pred_names, lower[k], upper[k], delta[k],

xlab=paste0('y[', k, ']'))
}

Warning in hist_retro(data$y[, k], samples, pred_names, lower[k], upper[k], : 4
predictive values (0.0%) fell above the histogram binning.

sum_y <- sapply(1:N, function(n) sum(data$y[n,]))

names <- c()
sum_samples <- list()
for (n in 1:data$N) {
name <- paste0('sum_y[', n, ']')
names <- c(names, name)

summands <- lapply(1:data$K,
function(k) samples[[paste0('y_pred[', n, ',', k, ']')]])
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sum_samples[[name]] <- Reduce("+", summands)
}

hist_retro(sum_y, sum_samples, names, -8, 8, 0.75, xlab="sum_k y[k]")
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We can probe this tension more carefully by using a finer histogram as our summary statistic.
In a practical application we might use the weak tension that we see here to motivate more
targeted summary statistics, such as an empirical skewness statistic.

par(mfrow=c(1, 1))

hist_retro(sum_y, sum_samples, names, -8, 8, 0.25, xlab="sum_k y[k]")
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This passable retrodictive performance, however, comes only because the model is substantially
pulled away from the true model configuration, especially in the location and scale of the third
component and the Cholesky factors.

plot_disc_pushforward_quantiles <- function(samples, names,
x_name="", display_ylim=NULL,
main="", baselines=NULL) {

# Check that names are in samples
all_names <- names(samples)

bad_names <- setdiff(names, all_names)
if (length(bad_names) > 0) {

warning(sprintf('The expectand names %s are not in the `samples` object and will be ignored.',
paste(bad_names, collapse=", ")))

}

good_names <- intersect(names, all_names)
if (length(good_names) == 0) {

stop('There are no valid expectand names.')
}
names <- good_names

# Compute x-axis gridding
N <- length(names)
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idx <- rep(1:N, each=2)
xs <- sapply(1:length(idx), function(k) if(k %% 2 == 0) idx[k] + 0.5

else idx[k] - 0.5)

# Compute pushforward quantiles
probs = c(0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9)
cred <- sapply(1:N, function(n) quantile(c(t(samples[[names[n]]]),

recursive=TRUE),
probs=probs))

pad_cred <- do.call(cbind, lapply(idx, function(n) cred[1:9,n]))

# Plot
if (is.null(display_ylim)) {

if (is.null(baselines)) {
display_ylim <- c(min(cred[1,]), max(cred[9,]))

} else {
display_ylim <- c(min(c(cred[1,], baselines)),

max(c(cred[9,], baselines)))
}
delta <- 0.05 * (display_ylim[2] - display_ylim[1])
display_ylim[1] <- display_ylim[1] - delta
display_ylim[2] <- display_ylim[2] + delta

}

plot(1, type="n", main=main,
xlim=c(0.5, N + 0.5), xlab=x_name,
ylim=display_ylim, ylab="Marginal Posterior Quantiles")

polygon(c(xs, rev(xs)), c(pad_cred[1,], rev(pad_cred[9,])),
col = c_light, border = NA)

polygon(c(xs, rev(xs)), c(pad_cred[2,], rev(pad_cred[8,])),
col = c_light_highlight, border = NA)

polygon(c(xs, rev(xs)), c(pad_cred[3,], rev(pad_cred[7,])),
col = c_mid, border = NA)

polygon(c(xs, rev(xs)), c(pad_cred[4,], rev(pad_cred[6,])),
col = c_mid_highlight, border = NA)

for (n in 1:N) {
lines(xs[(2 * n - 1):(2 * n)], pad_cred[5,(2 * n - 1):(2 * n)],

col=c_dark, lwd=2)
}

# Plot baseline values, if applicable
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if (!is.null(baselines)) {
if (length(baselines) != N) {
warning('The list of baseline values has the wrong dimension and baselines will not be plotted.')

} else {
for (n in 1:N) {
lines(xs[(2 * n - 1):(2 * n)], rep(baselines[n], 2),

col="white", lwd=3)
lines(xs[(2 * n - 1):(2 * n)], rep(baselines[n], 2),

col="black", lwd=2)
}

}
}

}

par(mfrow=c(3, 1), mar = c(5, 4, 2, 1))

mu_names <- sapply(1:data$K, function(k) paste0('mu[', k, ']'))
plot_disc_pushforward_quantiles(samples, mu_names, "mu", baselines=mu)

tau_names <- sapply(1:data$K, function(k) paste0('tau[', k, ']'))
plot_disc_pushforward_quantiles(samples, tau_names, "tau", baselines=tau)

Psi_lt <- c(sapply(2:K, function(k)
sapply(1:(k - 1), function(kk) Psi[k, kk])),
recursive=TRUE)

Psi_lt_names <- c(sapply(2:K, function(k)
sapply(1:(k - 1), function(kk)

paste0('Psi[', k, ',', kk, ']'))),
recursive=TRUE)

plot_disc_pushforward_quantiles(samples, Psi_lt_names, "Psi", baselines=Psi_lt)
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3.4.3 Modeling An Unknown Selection Behavior

Next let’s see how difficult it is to infer the selection function configuration in the somewhat-
unrealistic circumstance where we know the exact configuration of the latent probability dis-
tribution.

3.4.3.1 Exact

First let’s take advantage of the analytic result to evaluate the normalization integral exactly.

data$mu <- mu
data$tau <- tau
data$Psi <- Psi

fit_exact <- stan(file="stan_programs/fit_unknown_selection_multi_exact1.stan",
data=data, seed=8438338,
warmup=1000, iter=2024, refresh=0)
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Even in this ideal case we encounter some diagnostic warnings. In addition to the small
number of divergent transitions the 𝑅̂-warnings suggest strong multi-modality in the posterior
distribution.

diagnostics <- util$extract_hmc_diagnostics(fit_exact)
util$check_all_hmc_diagnostics(diagnostics)

Chain 3: 4 of 1024 transitions (0.4%) diverged.

Chain 4: 17 of 1024 transitions (1.7%) diverged.

Divergent Hamiltonian transitions result from unstable numerical
trajectories. These instabilities are often due to degenerate target
geometry, especially "pinches". If there are only a small number of
divergences then running with adept_delta larger than 0.801 may reduce
the instabilities at the cost of more expensive Hamiltonian
transitions.

samples <- util$extract_expectands(fit_exact)
base_samples <- util$filter_expectands(samples,

c('chi', 'gamma'))
util$check_all_expectand_diagnostics(base_samples)

chi:
Split hat{R} (10.912) exceeds 1.1!

gamma:
Split hat{R} (3.158) exceeds 1.1!

Split Rhat larger than 1.1 suggests that at least one of the Markov
chains has not reached an equilibrium.

Overall the retrodictive performance looks reasonable, although the wide posterior predictive
quantile ribbons are also consistent with posterior multi-modality. This is especially true
for the histograms of third components and the summed components which both exhibit a
shoulder in the posterior predictive distribution.

par(mfrow=c(2, 3), mar = c(5, 4, 2, 1))

lower <- c(0.25, -2, -10, -3, -1)
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upper <- c(1, 3, 7, 8, 3)
delta <- c(0.05, 0.25, 0.75, 0.5, 0.25)
for (k in 1:data$K) {
pred_names <- grep(paste0('y_pred\\[[0-9]*,', k),

names(samples), value=TRUE)
hist_retro(data$y[,k], samples, pred_names, lower[k], upper[k], delta[k],

xlab=paste0('y[', k, ']'))
}

sum_y <- sapply(1:N, function(n) sum(data$y[n,]))

names <- c()
sum_samples <- list()
for (n in 1:data$N) {
name <- paste0('sum_y[', n, ']')
names <- c(names, name)

summands <- lapply(1:data$K,
function(k) samples[[paste0('y_pred[', n, ',', k, ']')]])

sum_samples[[name]] <- Reduce("+", summands)
}

hist_retro(sum_y, sum_samples, names, -9, 15, 0.75, xlab="sum_k y[k]")
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Indeed our posterior inferences for both 𝜒 and 𝛾 concentrate into two peaks.

par(mfrow=c(1, 2))

util$plot_expectand_pushforward(samples[['chi']], 25, 'chi',
flim=c(-7, 3), baseline=chi)

util$plot_expectand_pushforward(samples[['gamma']], 25, 'gamma',
flim=c(-2, 6), baseline=gamma)
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This is easier to see with a pairs plot of the two parameters. The top-left posterior mode
corresponds to a selection function that sharply rises once the summed components surpass
a negative threshold while the bottom-right posterior corresponds to a selection function that
moderately falls once the summed components surpass a positive threshold.

util$plot_div_pairs(c('chi'), c('gamma'), samples, diagnostics)
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Let’s say that in this case our domain expertise excludes a rising selection function. This is
often possible, for example, when the selection function models an experimental apparatus.
We can then use that domain expertise to motivate a hard upper bound on 𝛾 which should
immediately eliminate the spurious top-left mode.

fit_exact <- stan(file="stan_programs/fit_unknown_selection_multi_exact2.stan",
data=data, seed=8438338,
warmup=1000, iter=2024, refresh=0)

Encouragingly the previous diagnostics warnings have vanished.

diagnostics <- util$extract_hmc_diagnostics(fit_exact)
util$check_all_hmc_diagnostics(diagnostics)

All Hamiltonian Monte Carlo diagnostics are consistent with reliable
Markov chain Monte Carlo.

samples <- util$extract_expectands(fit_exact)
base_samples <- util$filter_expectands(samples,

c('chi', 'gamma'))
util$check_all_expectand_diagnostics(base_samples)
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All expectands checked appear to be behaving well enough for reliable
Markov chain Monte Carlo estimation.

Moreover the posterior predictive distribution now concentrates much more strongly around
the observed histogram summary statistics.

par(mfrow=c(2, 3))

lower <- c(0.25, -2, -10, -3, -1)
upper <- c(1, 3, 4, 6, 3)
delta <- c(0.05, 0.25, 0.75, 0.5, 0.25)
for (k in 1:data$K) {
pred_names <- grep(paste0('y_pred\\[[0-9]*,', k),

names(samples), value=TRUE)
hist_retro(data$y[,k], samples, pred_names, lower[k], upper[k], delta[k],

xlab=paste0('y[', k, ']'))
}

sum_y <- sapply(1:N, function(n) sum(data$y[n,]))

names <- c()
sum_samples <- list()
for (n in 1:data$N) {
name <- paste0('sum_y[', n, ']')
names <- c(names, name)

summands <- lapply(1:data$K,
function(k) samples[[paste0('y_pred[', n, ',', k, ']')]])

sum_samples[[name]] <- Reduce("+", summands)
}

hist_retro(sum_y, sum_samples, names, -8, 7, 0.75, xlab="sum_k y[k]")

Warning in hist_retro(sum_y, sum_samples, names, -8, 7, 0.75, xlab = "sum_k
y[k]"): 2 predictive values (0.0%) fell below the histogram binning.
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Our posterior inferences now concentrate not into a single mode but also around the true
model configuration from which we simulated our data.

par(mfrow=c(1, 2))

util$plot_expectand_pushforward(samples[['chi']], 25, 'chi',
flim=c(1.25, 2.5), baseline=chi)

util$plot_expectand_pushforward(samples[['gamma']], 25, 'gamma',
flim=c(-1.5, -0.5), baseline=gamma)
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3.4.3.2 Monte Carlo

Confident that we can fit the exact model let’s see how our approximation methods fare.
Outside of a single latent dimension we can no longer rely on numerical quadrature, but we
can consider Monte Carlo estimates of the normalization integral. Here we’ll use a moderate
ensemble, in between the smaller and large ensembles that we considered in the previous Monte
Carlo exercise.

data$N_MC <- 1000

fit <- stan(file="stan_programs/fit_unknown_selection_multi_mc.stan",
data=data, seed=8438338,
warmup=1000, iter=2024, refresh=0)

All quiet on the computational front.

diagnostics <- util$extract_hmc_diagnostics(fit)
util$check_all_hmc_diagnostics(diagnostics)

All Hamiltonian Monte Carlo diagnostics are consistent with reliable
Markov chain Monte Carlo.
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samples <- util$extract_expectands(fit)
base_samples <- util$filter_expectands(samples,

c('chi', 'gamma'))
util$check_all_expectand_diagnostics(base_samples)

All expectands checked appear to be behaving well enough for reliable
Markov chain Monte Carlo estimation.

Despite the higher-dimension the exact errors in the normalization integral estimates have not
grown relative to what we saw in the one-dimensional example. Robustness to dimensionality
is one of the most powerful features of the Monte Carlo method.

par(mfrow=c(1, 1), mar = c(5, 5, 2, 1))

util$plot_expectand_pushforward(samples[['norm_error']], 25,
'Monte Carlo Norm - Exact Norm')
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The Monte Carlo standard errors continue to provide a good approximation to the exact errors,
giving us confidence that we can apply the method in more realistic settings where we are not
blessed with the exact normalization integral for comparison.
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par(mfrow=c(1, 1), mar = c(5, 5, 2, 1))

plot(abs(c(samples[['norm_error']], recursive=TRUE)),
c(samples[['MCSE']], recursive=TRUE),

col=c_dark, pch=16,
xlim=c(0, 0.015), xlab="Magnitude of Exact Error",
ylim=c(0, 0.015), ylab="Monte Carlo Standard Error")

lines(c(0, 1), c(0, 1), col="#DDDDDD", lwd=2, lty=2)
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There don’t seem to be any changes to the retrodictive performance.

par(mfrow=c(2, 3))

lower <- c(0.25, -2, -10, -3, -1)
upper <- c(1, 3, 4, 6, 3)
delta <- c(0.05, 0.25, 0.75, 0.5, 0.25)
for (k in 1:data$K) {
pred_names <- grep(paste0('y_pred\\[[0-9]*,', k),

names(samples), value=TRUE)
hist_retro(data$y[,k], samples, pred_names, lower[k], upper[k], delta[k],

xlab=paste0('y[', k, ']'))
}
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sum_y <- sapply(1:N, function(n) sum(data$y[n,]))

names <- c()
sum_samples <- list()
for (n in 1:data$N) {
name <- paste0('sum_y[', n, ']')
names <- c(names, name)

summands <- lapply(1:data$K,
function(k) samples[[paste0('y_pred[', n, ',', k, ']')]])

sum_samples[[name]] <- Reduce("+", summands)
}

hist_retro(sum_y, sum_samples, names, -8, 7, 0.75, xlab="sum_k y[k]")

Warning in hist_retro(sum_y, sum_samples, names, -8, 7, 0.75, xlab = "sum_k
y[k]"): 2 predictive values (0.0%) fell below the histogram binning.
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Most importantly the posterior inferences are consistent with those derived from the exact
model.
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par(mfrow=c(2, 2))

samples_exact <- util$extract_expectands(fit_exact)

util$plot_expectand_pushforward(samples_exact[['chi']], 25, 'chi',
flim=c(1, 3), baseline=chi,
main="Exact Normalization")

util$plot_expectand_pushforward(samples[['chi']], 25, 'chi',
flim=c(1, 3), baseline=chi,
main="Monte Carlo Normalization, N = 1000")

util$plot_expectand_pushforward(samples_exact[['gamma']], 25, 'gamma',
flim=c(-1.5, -0.5), baseline=gamma,
main="Exact Normalization")

util$plot_expectand_pushforward(samples[['gamma']], 25, 'gamma',
flim=c(-1.5, -0.5), baseline=gamma,
main="Monte Carlo Normalization, N = 1000")
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3.4.4 Modeling Unknown Selection and Latent Behavior

We are now ready for our final challenge of jointly fitting the configurations of the latent prob-
ability distribution and selection function. Note that we’ll maintain the negativity constraint
on 𝛾 to avoid the selection function degeneracy that we encountered above.

3.4.4.1 Exact

First up is the exact implementation of the normalization integral.

fit_exact <- stan(file="stan_programs/fit_unknown_both_multi_exact.stan",
data=data, seed=8438338,
warmup=1000, iter=2024, refresh=0)

Diagnostics are copacetic.

diagnostics <- util$extract_hmc_diagnostics(fit_exact)
util$check_all_hmc_diagnostics(diagnostics)

All Hamiltonian Monte Carlo diagnostics are consistent with reliable
Markov chain Monte Carlo.

samples <- util$extract_expectands(fit_exact)
base_samples <- util$filter_expectands(samples,

c('chi', 'gamma', 'mu', 'tau', 'Psi'),
check_arrays=TRUE)

util$check_all_expectand_diagnostics(base_samples,
exclude_zvar=TRUE)

All expectands checked appear to be behaving well enough for reliable
Markov chain Monte Carlo estimation.

There doesn’t seem to be any retrodictive tension across the behavior of the individual com-
ponents or their sum.

par(mfrow=c(2, 3), mar = c(5, 4, 2, 1))

lower <- c(0.25, -2, -10, -3, -1)
upper <- c(1, 3, 4, 6, 3)
delta <- c(0.05, 0.25, 0.75, 0.5, 0.25)
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for (k in 1:data$K) {
pred_names <- grep(paste0('y_pred\\[[0-9]*,', k),

names(samples), value=TRUE)
hist_retro(data$y[,k], samples, pred_names, lower[k], upper[k], delta[k],

xlab=paste0('y[', k, ']'))
}

Warning in hist_retro(data$y[, k], samples, pred_names, lower[k], upper[k], : 1
predictive values (0.0%) fell above the histogram binning.

sum_y <- sapply(1:N, function(n) sum(data$y[n,]))

names <- c()
sum_samples <- list()
for (n in 1:data$N) {
name <- paste0('sum_y[', n, ']')
names <- c(names, name)

summands <- lapply(1:data$K,
function(k) samples[[paste0('y_pred[', n, ',', k, ']')]])

sum_samples[[name]] <- Reduce("+", summands)
}

hist_retro(sum_y, sum_samples, names, -8, 8, 0.75, xlab="sum_k y[k]")

Warning in hist_retro(sum_y, sum_samples, names, -8, 8, 0.75, xlab = "sum_k
y[k]"): 3 predictive values (0.0%) fell below the histogram binning.
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As a cherry on top our posterior inferences all concentrate around the true model configuration,
although the uncertainties are quite large for some of the parameters. Even with the sign
of 𝛾 fixed we still encounter strong degeneracies when trying to infer the latent probability
distribution and selection function as the same time.

par(mfrow=c(2, 3))

mu_names <- sapply(1:data$K, function(k) paste0('mu[', k, ']'))
plot_disc_pushforward_quantiles(samples, mu_names, "mu", baselines=mu)

tau_names <- sapply(1:data$K, function(k) paste0('tau[', k, ']'))
plot_disc_pushforward_quantiles(samples, tau_names, "tau", baselines=tau)

Psi_lt <- c(sapply(2:K, function(k)
sapply(1:(k - 1), function(kk) Psi[k, kk])),
recursive=TRUE)

Psi_lt_names <- c(sapply(2:K, function(k)
sapply(1:(k - 1), function(kk)

paste0('Psi[', k, ',', kk, ']'))),
recursive=TRUE)

plot_disc_pushforward_quantiles(samples, Psi_lt_names, "Psi", baselines=Psi_lt)

util$plot_expectand_pushforward(samples[['chi']], 25, 'chi',
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flim=c(-2, 4), baseline=chi)
util$plot_expectand_pushforward(samples[['gamma']], 25, 'gamma',

flim=c(-1.5, -0.5), baseline=gamma)
plot.new()
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3.4.4.2 Importance Sampling

With numerical quadrature out of commission we’ll have to jump straight to importance sam-
pling estimation of the normalization integral. As we did in the multi-dimensional application
of Monte Carlo we’ll utilize a moderate importance sampling ensemble.

data$N_IS <- 1000

fit <- stan(file="stan_programs/fit_unknown_both_multi_is1.stan",
data=data, seed=8438338,
warmup=1000, iter=2024, refresh=0)

If rounding is intended please use the integer division operator %/%.
Info: Found int division at 'string', line 121, column 22 to column 26:
N_IS / 2
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Values will be rounded towards zero. If rounding is not desired you can write
the division as
N_IS / 2.0

Uh, oh. The Hamiltonian Monte Carlo diagnostics look bad. Really bad.

diagnostics <- util$extract_hmc_diagnostics(fit)
util$check_all_hmc_diagnostics(diagnostics)

Chain 1: 1024 of 1024 transitions (100.0%) diverged.
Chain 1: Averge proxy acceptance statistic (0.721) is

smaller than 90% of the target (0.801).

Chain 2: 1024 of 1024 transitions (100.0%) diverged.
Chain 2: E-FMI = 0.026.

Chain 3: 1024 of 1024 transitions (100.0%) diverged.
Chain 3: E-FMI = 0.017.

Chain 4: 1024 of 1024 transitions (100.0%) diverged.

Divergent Hamiltonian transitions result from unstable numerical
trajectories. These instabilities are often due to degenerate target
geometry, especially "pinches". If there are only a small number of
divergences then running with adept_delta larger than 0.801 may reduce
the instabilities at the cost of more expensive Hamiltonian
transitions.

E-FMI below 0.2 arise when a funnel-like geometry obstructs how
effectively Hamiltonian trajectories can explore the target
distribution.

A small average proxy acceptance statistic indicates that the
adaptation of the numerical integrator step size failed to converge.
This is often due to discontinuous or imprecise gradients.

samples <- util$extract_expectands(fit)
base_samples <- util$filter_expectands(samples,

c('chi', 'gamma', 'mu', 'tau', 'Psi'),
check_arrays=TRUE)

util$check_all_expectand_diagnostics(base_samples,
exclude_zvar=TRUE)
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All expectands checked appear to be behaving well enough for reliable
Markov chain Monte Carlo estimation.

Because we’ve already successfully fit the exact model we know that these computational
issues have to be due to poor importance sampling estimation. In a more realistic application
of importance sampling, however, we would not have the luxury of an exact fit for comparison.
Instead we would have to rely on the importance sampling diagnostics themselves.

The importance weights appear to completely concentrate at zero across every evaluation of
the normalization integral.

par(mfrow=c(1, 1), mar = c(5, 5, 2, 1))

weight_names <- grep('weights', names(samples), value=TRUE)
plot_histogram_pushforward(samples, weight_names, -1, 1, 0.25,

"Importance Sampling\nWeights")
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We can confirm this by examining some of the importance weights directly.

samples[['weights[1]']][1,1:25]

[1] 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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samples[['weights[500]']][1,1:25]

[1] 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

samples[['weights[1000]']][1,1:25]

[1] 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Because the importance weights have all collapsed to zero the remaining importance sampling
diagnostics become ill-defined.

samples[['khat']][1,1:25]

[1] NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN
[20] NaN NaN NaN NaN NaN NaN

samples[['ISESS']][1,1:25]

[1] NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN
[20] NaN NaN NaN NaN NaN NaN

An importance weight falls to zero when the corresponding reference sample is nowhere near
the target probability distribution. This in turn is due to the the reference probability distribu-
tion being poorly aligned with the target probability distribution. For example the reference
probability distribution might concentrate in the tails of the target probability distribution.
Alternatively it might be too diffuse, making the target probability distribution too small of
a target.

Either way a larger importance sampling ensemble should resolve the issue in theory. In
practice, however, the size of the importance sampling ensemble needed to ensure reasonable
estimation might be far beyond our limited computational resources.

Consequently the most effective practical strategy is usually to engineer a reference probability
distribution that is better aligned with the target probability distribution. The feasibility of
this strategy, however, is limited by our knowledge of the target probability distribution.

For example we might try to tune the reference probability distribution iteratively. If we can
find an initial reference probability distribution where at least some of the importance weights
are non-zero we can use the resulting approximate posterior inferences to inform a better
reference probability distribution. That said these iterations are often time consuming, and

121



finding even a mediocre initialization can be extremely difficult especially when we’re working
in higher-dimensional spaces.

To conclude this exercise let’s see what happens in an idealized setting where we can set the
reference probability distribution to the true configuration of the latent probability distribution.
If the exact posterior distribution concentrates around that true configuration then it may be
good enough to ensure reasonably accurate importance sampling estimation for all of the
normalization integral evaluations we need to fully explore the posterior distribution.

data$N_IS <- 1000

data$mu_true <- mu
data$tau_true <- tau
data$Psi_true <- Psi

fit <- stan(file="stan_programs/fit_unknown_both_multi_is2.stan",
data=data, seed=8438338,
warmup=1000, iter=2024, refresh=0)

If rounding is intended please use the integer division operator %/%.
Info: Found int division at 'string', line 124, column 22 to column 26:
N_IS / 2

Values will be rounded towards zero. If rounding is not desired you can write
the division as
N_IS / 2.0

The Hamiltonian Monte Carlo diagnostics have mostly cleared up, with the single tree depth
warning not a serious concern.

diagnostics <- util$extract_hmc_diagnostics(fit)
util$check_all_hmc_diagnostics(diagnostics)

Chain 3: 1 of 1024 transitions (0.09765625%) saturated the maximum treedepth of 10.

Numerical trajectories that saturate the maximum treedepth have
terminated prematurely. Increasing max_depth above 10 should result in
more expensive, but more efficient, Hamiltonian transitions.

samples <- util$extract_expectands(fit)
base_samples <- util$filter_expectands(samples,

c('chi', 'gamma', 'mu', 'tau', 'Psi'),
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check_arrays=TRUE)
util$check_all_expectand_diagnostics(base_samples,

exclude_zvar=TRUE)

All expectands checked appear to be behaving well enough for reliable
Markov chain Monte Carlo estimation.

Welcomingly the importance weights are no longer all zero. Many are close to zero, however,
with a long tail of larger values.

par(mfrow=c(1, 1), mar = c(5, 5, 2, 1))

weight_names <- grep('weights', names(samples), value=TRUE)
plot_histogram_pushforward(samples, weight_names, 0, 25, 1,

"Importance Sampling\nWeights")

Warning in plot_histogram_pushforward(samples, weight_names, 0, 25, 1,
"Importance Sampling\nWeights"): 7968 values (0.2%) fell above the histogram
binning.
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This importance weight behavior is not uncommon in importance sampling. The precision of
the resulting importance sampling weights will depend on just how heavy that tail is. For-
tunately the 𝑘̂-statistic suggests that importance sampling estimation will be stable. That
said the wide distribution of importance sampling effective sample sizes also suggests that the
estimator precision varies strongly across normalization integral evaluations.

par(mfrow=c(1, 2), mar = c(5, 5, 2, 1))

util$plot_expectand_pushforward(samples[['khat']], 25,
'Importance Sampling\nkhat Statistic')

abline(v=0.7, col="#DDDDDD", lwd=2, lty=2)

util$plot_expectand_pushforward(samples[['ISESS']], 25,
'Importance Sampling\nEffective Sample Size')
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This suspicion is corroborated in the distribution of the exact errors which peaks at small
values but exhibits a long tail of larger values. The importance sampling estimates are most
precise for those latent probability distribution configurations near the true latent probability
distribution, but that precision decays rapidly as we explore the posterior tails.

par(mfrow=c(1, 1), mar = c(5, 5, 2, 1))

util$plot_expectand_pushforward(samples[['norm_error']], 25,
'Importance Sampling Norm - Exact Norm')
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Now that the importance weights are better behaved we can well-approximate the exact error
with the importance sampling standard error.

par(mfrow=c(1, 1), mar = c(5, 5, 2, 1))

plot(abs(c(samples[['norm_error']], recursive=TRUE)),
c(samples[['ISSE']], recursive=TRUE),
col=c_dark, pch=16,
xlim=c(0, 0.08), xlab="Magnitude of Exact Error",
ylim=c(0, 0.08), ylab="Importance Sampling Standard Error")

lines(c(0, 1), c(0, 1), col="#DDDDDD", lwd=2, lty=2)

125



0.00 0.02 0.04 0.06 0.08

0.00

0.02

0.04

0.06

0.08

Magnitude of Exact Error

Im
po

rt
an

ce
 S

am
pl

in
g 

S
ta

nd
ar

d 
E

rr
or

The retrodictive performance appears to be consistent with that from the exact model.

par(mfrow=c(2, 3), mar = c(5, 4, 2, 1))

lower <- c(0.25, -2, -10, -3, -1)
upper <- c(1, 3, 4, 6, 3)
delta <- c(0.05, 0.25, 0.75, 0.5, 0.25)
for (k in 1:data$K) {
pred_names <- grep(paste0('y_pred\\[[0-9]*,', k),

names(samples), value=TRUE)
hist_retro(data$y[,k], samples, pred_names, lower[k], upper[k], delta[k],

xlab=paste0('y[', k, ']'))
}

Warning in hist_retro(data$y[, k], samples, pred_names, lower[k], upper[k], :
129 predictive values (0.0%) fell below the histogram binning.

Warning in hist_retro(data$y[, k], samples, pred_names, lower[k], upper[k], : 1
predictive values (0.0%) fell above the histogram binning.

sum_y <- sapply(1:N, function(n) sum(data$y[n,]))
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names <- c()
sum_samples <- list()
for (n in 1:data$N) {
name <- paste0('sum_y[', n, ']')
names <- c(names, name)

summands <- lapply(1:data$K,
function(k) samples[[paste0('y_pred[', n, ',', k, ']')]])

sum_samples[[name]] <- Reduce("+", summands)
}

hist_retro(sum_y, sum_samples, names, -8, 8, 0.75, xlab="sum_k y[k]")

Warning in hist_retro(sum_y, sum_samples, names, -8, 8, 0.75, xlab = "sum_k
y[k]"): 270 predictive values (0.0%) fell below the histogram binning.
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Sadly even in this idealized circumstance the importance sampling estimation of the normal-
ization integral evaluations is not sufficiently precise to ensure an faithful recovery of the exact
posterior distribution. Instead we recover an approximate posterior distribution that is sub-
stantially biased away from the exact posterior distribution, and in some cases underestimates
uncertainties.
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par(mfrow=c(1, 2))

exact_samples <- util$extract_expectands(fit_exact)

mu_names <- sapply(1:data$K, function(k) paste0('mu[', k, ']'))
plot_disc_pushforward_quantiles(exact_samples, mu_names, "mu",

baselines=mu, display_ylim=c(-2, 5),
main="Exact Normalization")

plot_disc_pushforward_quantiles(samples, mu_names, "mu",
baselines=mu, display_ylim=c(-2, 5),
main="Importance Sampling\nNormalization, N=1000")
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par(mfrow=c(1, 2))
tau_names <- sapply(1:data$K, function(k) paste0('tau[', k, ']'))
plot_disc_pushforward_quantiles(exact_samples, tau_names, "tau",

baselines=tau, display_ylim=c(0, 3),
main="Exact Normalization")

plot_disc_pushforward_quantiles(samples, tau_names, "tau",
baselines=tau, display_ylim=c(0, 3),
main="Importance Sampling\nNormalization, N=1000")
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par(mfrow=c(1, 2))
Psi_lt <- c(sapply(2:K, function(k)
sapply(1:(k - 1), function(kk) Psi[k, kk])),
recursive=TRUE)

Psi_lt_names <- c(sapply(2:K, function(k)
sapply(1:(k - 1), function(kk)

paste0('Psi[', k, ',', kk, ']'))),
recursive=TRUE)

plot_disc_pushforward_quantiles(exact_samples, Psi_lt_names, "Psi",
baselines=Psi_lt, display_ylim=c(-0.75, 0.75),
main="Exact Normalization")

plot_disc_pushforward_quantiles(samples, Psi_lt_names, "Psi",
baselines=Psi_lt, display_ylim=c(-0.75, 0.75),
main="Importance Sampling\nNormalization, N=1000")
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par(mfrow=c(1, 2))
util$plot_expectand_pushforward(exact_samples[['chi']], 25, 'chi',

flim=c(0, 3), baseline=chi,
main="Exact Normalization")

Warning in util$plot_expectand_pushforward(exact_samples[["chi"]], 25, "chi", :
3 posterior samples (0.1%) fell above the histogram binning.

util$plot_expectand_pushforward(samples[['chi']], 25, 'chi',
flim=c(0, 3), baseline=chi,
main="Importance Sampling\nNormalization, N=1000")
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par(mfrow=c(1, 2))
util$plot_expectand_pushforward(exact_samples[['gamma']], 25, 'gamma',

flim=c(-1.4, -0.6), baseline=gamma,
main="Exact Normalization")

util$plot_expectand_pushforward(samples[['gamma']], 25, 'gamma',
flim=c(-1.4, -0.6), baseline=gamma,
main="Importance Sampling\nNormalization, N=1000")

Warning in util$plot_expectand_pushforward(samples[["gamma"]], 25, "gamma", : 7
posterior samples (0.2%) fell below the histogram binning.
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Because importance sampling estimation is actually working now, however, we should be able
to resolve this underestimation by increasing the size of the importance sampling ensemble.
That said the ensemble size we need to ensure faithful posterior inferences may not be within
our computational budget.

Like so many methods importance sampling is just really hard to implement well in high-
dimensional spaces.

3.5 Further Directions

Readers interested in exploring selection models further have many interesting directions in
which they can expand these exercises.

For example one might investigate what happens when the number of rejections are incorpo-
rated into the probabilistic selection exercises, similar to how they were incorporated into the
deterministic selection model in Section 3.2. Perhaps this additional information can resolve
the sign of 𝛾 without having to impose a hard constraint.

Similarly one could introduce calibration data from an auxiliary, but known, latent probability
distribution. Incorporating this new data generating process into the existing models should
help to inform the configuration of the selection function, allowing the original data to better
inform the configuration of the unknown latent probability distribution.
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More adversarially one could explore how the exact and approximate models perform as the
number of observations are decreased or as the selection function is shifted away from the latent
probability distribution. These more difficult scenarios will challenge both the normalization
integral estimation strategies and Hamiltonian Monte Carlo.

4 Conclusion

Selection is a common feature of many data generating processes that arise in practical appli-
cations. Unfortunately modeling selection, and deriving inferences from those models, is not
trivial.

Accurately estimating the normalization integral is a challenging hurdle for practical imple-
mentations to overcome, especially when we have to deal with strong inferential degeneracies
between the behavior of the latent probability distribution and the selection function. In
some circumstances we can take advantage of robust methods, such as numerical quadrature
in low-dimensional problems and Monte Carlo estimation when only the selection function is
unknown, but more general methods such as importance sampling have to be very carefully
adapted to the particular problem at hand.

Ultimately successfully learning from data corrupted by selection effects requires careful prior
modeling, experimental design, and computational methodology.

Appendix: Integral Calculations

Per tradition I’ve sequestered the more gory integral calculations that are used in the exercises
into this appendix for safe keeping.

Appendix A: Univariate Calculations

Let
Φ(𝑥) = ∫

𝑥

−∞
d𝑥′ normal(𝑥′ ∣ 0, 1)

denote the standard normal cumulative distribution function. The expectation value of a
shifted and scaled Φ with respect to a probability distribution specified by a normal probability
density function admits a closed-form solution (Geller and Ng 1971; Owen 1980),

∫
+∞

−∞
d𝑥 normal(𝑥 ∣ 0, 1) Φ(𝑎 + 𝑏 ⋅ 𝑥) = Φ ( 𝑎√

1 + 𝑏2 ) .
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This result then allows us to compute the normalization integral for the selection model defined
by the latent probability density function

𝑝(𝑦) = normal(𝑦 ∣ 𝜇, 𝜏)
and selection function

𝑆(𝑦) = Φ(𝛾 (𝑦 − 𝜒)).
We begin with the definition of the normalization integral,

𝑍(𝜇, 𝜏, 𝜒, 𝛾) = ∫
+∞

−∞
d𝑦 𝑝(𝑦 ∣ 𝜇, 𝜏) 𝑆(𝑦; 𝜒, 𝛾)

= ∫
+∞

−∞
d𝑦 normal(𝑦 ∣ 𝜇, 𝜏) Φ(𝛾 (𝑦 − 𝜒)).

Making the change of variables to
𝑢 = 𝑦 − 𝜇

𝜏
then gives

𝑍(𝜇, 𝜏, 𝜒, 𝛾) = ∫
+∞

−∞
d𝑦 normal(𝑦 ∣ 𝜇, 𝜏) Φ(𝛾 (𝑦 − 𝜒))

= ∫
+∞

−∞
d𝑢 [𝜏 normal(𝜇 + 𝜏 𝑢 ∣ 𝜇, 𝜏)] Φ(𝛾 (𝜇 + 𝜏 𝑢 − 𝜒))

= ∫
+∞

−∞
d𝑢 [normal(𝑢 ∣ 0, 1) ] Φ(𝛾 (𝜇 + 𝜏 𝑢 − 𝜒))

= ∫
+∞

−∞
d𝑢 normal(𝑢 ∣ 0, 1) Φ(𝛾 (𝜇 − 𝜒) + (𝛾 𝜏) 𝑢))

= ∫
+∞

−∞
d𝑢 normal(𝑢 ∣ 0, 1) Φ(𝑎 + 𝑏 𝑢))

= Φ ( 𝑎√
1 + 𝑏2 ) ,

where

𝑎 = 𝛾 (𝜇 − 𝜒)
𝑏 = 𝛾 𝜏.

Substituting the values of the intermediate variables 𝑎 and 𝑏 finally gives

𝑍(𝜇, 𝜏, 𝜒, 𝛾) = ∫
+∞

−∞
d𝑢 normal(𝑢 ∣ 0, 1) Φ(𝛾 (𝜇 − 𝜒) + (𝛾 𝜏) 𝑢))

= Φ ( 𝛾 (𝜇 − 𝜒)
√1 + (𝛾 𝜏)2 ) .
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Consequently the observed probability density function is given by

𝑝(𝑦 ∣ 𝜇, 𝜏, 𝜒, 𝛾, 𝑧 = 1) = 𝑝(𝑦; 𝜇, 𝜏) 𝑆(𝑦; 𝜒, 𝛾)
𝑍(𝜇, 𝜏, 𝜒, 𝛾)

= normal(𝑦 ∣ 𝜇, 𝜏) Φ(𝛾 (𝑦 − 𝜒))
Φ ( 𝛾 (𝜇−𝜒)

√1+(𝛾 𝜏)2 )
.

Appendix B: Multivariate Calculations

Our goal is to compute the normalizing integral of the selection model where the selection
function depends on only the sum of the component variables,

𝑍 = ∫ d𝑦1 ⋅ … ⋅ d𝑦𝐾 𝑝(𝑦1, … , 𝑦𝐾) 𝑆 (
𝐾

∑
𝑘=1

𝑦𝑘) .

Consider a change of variables where the first component is mapped into the sum while the
remaining components map are unchanged,

𝑧1 =
𝐾

∑
𝑘=1

𝑦𝑘

𝑧2 = 𝑦2
… = …

𝑧𝐾 = 𝑦𝐾.

Note that the Jacobian determinant of this transformation is just 1.

Under this change of variables the normalization integral becomes

𝑍 = ∫ d𝑦1 ⋅ … ⋅ d𝑦𝐾 𝑝(𝑦1, … , 𝑦𝐾) 𝑆 (
𝐾

∑
𝑘=1

𝑦𝑘)

= ∫ d𝑧1 ⋅ … ⋅ d𝑧𝐾 𝑝(𝑧1, … , 𝑧𝐾) 𝑆 (𝑧1) .

If we can decompose the latent probability density function into

𝑝(𝑦1, … , 𝑦𝐾) = 𝑝(𝑧2, … , 𝑧𝐾 ∣ 𝑧1) 𝑝(𝑧1)
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then this becomes

𝑍 = ∫ d𝑧1 ⋅ … ⋅ d𝑧𝐾 𝑝(𝑧1, … , 𝑧𝐾) 𝑆 (𝑧1)

= ∫ d𝑧1 ⋅ … ⋅ d𝑧𝐾 𝑝(𝑧2, … , 𝑧𝐾 ∣ 𝑧1) 𝑝(𝑧1) 𝑆 (𝑧1)

= ∫ d𝑧1[ ∫ d𝑧2 … ⋅ d𝑧𝐾 𝑝(𝑧2, … , 𝑧𝐾 ∣ 𝑧1)] 𝑝(𝑧1) 𝑆 (𝑧1)

= ∫ d𝑧1[ 1 ] 𝑝(𝑧1) 𝑆 (𝑧1)

= ∫ d𝑧1 𝑝(𝑧1) 𝑆 (𝑧1) .

In other words if we can isolate the pushforward probability density function 𝑝(𝑧1) =
𝑝 (∑𝐾

𝑘=1 𝑧𝑘) then we can reduce the normalization integral into a one-dimensional problem.

Conveniently we can do this when the latent probability density function is from the multi-
variate normal family,

𝑝(𝑦1, … , 𝑦𝐾) = multinormal(y ∣ 𝜇, Σ)

= √ 1
(2𝜋)𝐾detΣ exp (−1

2(y − 𝜇)𝑇 ⋅ Σ−1 ⋅ (y − 𝜇))

= √ detΛ
(2𝜋)𝐾 exp (−1

2(y − 𝜇)𝑇 ⋅ Λ ⋅ (y − 𝜇))

= √ detΛ
(2𝜋)𝐾 exp (−1

2𝑄) .

To achieve this we begin by decomposing the full quadratic form 𝑄 into a quadratic form for
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only 𝑦2, … , 𝑦𝐾 and a collection of residual terms,

𝑄 = (y − 𝜇)𝑇 ⋅ Λ ⋅ (y − 𝜇)

=
𝐾

∑
𝑖=1

𝐾
∑
𝑗=1

(𝑧𝑖 − 𝜇𝑖) Λ𝑖𝑗 (𝑦𝑗 − 𝜇𝑗)

=
𝐾

∑
𝑖=2

𝐾
∑
𝑗=1

(𝑧𝑖 − 𝜇𝑖) Λ𝑖𝑗 (𝑦𝑗 − 𝜇𝑗)

+ (𝑦1 − 𝜇1) [
𝐾

∑
𝑗=1

Λ1𝑗 (𝑦𝑗 − 𝜇𝑗)]

=
𝐾

∑
𝑖=2

𝐾
∑
𝑗=2

(𝑧𝑖 − 𝜇𝑖) Λ𝑖𝑗 (𝑦𝑗 − 𝜇𝑗)

+ (𝑦1 − 𝜇1) [
𝐾

∑
𝑗=1

Λ1𝑗 (𝑦𝑗 − 𝜇𝑗)]

+ [
𝐾

∑
𝑖=2

(𝑧𝑖 − 𝜇𝑖) Λ𝑖1] (𝑦1 − 𝜇1)

=
𝐾

∑
𝑖=2

𝐾
∑
𝑗=2

(𝑧𝑖 − 𝜇𝑖) Λ𝑖𝑗 (𝑦𝑗 − 𝜇𝑗)

+ (𝑦1 − 𝜇1) [
𝐾

∑
𝑗=2

Λ1𝑗 (𝑦𝑗 − 𝜇𝑗)]

+ [
𝐾

∑
𝑖=2

(𝑧𝑖 − 𝜇𝑖) Λ𝑖1] (𝑦1 − 𝜇1)

+ (𝑦1 − 𝜇1) Λ11 (𝑦1 − 𝜇1)

=
𝐾

∑
𝑖=2

𝐾
∑
𝑗=2

(𝑧𝑖 − 𝜇𝑖) Λ𝑖𝑗 (𝑧𝑗 − 𝜇𝑗)

+ (𝑦1 − 𝜇1) [
𝐾

∑
𝑗=2

Λ1𝑗 (𝑧𝑗 − 𝜇𝑗)]

+ [
𝐾

∑
𝑖=2

(𝑧𝑖 − 𝜇𝑖) Λ𝑖1] (𝑦1 − 𝜇1)

+ (𝑦1 − 𝜇1) Λ11 (𝑦1 − 𝜇1).

To remove the dependence on 𝑦1 we introduce the variable

𝜇𝑆 =
𝐾

∑
𝑖=1

𝜇𝑖
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which allows us to write

𝑦1 − 𝜇1 = (
𝐾

∑
𝑖=1

𝑧𝑖 −
𝐾

∑
𝑖=2

𝑧𝑖) − (
𝐾

∑
𝑖=1

𝜇𝑖 −
𝐾

∑
𝑖=2

𝜇𝑖)

= (𝑧1 −
𝐾

∑
𝑖=2

𝑧𝑖) − (𝜇𝑆 −
𝐾

∑
𝑖=2

𝜇𝑖)

= (𝑧1 − 𝜇𝑆) −
𝐾

∑
𝑖=2

(𝑧𝑖 − 𝜇𝑖).

Substituting this into the decomposition gives

𝑄 =
𝐾

∑
𝑖=2

𝐾
∑
𝑗=2

(𝑧𝑖 − 𝜇𝑖) Λ𝑖𝑗 (𝑧𝑗 − 𝜇𝑗)

+ ((𝑧1 − 𝜇𝑆) −
𝐾

∑
𝑖=2

(𝑧𝑖 − 𝜇𝑖)) [
𝐾

∑
𝑗=2

Λ1𝑗 (𝑧𝑗 − 𝜇𝑗)]

+ [
𝐾

∑
𝑖=2

(𝑧𝑖 − 𝜇𝑖) Λ𝑖1] ((𝑧1 − 𝜇𝑆) −
𝐾

∑
𝑗=2

(𝑧𝑗 − 𝜇𝑗))

+ ((𝑧1 − 𝜇𝑆) −
𝐾

∑
𝑖=2

(𝑧𝑖 − 𝜇𝑖)) Λ11 ((𝑧1 − 𝜇𝑆) −
𝐾

∑
𝑗=2

(𝑧𝑗 − 𝜇𝑗))

=
𝐾

∑
𝑖=2

𝐾
∑
𝑗=2

(𝑧𝑖 − 𝜇𝑖) Λ𝑖𝑗 (𝑧𝑗 − 𝜇𝑗)

+ (𝑧1 − 𝜇𝑆) [
𝐾

∑
𝑗=2

Λ1𝑗 (𝑧𝑗 − 𝜇𝑗)] −
𝐾

∑
𝑖=2

(𝑧𝑖 − 𝜇𝑖)
𝐾

∑
𝑗=2

Λ1𝑗 (𝑧𝑗 − 𝜇𝑗)

+ [
𝐾

∑
𝑖=2

(𝑧𝑖 − 𝜇𝑖) Λ𝑖1] (𝑧1 − 𝜇𝑆) −
𝐾

∑
𝑖=2

Λ𝑖1 (𝑧𝑗 − 𝜇𝑗)
𝐾

∑
𝑗=2

(𝑧𝑖 − 𝜇𝑖)

+ (𝑧1 − 𝜇𝑆) Λ11 (𝑧1 − 𝜇𝑆)

− (𝑧1 − 𝜇𝑆) Λ11 [
𝐾

∑
𝑗=2

(𝑧𝑗 − 𝜇𝑗)] − [
𝐾

∑
𝑖=2

(𝑧𝑖 − 𝜇𝑖)] Λ11 (𝑧1 − 𝜇𝑆)

+
𝐾

∑
𝑖=2

𝐾
∑
𝑗=2

(𝑧𝑖 − 𝜇𝑖) Λ11 (𝑧𝑗 − 𝜇𝑗).
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Collecting common terms together yields

𝑄 =
𝐾

∑
𝑖=2

𝐾
∑
𝑗=2

(𝑧𝑖 − 𝜇𝑖)[Λ𝑖𝑗 − Λ1𝑗 − Λ𝑖1 + Λ11](𝑧𝑗 − 𝜇𝑗)

+ (𝑧1 − 𝜇𝑆) [
𝐾

∑
𝑗=2

Λ1𝑗 (𝑧𝑗 − 𝜇𝑗)] − (𝑧1 − 𝜇𝑆) Λ11 [
𝐾

∑
𝑗=2

(𝑧𝑗 − 𝜇𝑗)]

+ [
𝐾

∑
𝑖=2

(𝑧𝑖 − 𝜇𝑖) Λ𝑖1] (𝑧1 − 𝜇𝑆) − [
𝐾

∑
𝑖=2

(𝑧𝑖 − 𝜇𝑖)] Λ11 (𝑧1 − 𝜇𝑆)

+ (𝑧1 − 𝜇𝑆) Λ11 (𝑧1 − 𝜇𝑆)

=
𝐾

∑
𝑖=2

𝐾
∑
𝑗=2

(𝑧𝑖 − 𝜇𝑖)[Λ𝑖𝑗 − Λ1𝑗 − Λ𝑖1 + Λ11](𝑧𝑗 − 𝜇𝑗)

+ 2 (𝑧1 − 𝜇𝑆) [
𝐾

∑
𝑗=2

Λ1𝑗 (𝑧𝑗 − 𝜇𝑗)] − 2 (𝑧1 − 𝜇𝑆) Λ11 [
𝐾

∑
𝑗=2

(𝑧𝑗 − 𝜇𝑗)]

+ (𝑧1 − 𝜇𝑆) Λ11 (𝑧1 − 𝜇𝑆)

=
𝐾

∑
𝑖=2

𝐾
∑
𝑗=2

(𝑧𝑖 − 𝜇𝑖)[Λ𝑖𝑗 − Λ1𝑗 − Λ𝑖1 + Λ11](𝑧𝑗 − 𝜇𝑗)

+
𝐾

∑
𝑗=2

2 (𝑧1 − 𝜇𝑆)[Λ1𝑗 − Λ11](𝑧𝑗 − 𝜇𝑗)

+ (𝑧1 − 𝜇𝑆) Λ11 (𝑧1 − 𝜇𝑆).

In order to write this in a more compact matrix form let’s introduce the (𝐾 − 1)-dimensional
vector z̃ with components

̃𝑧𝑖 = 𝑧𝑖+1,
the (𝐾 − 1)-dimensional vector 𝜈 with components

𝜈𝑖 = 𝜇𝑖+1,

the (𝐾 − 1)-dimensional vector 𝛼 with components

𝛼𝑖 = 2 (𝑧1 − 𝜇𝑆)[Λ1,𝑖+1 − Λ11],

and the (𝐾 − 1, 𝐾 − 1)-dimensional matrix Γ with components

Γ𝑖𝑗 = Λ𝑖+1,𝑗+1 − Λ1,𝑗+1 − Λ𝑖+1,1 + Λ11

so that the full quadratic form becomes

𝑄 = (z̃ − 𝜈)𝑇 ⋅ Γ ⋅ (z̃ − 𝜈) + 𝛼𝑇 ⋅ (z̃ − 𝜈) + (𝑧1 − 𝜇𝑆) Λ11 (𝑧1 − 𝜇𝑆).
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At this point we can complete the square with respect to z̃,

𝑄 = (z̃ − 𝜈 − m)𝑇 ⋅ Γ ⋅ (z̃ − 𝜈 − m) + 𝑅

where
m = −1

2Γ−1 ⋅ 𝛼

and
𝑅 = (𝑧1 − 𝜇𝑆) Λ11 (𝑧1 − 𝜇𝑆) − 1

4𝛼𝑇 ⋅ Γ−1 ⋅ 𝛼.

Defining the vector l with components

𝜆𝑗 = Λ1,𝑗+1 − Λ11

the second term simplifies to

𝑅 = (𝑧1 − 𝜇𝑆) Λ11 (𝑧1 − 𝜇𝑆) − 1
42 (𝑧1 − 𝜇𝑆) l𝑇 ⋅ Γ−1 ⋅ 2 (𝑧1 − 𝜇𝑆) l

= (𝑧1 − 𝜇𝑆) Λ11 (𝑧1 − 𝜇𝑆) − (𝑧1 − 𝜇𝑆) l𝑇 ⋅ Γ−1 ⋅ l (𝑧1 − 𝜇𝑆)

= (𝑧1 − 𝜇𝑆)[Λ11 − l𝑇 ⋅ Γ−1 ⋅ l](𝑧1 − 𝜇𝑆).

Exponentiating this quadratic form finally gives

𝑝(𝑦1, … , 𝑦𝐾) ∝ exp (−1
2𝑄)

∝ exp ( − 1
2(z̃ − 𝜈 − m)𝑇 ⋅ Γ ⋅ (z̃ − 𝜈 − m)

− 1
2(𝑧1 − 𝜇𝑆)[Λ11 − l𝑇 ⋅ Γ−1 ⋅ l](𝑧1 − 𝜇𝑆))

∝ exp ( − 1
2(z̃ − 𝜈 − m)𝑇 ⋅ Γ ⋅ (z̃ − 𝜈 − m))

⋅ exp ( − 1
2(𝑧1 − 𝜇𝑆)[Λ11 − l𝑇 ⋅ Γ−1 ⋅ l](𝑧1 − 𝜇𝑆))

∝ multinormal (𝑧2, … , 𝑧𝐾 ∣ 𝜈 + m, Γ−1)
⋅ normal (𝑧1 ∣ 𝜇𝑆, 𝜏𝑆)

where
𝜏𝑆 = 1

√Λ11 − l𝑇 ⋅ Γ−1 ⋅ l
.
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In other words the marginal probability density function for the sum of the components is
given by normal probability density function with location parameter

𝜇𝑆 =
𝐾

∑
𝑘=1

𝜇𝑘

and scale parameter
𝜏𝑆 = 1

√Λ11 − l𝑇 ⋅ Γ−1 ⋅ l
.

Technically this derivation is consistent regardless of which component we replace by the sum
of all components. Consequently we can use any index 𝑘 to compute the marginal scale
parameter,

Γ𝑖𝑗 = Λ𝑖+1,𝑗+1 − Λ𝑘,𝑗+1 − Λ𝑖+1,𝑘 + Λ𝑘𝑘
𝜆𝑗 = Λ𝑘,𝑗+1 − Λ𝑘𝑘

𝜏𝑆 = 1
√Λ𝑘𝑘 − l𝑇 ⋅ Γ−1 ⋅ l

.

In matrix form this becomes

Γ = Λ − 𝜆𝑘 ⋅ 1𝑇 − 1 ⋅ 𝜆𝑇
𝑘 + Λ𝑘𝑘 1 ⋅ 1𝑇

l = 𝜆𝑘 − Λ𝑘𝑘 1

𝜏𝑆 = 1
√Λ𝑘𝑘 − l𝑇 ⋅ A−1 ⋅ l

.

Note that these linear algebra operations, which require inverting a dense matrix, decomposing
it, and then inverting a dense submatrix again, are prone to computational inefficiency and
numerical instability when implemented in practice. There may very well be a more effective
way to computing 𝜏𝑆!

If the shape of the selection function is given by a normal cumulative distribution function
then applying the result from Appendix A gives

𝑍(𝜇, 𝜏, Ψ, 𝜒, 𝛾) = ∫ d𝑧1 𝑝(𝑧1 ∣ 𝜇, 𝜏 , Ψ) 𝑆 (𝑧1; 𝜒, 𝛾)

= ∫ d𝑧1 normal(𝑧1 ∣ 𝜇𝑆, 𝜏𝑆) Φ(𝛾 (𝑧1 − 𝜒))

= Φ ( 𝛾 (𝜇𝑆 − 𝜒)
√1 + (𝛾 𝜏𝑆)2 ) .
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Stan
Program 1 simu\_threshold.stan

data {
int<lower=1> N; // Number of observations

}

transformed data {
real lambda = 4.75; // Selection threshold
real mu = 3; // Location of latent probability density function
real<lower=0> tau = 2; // Shape of latent probability density function

}

generated quantities {
// Simulated data
real y[N];
real N_reject = 0;

for (n in 1:N) {
// Sample latent events until one survives the selection process
while (1) {
y[n] = normal_rng(mu, tau);
if (y[n] <= lambda) {
break;

} else {
N_reject += 1;

}
}

}
}
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Stan
Program 2 fit\_threshold1.stan

data {
int<lower=1> N; // Number of observations
real y[N]; // Observations

}

parameters {
real mu; // Location of latent probability density function
real<lower=0> tau; // Shape of latent probability density function

}

model {
// Prior model
mu ~ normal(0, 5 / 2.32); // ~ 99% prior mass between -5 and +5
tau ~ normal(0, 5 / 2.57); // ~ 99% prior mass between 0 and +5

// Observational model
target += normal_lpdf(y | mu, tau);

}

generated quantities {
real y_pred[N]; // Posterior predictive data

for (n in 1:N) {
y_pred[n] = normal_rng(mu, tau);

}
}
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Stan
Program 3 fit\_threshold2.stan

data {
int<lower=1> N; // Number of observations
real y[N]; // Observations

}

transformed data {
real lambda_lower_bound = max(y);

}

parameters {
real<lower=lambda_lower_bound> lambda; // Selection threshold
real mu; // Location of latent probability density function
real<lower=0> tau; // Shape of latent probability density function

}

model {
real log_norm = normal_lcdf(lambda | mu, tau);

// Prior model
lambda ~ normal(5, 5 / 2.32); // ~ 99% prior mass between 0 and +10
mu ~ normal(0, 5 / 2.32); // ~ 99% prior mass between -5 and +5
tau ~ normal(0, 5 / 2.57); // ~ 99% prior mass between 0 and +5

// Observational model
for (n in 1:N) {

target += normal_lpdf(y[n] | mu, tau) - log_norm;
}

}

generated quantities {
real y_pred[N]; // Posterior predictive data

for (n in 1:N) {
// Sample latent intensities until one survives the selection process
// Use fixed iterations instead of while loop to avoid excessive trials
// when the selection function and latent density function are not aligned
for (m in 1:100) {
real y_sample = normal_rng(mu, tau);
if (y_sample <= lambda) {
y_pred[n] = y_sample;
break;

}
}

}
}
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Stan
Program 4 fit\_threshold3.stan

data {
int<lower=1> N; // Number of observations
real y[N]; // Observations

int N_reject; // Number of rejected latent events
}

transformed data {
real lambda_lower_bound = max(y);

}

parameters {
real<lower=lambda_lower_bound> lambda; // Selection threshold
real mu; // Location of latent probability density function
real<lower=0> tau; // Shape of latent probability density function

}

model {
real log_norm = normal_lcdf(lambda | mu, tau);

// Prior model
lambda ~ normal(5, 5 / 2.32); // ~ 99% prior mass between 0 and +10
mu ~ normal(0, 5 / 2.32); // ~ 99% prior mass between -5 and +5
tau ~ normal(0, 5 / 2.57); // ~ 99% prior mass between 0 and +5

// Observational model
for (n in 1:N) {

target += normal_lpdf(y[n] | mu, tau);
}

target += N_reject * log1m_exp(log_norm);
}

generated quantities {
real y_pred[N]; // Posterior predictive data
int N_reject_pred = 0; // Posterior predictive data

for (n in 1:N) {
// Sample latent intensities until one survives the selection process
// Use fixed iterations instead of while loop to avoid excessive trials
// when the selection function and latent density function are not aligned
for (m in 1:100) {
real y_sample = normal_rng(mu, tau);
if (y_sample <= lambda) {
y_pred[n] = y_sample;
break;

} else {
N_reject_pred += 1;

}
}

}
}
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Stan
Program 5 simu\_selection\_uni.stan

data {
int<lower=1> N; // Number of observations

}

transformed data {
real mu = -1; // Location of latent probability density function
real<lower=0> tau = 3; // Shape of latent probability density function
real chi = 2; // Location of selection function
real gamma = 0.75; // Shape of selection function

}

generated quantities {
// Simulate filtered data
real y[N];
real N_reject = 0;

for (n in 1:N) {
// Sample latent points until one survives the selection process
while (1) {
y[n] = normal_rng(mu, tau);
if ( bernoulli_rng( Phi(gamma * (y[n] - chi)) ) ) {
break;

} else {
N_reject += 1;

}
}

}
}
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Stan
Program 6 fit\_no\_selection\_uni.stan

data {
int<lower=1> N; // Number of observations
real y[N]; // Observations

}

parameters {
real mu; // Location of latent probability density function
real<lower=0> tau; // Shape of latent probability density function

}

model {
// Prior model
mu ~ normal(0, 5 / 2.32); // ~ 99% prior mass between -5 and +5
tau ~ normal(0, 5 / 2.57); // ~ 99% prior mass between 0 and +5

// Observational model
for (n in 1:N) {

target += normal_lpdf(y[n] | mu, tau);
}

}

generated quantities {
real y_pred[N]; // Posterior predictive data

for (n in 1:N) {
y_pred[n] = normal_rng(mu, tau);

}
}
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Stan
Program 7 fit\_unknown\_selecton\_uni\_exact.stan

data {
int<lower=1> N; // Number of observations
real y[N]; // Observations

int<lower=1> N_grid; // Number of latent value grid points
real y_grid[N_grid]; // Latent value grid points

}

transformed data {
// Exact latent probability distribution configuration
real mu = -1; // Location
real<lower=0> tau = 3; // Shape

}

parameters {
real chi; // Location of selection function
real gamma; // Shape of selection function

}

model {
// Filtered normalization
real norm = Phi( gamma * (mu - chi) / sqrt(1 + square(gamma * tau)) );

// Prior model
chi ~ normal(0, 3 / 2.32); // ~ 99% prior mass between -3 and +3
gamma ~ normal(0, 3 / 2.32); // ~ 99% prior mass between -3 and +3

// Observational model
for (n in 1:N) {

real log_select_prob = log( Phi(gamma * (y[n] - chi)) );
real lpdf = normal_lpdf(y[n] | mu, tau);
target += log_select_prob + lpdf - log(norm);

}
}

generated quantities {
real select_prob_grid[N_grid]; // Selection function values
real y_pred[N]; // Posterior predictive data

for (n in 1:N_grid)
select_prob_grid[n] = Phi(gamma * (y_grid[n] - chi));

for (n in 1:N) {
// Sample latent intensities until one survives the selection
// process. Use fixed iterations instead of while loop to avoid
// excessive trials when the selection function and latent density
// function are not aligned.
for (m in 1:100) {
real y_sample = normal_rng(mu, tau);
if ( bernoulli_rng( Phi(gamma * (y_sample - chi)) ) ) {
y_pred[n] = y_sample;
break;

}
}

}
}
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Stan
Program 8 fit\_unknown\_selecton\_uni\_quad.stan

functions {
// Unnormalized observed probability density function
real observed_updf(real x, real xc, real[] theta, real[] x_r, int[] x_i) {

real chi = theta[1];
real gamma = theta[2];
real mu = x_r[1];
real tau = x_r[2];

return exp(normal_lpdf(x | mu, tau)) * Phi(gamma * (x - chi));
}

}

data {
int<lower=1> N; // Number of observations
real y[N]; // Observations

int<lower=1> N_grid; // Number of latent value grid points
real y_grid[N_grid]; // Latent value grid points

}

transformed data {
// Exact latent probability distribution configuration
real mu = -1; // Location
real<lower=0> tau = 3; // Shape

// Empty arrays for `integrate_1d` function
real x_r[2] = {mu, tau};
int x_i[0];

}

parameters {
real chi; // Location of selection function
real gamma; // Shape of selection function

}

model {
// Numerical quadrature estimator of normalization integral
real theta[2] = {chi, gamma};
real norm = integrate_1d(observed_updf,

negative_infinity(), positive_infinity(),
theta, x_r, x_i, 1e-8);

// Prior model
chi ~ normal(0, 3 / 2.32); // ~ 99% prior mass between -3 and +3
gamma ~ normal(0, 3 / 2.32); // ~ 99% prior mass between -3 and +3

// Observational model
for (n in 1:N) {

real log_select_prob = log( Phi(gamma * (y[n] - chi)) );
real lpdf = normal_lpdf(y[n] | mu, tau);
target += log_select_prob + lpdf - log(norm);

}
}

generated quantities {
real norm_error; // Quadrature normalization errors
real select_prob_grid[N_grid]; // Selection function values
real y_pred[N]; // Posterior predictive data

{
real theta[2] = {chi, gamma};
real quad_norm = integrate_1d(observed_updf,

negative_infinity(),
positive_infinity(),
theta, x_r, x_i, 1e-8);

real exact_norm = Phi( gamma * (mu - chi)
/ sqrt(1 + square(gamma * tau)) );

norm_error = quad_norm - exact_norm;
}

for (n in 1:N_grid)
select_prob_grid[n] = Phi(gamma * (y_grid[n] - chi));

for (n in 1:N) {
// Sample latent intensities until one survives the selection
// process. Use fixed iterations instead of while loop to avoid
// excessive trials when the selection function and latent density
// function are not aligned.
for (m in 1:100) {
real y_sample = normal_rng(mu, tau);
if ( bernoulli_rng( Phi(gamma * (y_sample - chi)) ) ) {
y_pred[n] = y_sample;
break;

}
}

}
}
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Stan
Program 9 fit\_unknown\_selecton\_uni\_mc.stan

functions {
real compute_mc_norm(real[] y_MC, real chi, real gamma) {

int N_MC = size(y_MC);
real select_probs[N_MC];
for (n in 1:N_MC)
select_probs[n] = Phi(gamma * (y_MC[n] - chi));

return mean(select_probs);
}
real compute_MCSE(real[] y_MC, real chi, real gamma) {

int N_MC = size(y_MC);
real select_probs[N_MC];
for (n in 1:N_MC)
select_probs[n] = Phi(gamma * (y_MC[n] - chi));

return sqrt(variance(select_probs) / N_MC);
}

}

data {
int<lower=1> N; // Number of observations
real y[N]; // Observations

int<lower=1> N_grid; // Number of latent value grid points
real y_grid[N_grid]; // Latent value grid points

int<lower=1> N_MC; // Size of Monte Carlo ensemble
}

transformed data {
// Exact latent probability distribution configuration
real mu = -1; // Location
real<lower=0> tau = 3; // Shape

// Generate Monte Carlo ensemble
real y_MC[N_MC];
for (n in 1:N_MC)

y_MC[n] = normal_rng(mu, tau);
}

parameters {
real chi; // Location of selection function
real gamma; // Shape of selection function

}

model {
// Monte Carlo estimator of normalization integral
real norm = compute_mc_norm(y_MC, chi, gamma);

// Prior model
chi ~ normal(0, 3 / 2.32); // ~ 99% prior mass between -3 and +3
gamma ~ normal(0, 3 / 2.32); // ~ 99% prior mass between -3 and +3

// Observational model
for (n in 1:N) {

real log_select_prob = log( Phi(gamma * (y[n] - chi)) );
real lpdf = normal_lpdf(y[n] | mu, tau);
target += log_select_prob + lpdf - log(norm);

}
}

generated quantities {
// Exact Monte Carlo error
real norm_error;
// Monte Carlo standard errors for normalization estimation
real MCSE = compute_MCSE(y_MC, chi, gamma);

real select_prob_grid[N_grid]; // Selection function values
real y_pred[N]; // Posterior predictive data

{
real exact_norm = Phi( gamma * (mu - chi)

/ sqrt(1 + square(gamma * tau)) );
real norm = compute_mc_norm(y_MC, chi, gamma);
norm_error = norm - exact_norm;

}

for (n in 1:N_grid)
select_prob_grid[n] = Phi(gamma * (y_grid[n] - chi));

for (n in 1:N) {
// Sample latent intensities until one survives the selection
// process. Use fixed iterations instead of while loop to avoid
// excessive trials when the selection function and latent density
// function are not aligned.
for (m in 1:100) {
real y_sample = normal_rng(mu, tau);
if ( bernoulli_rng( Phi(gamma * (y_sample - chi)) ) ) {
y_pred[n] = y_sample;
break;

}
}

}
}
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Stan
Program 10 fit\_unknown\_both\_uni\_exact.stan

data {
int<lower=1> N; // Number of observations
real y[N]; // Observations

int<lower=1> N_grid; // Number of latent value grid points
real y_grid[N_grid]; // Latent value grid points

}

parameters {
real mu; // Location of latent probability density function
real<lower=0> tau; // Shape of latent probability density function
real chi; // Location of selection function
real gamma; // Shape of selection function

}

model {
// Filtered normalization
real norm = Phi( gamma * (mu - chi) / sqrt(1 + square(gamma * tau)) );

// Prior model
mu ~ normal(0, 5 / 2.32); // ~ 99% prior mass between -5 and +5
tau ~ normal(0, 5 / 2.57); // ~ 99% prior mass between 0 and +5
chi ~ normal(0, 3 / 2.32); // ~ 99% prior mass between -3 and +3
gamma ~ normal(0, 3 / 2.32); // ~ 99% prior mass between -3 and +3

// Observational model
for (n in 1:N) {

real log_select_prob = log( Phi(gamma * (y[n] - chi)) );
real lpdf = normal_lpdf(y[n] | mu, tau);
target += log_select_prob + lpdf - log(norm);

}
}

generated quantities {
real select_prob_grid[N_grid]; // Selection function values
real y_pred[N]; // Posterior predictive data

for (n in 1:N_grid)
select_prob_grid[n] = Phi(gamma * (y_grid[n] - chi));

for (n in 1:N) {
// Sample latent intensities until one survives the selection
// process. Use fixed iterations instead of while loop to avoid
// excessive trials when the selection function and latent density
// function are not aligned.
for (m in 1:100) {
real y_sample = normal_rng(mu, tau);
if ( bernoulli_rng( Phi(gamma * (y_sample - chi)) ) ) {
y_pred[n] = y_sample;
break;

}
}

}
}
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Stan
Program 11 fit\_unknown\_both\_uni\_quad.stan

functions {
// Unnormalized observed probability density function
real observed_updf(real x, real xc, real[] theta, real[] x_r, int[] x_i) {

real chi = theta[1];
real gamma = theta[2];
real mu = theta[3];
real tau = theta[4];

return exp(normal_lpdf(x | mu, tau)) * Phi(gamma * (x - chi));
}

}

data {
int<lower=1> N; // Number of observations
real y[N]; // Observations

int<lower=1> N_grid; // Number of latent value grid points
real y_grid[N_grid]; // Latent value grid points

}

transformed data {
// Empty arrays for `integrate_1d` function
real x_r[0];
int x_i[0];

}

parameters {
real mu; // Location of latent probability density function
real<lower=0> tau; // Shape of latent probability density function
real chi; // Location of selection function
real gamma; // Shape of selection function

}

model {
// Numerical quadrature estimator of normalization integral
real theta[4] = {chi, gamma, mu, tau};
real norm = integrate_1d(observed_updf,

negative_infinity(), positive_infinity(),
theta, x_r, x_i, 1e-8);

// Prior model
mu ~ normal(0, 5 / 2.32); // ~ 99% prior mass between -5 and +5
tau ~ normal(0, 5 / 2.57); // ~ 99% prior mass between 0 and +5
chi ~ normal(0, 3 / 2.32); // ~ 99% prior mass between -3 and +3
gamma ~ normal(0, 3 / 2.32); // ~ 99% prior mass between -3 and +3

// Observational model
for (n in 1:N) {

real log_select_prob = log( Phi(gamma * (y[n] - chi)) );
real lpdf = normal_lpdf(y[n] | mu, tau);
target += log_select_prob + lpdf - log(norm);

}
}

generated quantities {
real norm_error; // Quadrature normalization errors
real select_prob_grid[N_grid]; // Selection function values
real y_pred[N]; // Posterior predictive data

{
real theta[4] = {chi, gamma, mu, tau};
real quad_norm = integrate_1d(observed_updf,

negative_infinity(),
positive_infinity(),
theta, x_r, x_i, 1e-8);

real exact_norm = Phi( gamma * (mu - chi)
/ sqrt(1 + square(gamma * tau)) );

norm_error = quad_norm - exact_norm;
}

for (n in 1:N_grid)
select_prob_grid[n] = Phi(gamma * (y_grid[n] - chi));

for (n in 1:N) {
// Sample latent intensities until one survives the selection
// process. Use fixed iterations instead of while loop to avoid
// excessive trials when the selection function and latent density
// function are not aligned.
for (m in 1:100) {
real y_sample = normal_rng(mu, tau);
if ( bernoulli_rng( Phi(gamma * (y_sample - chi)) ) ) {
y_pred[n] = y_sample;
break;

}
}

}
}
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Stan
Program 12 fit\_unknown\_both\_uni\_is.stan

functions {
real compute_is_norm(real[] y_IS, real[] ref_lpdfs,

real chi, real gamma, real mu, real tau) {
int N_IS = size(y_IS);
vector[N_IS] weights;
vector[N_IS] select_probs;
for (n in 1:N_IS) {
weights[n] = exp(normal_lpdf(y_IS[n] | mu, tau) - ref_lpdfs[n]);
select_probs[n] = Phi(gamma * (y_IS[n] - chi));

}
return mean(weights .* select_probs);

}

// First returned component is the importance sampling standard error
// Second returned component is the importance sampling effective sample size
real[] compute_is_diagnostics(real[] y_IS, real[] ref_lpdfs,

real chi, real gamma,
real mu, real tau) {

int N_IS = size(y_IS);
vector[N_IS] weights;
vector[N_IS] select_probs;
for (n in 1:N_IS) {
weights[n] = exp(normal_lpdf(y_IS[n] | mu, tau) - ref_lpdfs[n]);
select_probs[n] = Phi(gamma * (y_IS[n] - chi));

}
return {sqrt(variance(weights .* select_probs) / N_IS),

square(sum(weights)) / dot_self(weights)};
}

real compute_khat(vector fs) {
int N = num_elements(fs);
vector[N] sorted_fs = sort_asc(fs);

real R;
real q;
real M;
vector[N] b_hat_vec;
vector[N] log_w_vec;

real khat;
real max_log_w;
real b_hat_denom = 0;
real b_hat_numer = 0;
real b_hat;

if (sorted_fs[1] == sorted_fs[N]) return not_a_number();
if (sorted_fs[1] < 0) return not_a_number();

// Estimate 25% quantile
R = floor(0.25 * N + 0.5);
for (n in 1:N) {
if (n + 0.5 >= R) {
q = sorted_fs[n];
break;

}
}
if (q == sorted_fs[1]) return not_a_number();

// Heuristic Pareto configuration
M = 20 + floor(sqrt(N));

for (m in 1:N) {
if (m > M) break;

b_hat_vec[m] = 1 / sorted_fs[N] + (1 - sqrt(M / (m - 0.5))) / (3 * q);
if (b_hat_vec[m] != 0) {
khat = - mean( log(1 - (b_hat_vec[m] * sorted_fs) ) );
log_w_vec[m] = N * ( log(b_hat_vec[m] / khat) + khat - 1);

} else {
log_w_vec[m] = 0;

}
}

max_log_w = log_w_vec[1];
for (m in 1:N) {
if (m > M) break;
if (log_w_vec[m] > max_log_w) max_log_w = log_w_vec[m];

}

for (m in 1:N) {
if (m <= M) {
real weight = exp(log_w_vec[m] - max_log_w);
b_hat_numer += b_hat_vec[m] * weight;
b_hat_denom += weight;

} else {
break;

}
}
b_hat = b_hat_numer / b_hat_denom;

return -mean( log(1 - b_hat * sorted_fs) );
}

}

data {
int<lower=1> N; // Number of observations
real y[N]; // Observations

int<lower=1> N_grid; // Number of latent value grid points
real y_grid[N_grid]; // Latent value grid points

int<lower=1> N_IS; // Size of importance sampling ensemble
}

transformed data {
int<lower=1> M_IS = N_IS / 2; // Lower truncation for khat estimator validity

// Generate importance sampling ensemble
real y_IS[N_IS];
real ref_lpdfs[N_IS];
for (n in 1:N_IS) {

y_IS[n] = normal_rng(0, 7.2);
ref_lpdfs[n] = normal_lpdf(y_IS[n] | 0, 7.2);

}
}

parameters {
real mu; // Location of latent probability density function
real<lower=0> tau; // Shape of latent probability density function
real chi; // Location of selection function
real gamma; // Shape of selection function

}

model {
// Importance sampling estimator of normalization integral
real norm = compute_is_norm(y_IS, ref_lpdfs, chi, gamma, mu, tau);

// Prior model
mu ~ normal(0, 5 / 2.32); // ~ 99% prior mass between -5 and +5
tau ~ normal(0, 5 / 2.57); // ~ 99% prior mass between 0 and +5
chi ~ normal(0, 3 / 2.32); // ~ 99% prior mass between -3 and +3
gamma ~ normal(0, 3 / 2.32); // ~ 99% prior mass between -3 and +3

// Observational model
for (n in 1:N) {

real log_select_prob = log( Phi(gamma * (y[n] - chi)) );
real lpdf = normal_lpdf(y[n] | mu, tau);
target += log_select_prob + lpdf - log(norm);

}
}

generated quantities {
real norm_error; // Importance sampling normalization errors
real ISSE; // Importance sampling standard error
real ISESS; // Importance sampling effective sample size

vector[N_IS] weights; // Importance sampling weights
real khat; // khat statistic of importance sampling weights

real select_prob_grid[N_grid]; // Selection function values
real y_pred[N]; // Posterior predictive data

{
real exact_norm = Phi( gamma * (mu - chi)

/ sqrt(1 + square(gamma * tau)) );
real norm = compute_is_norm(y_IS, ref_lpdfs,

chi, gamma, mu, tau);
real diagnostics[2] = compute_is_diagnostics(y_IS, ref_lpdfs,

chi, gamma, mu, tau);

norm_error = norm - exact_norm;
ISSE = diagnostics[1];
ISESS = diagnostics[2];

for (n in 1:N_IS)
weights[n] = exp(normal_lpdf(y_IS[n] | mu, tau) - ref_lpdfs[n]);

khat = compute_khat(weights[M_IS:N_IS]);
}

for (n in 1:N_grid)
select_prob_grid[n] = Phi(gamma * (y_grid[n] - chi));

for (n in 1:N) {
// Sample latent intensities until one survives the selection
// process. Use fixed iterations instead of while loop to avoid
// excessive trials when the selection function and latent density
// function are not aligned.
for (m in 1:100) {
real y_sample = normal_rng(mu, tau);
if ( bernoulli_rng( Phi(gamma * (y_sample - chi)) ) ) {
y_pred[n] = y_sample;
break;

}
}

}
}
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Program 13 simu\_selection\_multi.stan

data {
int<lower=1> N; // Number of multivariate observations
int<lower=1> K; // Number of components in each observation

real chi; // Location of selection function
real gamma; // Shape of selection function

}

generated quantities {
// Locations of latent probability density function
vector[K] mu;

// Scales of latent probability density function
vector<lower=0>[K] tau;

// Cholesky factor of probability density function correlation matrix
cholesky_factor_corr[K] Psi;

vector[K] y[N];
real N_reject = 0;

// Simulate location and scales
for (k in 1:K) {

mu[k] = normal_rng(0, 5 / 2.32);
tau[k] = fabs(normal_rng(0, 3 / 2.57));

}

// Simulate correlation matrix and compute its Cholesky decomposition
{

matrix[K, K] Gamma = lkj_corr_rng(K, 4 / sqrt(K));
Psi = cholesky_decompose(Gamma);

}

for (n in 1:N) {
// Sample latent points until one survives the selection process
while (1) {
vector[K] y_sample
= multi_normal_cholesky_rng(mu, diag_pre_multiply(tau, Psi));

real s = sum(y_sample);
if ( bernoulli_rng( Phi(gamma * (s - chi)) ) ) {
y[n] = y_sample;
break;

} else {
N_reject += 1;

}
}

}
}
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Program 14 fit\_no_\\selection\_multi.stan

data {
int<lower=1> N; // Number of multivariate observations
int<lower=1> K; // Number of components in each observation
vector[K] y[N]; // Multivariate observations

}

parameters {
// Locations of latent probability density function
vector[K] mu;

// Scales of latent probability density function
vector<lower=0>[K] tau;

// Cholesky factor of probability density function correlation matrix
cholesky_factor_corr[K] Psi;

}

model {
// Prior model
mu ~ normal(0, 10 / 2.32); // ~ 99% prior mass between -10 and +10
tau ~ normal(0, 5 / 2.57); // ~ 99% prior mass between 0 and +5
Psi ~ lkj_corr_cholesky(4 / sqrt(K));

// Observational model
for (n in 1:N) {

target += multi_normal_cholesky_lpdf(y[n] | mu,
diag_pre_multiply(tau, Psi));

}
}

generated quantities {
vector[K] y_pred[N]; // Posterior predictive data

for (n in 1:N) {
y_pred[n] = multi_normal_cholesky_rng(mu, diag_pre_multiply(tau, Psi));

}
}
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Program 15 fit\_unknown_\\selection\_multi_\\exact1.stan

functions {
real compute_norm(real chi, real gamma,

vector mu, vector tau, matrix Psi) {
int K = num_elements(mu);
real mu_s = sum(mu);
real tau_s;

matrix[K, K] L_Sigma = diag_pre_multiply(tau, Psi);
matrix[K, K] Sigma = L_Sigma * L_Sigma';
matrix[K, K] Lambda = inverse(Sigma);

matrix[K - 1, K - 1] Gamma;
vector[K - 1] l;

for (i in 1:(K - 1)) {
l[i] = Lambda[1, i + 1] - Lambda[1, 1];
for (j in 1:(K - 1)) {
Gamma[i, j] = Lambda[i + 1, j + 1]

- Lambda[1, j + 1] - Lambda[i + 1, 1]
+ Lambda[1, 1];

}
}
tau_s = 1 / sqrt(Lambda[1, 1] - quad_form(inverse(Gamma), l));
return Phi( gamma * (mu_s - chi)

/ sqrt(1 + square(gamma * tau_s)) );
}

}

data {
int<lower=1> N; // Number of multivariate observations
int<lower=1> K; // Number of components in each observation
vector[K] y[N]; // Multivariate observations

// Locations of latent probability density function
vector[K] mu;

// Scales of latent probability density function
vector<lower=0>[K] tau;

// Cholesky factor of probability density function correlation matrix
cholesky_factor_corr[K] Psi;

}

parameters {
real chi; // Location of selection function
real gamma; // Shape of selection function

}

model {
real norm = compute_norm(chi, gamma, mu, tau, Psi);

// Prior model
chi ~ normal(0, 3 / 2.32); // ~ 99% prior mass between -3 and +3
gamma ~ normal(0, 3 / 2.32); // ~ 99% prior mass between -3 and +3

// Observational model
for (n in 1:N) {

real s = sum(y[n]);
real log_select_prob = log( Phi(gamma * (s - chi)) );
real lpdf =
multi_normal_cholesky_lpdf(y[n] | mu, diag_pre_multiply(tau, Psi));

target += log_select_prob + lpdf - log(norm);
}

}

generated quantities {
vector[K] y_pred[N];

for (n in 1:N) {
// Sample latent intensities until one survives the selection
// process. Use fixed iterations instead of while loop to avoid
// excessive trials when the selection function and latent density
// function are not aligned.
for (m in 1:100) {
vector[K] y_sample
= multi_normal_cholesky_rng(mu, diag_pre_multiply(tau, Psi));

real s = sum(y_sample);
if ( bernoulli_rng( Phi(gamma * (s - chi)) ) ) {
y_pred[n] = y_sample;
break;

}
}

}
}
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Program 16 fit\_unknown_\\selection\_multi_\\exact2.stan

functions {
real compute_norm(real chi, real gamma,

vector mu, vector tau, matrix Psi) {
int K = num_elements(mu);
real mu_s = sum(mu);
real tau_s;

matrix[K, K] L_Sigma = diag_pre_multiply(tau, Psi);
matrix[K, K] Sigma = L_Sigma * L_Sigma';
matrix[K, K] Lambda = inverse(Sigma);

matrix[K - 1, K - 1] Gamma;
vector[K - 1] l;

for (i in 1:(K - 1)) {
l[i] = Lambda[1, i + 1] - Lambda[1, 1];
for (j in 1:(K - 1)) {
Gamma[i, j] = Lambda[i + 1, j + 1]

- Lambda[1, j + 1] - Lambda[i + 1, 1]
+ Lambda[1, 1];

}
}
tau_s = 1 / sqrt(Lambda[1, 1] - quad_form(inverse(Gamma), l));
return Phi( gamma * (mu_s - chi)

/ sqrt(1 + square(gamma * tau_s)) );
}

}

data {
int<lower=1> N; // Number of multivariate observations
int<lower=1> K; // Number of components in each observation
vector[K] y[N]; // Multivariate observations

// Locations of latent probability density function
vector[K] mu;

// Scales of latent probability density function
vector<lower=0>[K] tau;

// Cholesky factor of probability density function correlation matrix
cholesky_factor_corr[K] Psi;

}

parameters {
real chi; // Location of selection function
real<upper=0> gamma; // Shape of selection function

}

model {
real norm = compute_norm(chi, gamma, mu, tau, Psi);

// Prior model
chi ~ normal(0, 3 / 2.32); // ~ 99% prior mass between -3 and +3
gamma ~ normal(0, 3 / 2.57); // ~ 99% prior mass between -3 and 0

// Observational model
for (n in 1:N) {

real s = sum(y[n]);
real log_select_prob = log( Phi(gamma * (s - chi)) );
real lpdf =
multi_normal_cholesky_lpdf(y[n] | mu, diag_pre_multiply(tau, Psi));

target += log_select_prob + lpdf - log(norm);
}

}

generated quantities {
vector[K] y_pred[N]; // Posterior predictive data

for (n in 1:N) {
// Sample latent intensities until one survives the selection
// process. Use fixed iterations instead of while loop to avoid
// excessive trials when the selection function and latent density
// function are not aligned.
for (m in 1:100) {
vector[K] y_sample
= multi_normal_cholesky_rng(mu, diag_pre_multiply(tau, Psi));

real s = sum(y_sample);
if ( bernoulli_rng( Phi(gamma * (s - chi)) ) ) {
y_pred[n] = y_sample;
break;

}
}

}
}
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Program 17 fit\_unknown_\\selection\_multi_\\mc.stan

functions {
real compute_exact_norm(real chi, real gamma,

vector mu, vector tau, matrix Psi) {
int K = num_elements(mu);
real mu_s = sum(mu);
real tau_s;

matrix[K, K] L_Sigma = diag_pre_multiply(tau, Psi);
matrix[K, K] Sigma = L_Sigma * L_Sigma';
matrix[K, K] Lambda = inverse(Sigma);

matrix[K - 1, K - 1] Gamma;
vector[K - 1] l;

for (i in 1:(K - 1)) {
l[i] = Lambda[1, i + 1] - Lambda[1, 1];
for (j in 1:(K - 1)) {
Gamma[i, j] = Lambda[i + 1, j + 1]

- Lambda[1, j + 1] - Lambda[i + 1, 1]
+ Lambda[1, 1];

}
}
tau_s = 1 / sqrt(Lambda[1, 1] - quad_form(inverse(Gamma), l));
return Phi( gamma * (mu_s - chi)

/ sqrt(1 + square(gamma * tau_s)) );
}
real compute_mc_norm(vector[] y_MC, real chi, real gamma) {

int N_MC = size(y_MC);
real select_probs[N_MC];
for (n in 1:N_MC)
select_probs[n] = Phi(gamma * (sum(y_MC[n]) - chi));

return mean(select_probs);
}
real compute_MCSE(vector[] y_MC, real chi, real gamma) {

int N_MC = size(y_MC);
real select_probs[N_MC];
for (n in 1:N_MC)
select_probs[n] = Phi(gamma * (sum(y_MC[n]) - chi));

return sqrt(variance(select_probs) / N_MC);
}

}

data {
int<lower=1> N; // Number of multivariate observations
int<lower=1> K; // Number of components in each observation
vector[K] y[N]; // Multivariate observations

// Locations of latent probability density function
vector[K] mu;

// Scales of latent probability density function
vector<lower=0>[K] tau;

// Cholesky factor of probability density function correlation matrix
cholesky_factor_corr[K] Psi;

int<lower=1> N_MC; // Size of Monte Carlo ensemble
}

transformed data {
// Generate Monte Carlo ensemble
vector[K] y_MC[N_MC];
for (n in 1:N_MC) {

y_MC[n] = multi_normal_cholesky_rng(mu, diag_pre_multiply(tau, Psi));
}

}

parameters {
real chi; // Location of selection function
real<upper=0> gamma; // Shape of selection function

}

model {
// Monte Carlo estimator of normalization integral
real norm = compute_mc_norm(y_MC, chi, gamma);

// Prior model
chi ~ normal(0, 3 / 2.32); // ~ 99% prior mass between -3 and +3
gamma ~ normal(0, 3 / 2.57); // ~ 99% prior mass between -3 and 0

// Observational model
for (n in 1:N) {

real s = sum(y[n]);
real log_select_prob = log( Phi(gamma * (s - chi)) );
real lpdf =
multi_normal_cholesky_lpdf(y[n] | mu, diag_pre_multiply(tau, Psi));

target += log_select_prob + lpdf - log(norm);
}

}

generated quantities {
// Exact Monte Carlo error
real norm_error;
// Monte Carlo standard errors for normalization estimation
real MCSE = compute_MCSE(y_MC, chi, gamma);

vector[K] y_pred[N]; // Posterior predictive data

{
real exact_norm = compute_exact_norm(chi, gamma, mu, tau, Psi);
real norm = compute_mc_norm(y_MC, chi, gamma);
norm_error = norm - exact_norm;

}

for (n in 1:N) {
// Sample latent intensities until one survives the selection
// process. Use fixed iterations instead of while loop to avoid
// excessive trials when the selection function and latent density
// function are not aligned.
for (m in 1:100) {
vector[K] y_sample
= multi_normal_cholesky_rng(mu, diag_pre_multiply(tau, Psi));

real s = sum(y_sample);
if ( bernoulli_rng( Phi(gamma * (s - chi)) ) ) {
y_pred[n] = y_sample;
break;

}
}

}
}
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Program 18 fit\_unknown_\\both\_multi_\\exact.stan

functions {
real compute_norm(real chi, real gamma,

vector mu, vector tau, matrix Psi) {
int K = num_elements(mu);
real mu_s = sum(mu);
real tau_s;

matrix[K, K] L_Sigma = diag_pre_multiply(tau, Psi);
matrix[K, K] Sigma = L_Sigma * L_Sigma';
matrix[K, K] Lambda = inverse(Sigma);

matrix[K - 1, K - 1] Gamma;
vector[K - 1] l;

for (i in 1:(K - 1)) {
l[i] = Lambda[1, i + 1] - Lambda[1, 1];
for (j in 1:(K - 1)) {
Gamma[i, j] = Lambda[i + 1, j + 1]

- Lambda[1, j + 1] - Lambda[i + 1, 1]
+ Lambda[1, 1];

}
}
tau_s = 1 / sqrt(Lambda[1, 1] - quad_form(inverse(Gamma), l));
return Phi( gamma * (mu_s - chi)

/ sqrt(1 + square(gamma * tau_s)) );
}

}

data {
int<lower=1> N; // Number of multivariate observations
int<lower=1> K; // Number of components in each observation
vector[K] y[N]; // Multivariate observations

}

parameters {
// Locations of latent probability density function
vector[K] mu;

// Scales of latent probability density function
vector<lower=0>[K] tau;

// Cholesky factor of probability density function correlation matrix
cholesky_factor_corr[K] Psi;

real chi; // Location of selection function
real<upper=0> gamma; // Shape of selection function

}

model {
real norm = compute_norm(chi, gamma, mu, tau, Psi);

// Prior model
mu ~ normal(0, 10 / 2.32); // ~ 99% prior mass between -10 and +10
tau ~ normal(0, 5 / 2.57); // ~ 99% prior mass between 0 and +5
Psi ~ lkj_corr_cholesky(4 / sqrt(K));
chi ~ normal(0, 3 / 2.32); // ~ 99% prior mass between -3 and +3
gamma ~ normal(0, 3 / 2.57); // ~ 99% prior mass between -3 and 0

// Observational model
for (n in 1:N) {

real s = sum(y[n]);
real log_select_prob = log( Phi(gamma * (s - chi)) );
real lpdf =
multi_normal_cholesky_lpdf(y[n] | mu, diag_pre_multiply(tau, Psi));

target += log_select_prob + lpdf - log(norm);
}

}

generated quantities {
vector[K] y_pred[N]; // Posterior predictive data

for (n in 1:N) {
// Sample latent intensities until one survives the selection
// process. Use fixed iterations instead of while loop to avoid
// excessive trials when the selection function and latent density
// function are not aligned.
for (m in 1:100) {
vector[K] y_sample
= multi_normal_cholesky_rng(mu, diag_pre_multiply(tau, Psi));

real s = sum(y_sample);
if ( bernoulli_rng( Phi(gamma * (s - chi)) ) ) {
y_pred[n] = y_sample;
break;

}
}

}
}
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Program 19 fit\_unknown_\\both\_multi_\\is1.stan

functions {
real compute_exact_norm(real chi, real gamma,

vector mu, vector tau, matrix Psi) {
int K = num_elements(mu);
real mu_s = sum(mu);
real tau_s;

matrix[K, K] L_Sigma = diag_pre_multiply(tau, Psi);
matrix[K, K] Sigma = L_Sigma * L_Sigma';
matrix[K, K] Lambda = inverse(Sigma);

matrix[K - 1, K - 1] Gamma;
vector[K - 1] l;

for (i in 1:(K - 1)) {
l[i] = Lambda[1, i + 1] - Lambda[1, 1];
for (j in 1:(K - 1)) {
Gamma[i, j] = Lambda[i + 1, j + 1]

- Lambda[1, j + 1] - Lambda[i + 1, 1]
+ Lambda[1, 1];

}
}
tau_s = 1 / sqrt(Lambda[1, 1] - quad_form(inverse(Gamma), l));
return Phi( gamma * (mu_s - chi)

/ sqrt(1 + square(gamma * tau_s)) );
}

real compute_is_norm(vector[] y_IS, real[] ref_lpdfs,
real chi, real gamma,
vector mu, vector tau, matrix Psi) {

int N_IS = size(y_IS);
int K = size(y_IS[1]);

vector[N_IS] weights;
vector[N_IS] select_probs;
matrix[K, K] L_Sigma = diag_pre_multiply(tau, Psi);
for (n in 1:N_IS) {
real active_lpdf =
multi_normal_cholesky_lpdf(y_IS[n] | mu, L_Sigma);

real s = sum(y_IS[n]);

weights[n] = exp(active_lpdf - ref_lpdfs[n]);
select_probs[n] = Phi(gamma * (s - chi));

}
return mean(weights .* select_probs);

}

// First component is the importance sampling standard error
// Second component is the importance sampling effective sample size
real[] compute_is_diagnostics(vector[] y_IS, real[] ref_lpdfs,

real chi, real gamma,
vector mu, vector tau, matrix Psi) {

int N_IS = size(y_IS);
int K = size(y_IS[1]);

vector[N_IS] weights;
vector[N_IS] select_probs;
matrix[K, K] L_Sigma = diag_pre_multiply(tau, Psi);
for (n in 1:N_IS) {
real active_lpdf =
multi_normal_cholesky_lpdf(y_IS[n] | mu, L_Sigma);

weights[n] = exp(active_lpdf - ref_lpdfs[n]);
select_probs[n] = Phi(gamma * (sum(y_IS[n]) - chi));

}
return { sqrt(variance(weights .* select_probs) / N_IS),

square(sum(weights)) / dot_self(weights) };
}

real compute_khat(vector fs) {
int N = num_elements(fs);
vector[N] sorted_fs = sort_asc(fs);

real R;
real q;
real M;
vector[N] b_hat_vec;
vector[N] log_w_vec;

real khat;
real max_log_w;
real b_hat_denom = 0;
real b_hat_numer = 0;
real b_hat;

if (sorted_fs[1] == sorted_fs[N]) return not_a_number();
if (sorted_fs[1] < 0) return not_a_number();

// Estimate 25% quantile
R = floor(0.25 * N + 0.5);
for (n in 1:N) {
if (n + 0.5 >= R) {
q = sorted_fs[n];
break;

}
}
if (q == sorted_fs[1]) return not_a_number();

// Heuristic Pareto configuration
M = 20 + floor(sqrt(N));

for (m in 1:N) {
if (m > M) break;

b_hat_vec[m] = 1 / sorted_fs[N] + (1 - sqrt(M / (m - 0.5))) / (3 * q);
if (b_hat_vec[m] != 0) {
khat = - mean( log(1 - (b_hat_vec[m] * sorted_fs) ) );
log_w_vec[m] = N * ( log(b_hat_vec[m] / khat) + khat - 1);

} else {
log_w_vec[m] = 0;

}
}

max_log_w = log_w_vec[1];
for (m in 1:N) {
if (m > M) break;
if (log_w_vec[m] > max_log_w) max_log_w = log_w_vec[m];

}

for (m in 1:N) {
if (m <= M) {
real weight = exp(log_w_vec[m] - max_log_w);
b_hat_numer += b_hat_vec[m] * weight;
b_hat_denom += weight;

} else {
break;

}
}
b_hat = b_hat_numer / b_hat_denom;

return -mean( log(1 - b_hat * sorted_fs) );
}

}

data {
int<lower=1> N; // Number of multivariate observations
int<lower=1> K; // Number of components in each observation
vector[K] y[N]; // Multivariate observations

int<lower=1> N_IS; // Size of importance sampling ensemble
}

transformed data {
int<lower=1> M_IS = N_IS / 2; // Lower truncation for khat estimator validity

// Generate importance sampling ensemble
vector[K] y_IS[N_IS];
real ref_lpdfs[N_IS];
for (n in 1:N_IS) {

vector[K] mu = rep_vector(0, K);
matrix[K, K] Sigma = square(9.31) * identity_matrix(K);
y_IS[n] = multi_normal_rng(mu, Sigma);
ref_lpdfs[n] = multi_normal_lpdf(y_IS[n] | mu, Sigma);

}
}

parameters {
// Locations of latent probability density function
vector[K] mu;

// Scales of latent probability density function
vector<lower=0>[K] tau;

// Cholesky factor of probability density function correlation matrix
cholesky_factor_corr[K] Psi;

real chi; // Location of selection function
real<upper=0> gamma; // Shape of selection function

}

model {
// Importance sampling estimator of normalization integral
real norm = compute_is_norm(y_IS, ref_lpdfs,

chi, gamma, mu, tau, Psi);

// Prior model
mu ~ normal(0, 10 / 2.32); // ~ 99% prior mass between -10 and +10
tau ~ normal(0, 5 / 2.57); // ~ 99% prior mass between 0 and +5
Psi ~ lkj_corr_cholesky(4 / sqrt(K));
chi ~ normal(0, 3 / 2.32); // ~ 99% prior mass between -3 and +3
gamma ~ normal(0, 3 / 2.57); // ~ 99% prior mass between -3 and 0

// Observational model
for (n in 1:N) {

real s = sum(y[n]);
real log_select_prob = log( Phi(gamma * (s - chi)) );
real lpdf =
multi_normal_cholesky_lpdf(y[n] | mu, diag_pre_multiply(tau, Psi));

target += log_select_prob + lpdf - log(norm);
}

}

generated quantities {
real norm_error; // Importance sampling normalization errors
real ISSE; // Importance sampling standard error
real ISESS; // Importance sampling effective sample size

vector[N_IS] weights; // Importance sampling weights
real khat; // khat statistic of importance sampling weights

vector[K] y_pred[N]; // Posterior predictive data

{
real exact_norm = compute_exact_norm(chi, gamma, mu, tau, Psi);
real norm = compute_is_norm(y_IS, ref_lpdfs,

chi, gamma, mu, tau, Psi);
real diagnostics[2] = compute_is_diagnostics(y_IS, ref_lpdfs,

chi, gamma, mu, tau, Psi);

norm_error = norm - exact_norm;
ISSE = diagnostics[1];
ISESS = diagnostics[2];

for (n in 1:N_IS) {
real active_lpdf =
multi_normal_cholesky_lpdf(y_IS[n] | mu, diag_pre_multiply(tau, Psi));

weights[n] = exp(active_lpdf - ref_lpdfs[n]);
}
khat = compute_khat(weights[M_IS:N_IS]);

}

for (n in 1:N) {
// Sample latent intensities until one survives the selection
// process. Use fixed iterations instead of while loop to avoid
// excessive trials when the selection function and latent density
// function are not aligned.
for (m in 1:100) {
vector[K] y_sample
= multi_normal_cholesky_rng(mu, diag_pre_multiply(tau, Psi));

real s = sum(y_sample);
if ( bernoulli_rng( Phi(gamma * (s - chi)) ) ) {
y_pred[n] = y_sample;
break;

}
}

}
}
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Program 20 fit\_unknown_\\both\_multi_\\is2.stan

functions {
real compute_exact_norm(real chi, real gamma,

vector mu, vector tau, matrix Psi) {
int K = num_elements(mu);
real mu_s = sum(mu);
real tau_s;

matrix[K, K] L_Sigma = diag_pre_multiply(tau, Psi);
matrix[K, K] Sigma = L_Sigma * L_Sigma';
matrix[K, K] Lambda = inverse(Sigma);

matrix[K - 1, K - 1] Gamma;
vector[K - 1] l;

for (i in 1:(K - 1)) {
l[i] = Lambda[1, i + 1] - Lambda[1, 1];
for (j in 1:(K - 1)) {
Gamma[i, j] = Lambda[i + 1, j + 1]

- Lambda[1, j + 1] - Lambda[i + 1, 1]
+ Lambda[1, 1];

}
}
tau_s = 1 / sqrt(Lambda[1, 1] - quad_form(inverse(Gamma), l));
return Phi( gamma * (mu_s - chi)

/ sqrt(1 + square(gamma * tau_s)) );
}

real compute_is_norm(vector[] y_IS, real[] ref_lpdfs,
real chi, real gamma,
vector mu, vector tau, matrix Psi) {

int N_IS = size(y_IS);
int K = size(y_IS[1]);

vector[N_IS] weights;
vector[N_IS] select_probs;
matrix[K, K] L_Sigma = diag_pre_multiply(tau, Psi);
for (n in 1:N_IS) {
real active_lpdf =
multi_normal_cholesky_lpdf(y_IS[n] | mu, L_Sigma);

real s = sum(y_IS[n]);

weights[n] = exp(active_lpdf - ref_lpdfs[n]);
select_probs[n] = Phi(gamma * (s - chi));

}
return mean(weights .* select_probs);

}

// First component is the importance sampling standard error
// Second component is the importance sampling effective sample size
real[] compute_is_diagnostics(vector[] y_IS, real[] ref_lpdfs,

real chi, real gamma,
vector mu, vector tau, matrix Psi) {

int N_IS = size(y_IS);
int K = size(y_IS[1]);

vector[N_IS] weights;
vector[N_IS] select_probs;
matrix[K, K] L_Sigma = diag_pre_multiply(tau, Psi);
for (n in 1:N_IS) {
real active_lpdf =
multi_normal_cholesky_lpdf(y_IS[n] | mu, L_Sigma);

weights[n] = exp(active_lpdf - ref_lpdfs[n]);
select_probs[n] = Phi(gamma * (sum(y_IS[n]) - chi));

}
return { sqrt(variance(weights .* select_probs) / N_IS),

square(sum(weights)) / dot_self(weights) };
}

real compute_khat(vector fs) {
int N = num_elements(fs);
vector[N] sorted_fs = sort_asc(fs);

real R;
real q;
real M;
vector[N] b_hat_vec;
vector[N] log_w_vec;

real khat;
real max_log_w;
real b_hat_denom = 0;
real b_hat_numer = 0;
real b_hat;

if (sorted_fs[1] == sorted_fs[N]) return not_a_number();
if (sorted_fs[1] < 0) return not_a_number();

// Estimate 25% quantile
R = floor(0.25 * N + 0.5);
for (n in 1:N) {
if (n + 0.5 >= R) {
q = sorted_fs[n];
break;

}
}
if (q == sorted_fs[1]) return not_a_number();

// Heuristic Pareto configuration
M = 20 + floor(sqrt(N));

for (m in 1:N) {
if (m > M) break;

b_hat_vec[m] = 1 / sorted_fs[N] + (1 - sqrt(M / (m - 0.5))) / (3 * q);
if (b_hat_vec[m] != 0) {
khat = - mean( log(1 - (b_hat_vec[m] * sorted_fs) ) );
log_w_vec[m] = N * ( log(b_hat_vec[m] / khat) + khat - 1);

} else {
log_w_vec[m] = 0;

}
}

max_log_w = log_w_vec[1];
for (m in 1:N) {
if (m > M) break;
if (log_w_vec[m] > max_log_w) max_log_w = log_w_vec[m];

}

for (m in 1:N) {
if (m <= M) {
real weight = exp(log_w_vec[m] - max_log_w);
b_hat_numer += b_hat_vec[m] * weight;
b_hat_denom += weight;

} else {
break;

}
}
b_hat = b_hat_numer / b_hat_denom;

return -mean( log(1 - b_hat * sorted_fs) );
}

}

data {
int<lower=1> N; // Number of multivariate observations
int<lower=1> K; // Number of components in each observation
vector[K] y[N]; // Multivariate observations

int<lower=1> N_IS; // Size of importance sampling ensemble

vector[K] mu_true;
vector[K] tau_true;
matrix[K, K] Psi_true;

}

transformed data {
int<lower=1> M_IS = N_IS / 2; // Lower truncation for khat estimator validity

// Generate importance sampling ensemble
vector[K] y_IS[N_IS];
real ref_lpdfs[N_IS];
for (n in 1:N_IS) {

y_IS[n]
= multi_normal_cholesky_rng(mu_true,

diag_pre_multiply(tau_true, Psi_true));
ref_lpdfs[n]
= multi_normal_cholesky_lpdf(y_IS[n] |

mu_true,
diag_pre_multiply(tau_true, Psi_true));

}
}

parameters {
// Locations of latent probability density function
vector[K] mu;

// Scales of latent probability density function
vector<lower=0>[K] tau;

// Cholesky factor of probability density function correlation matrix
cholesky_factor_corr[K] Psi;

real chi; // Location of selection function
real<upper=0> gamma; // Shape of selection function

}

model {
// Importance sampling estimator of normalization integral
real norm = compute_is_norm(y_IS, ref_lpdfs,

chi, gamma, mu, tau, Psi);

// Prior model
mu ~ normal(0, 10 / 2.32); // ~ 99% prior mass between -10 and +10
tau ~ normal(0, 5 / 2.57); // ~ 99% prior mass between 0 and +5
Psi ~ lkj_corr_cholesky(4 / sqrt(K));
chi ~ normal(0, 3 / 2.32); // ~ 99% prior mass between -3 and +3
gamma ~ normal(0, 3 / 2.57); // ~ 99% prior mass between -3 and 0

// Observational model
for (n in 1:N) {

real s = sum(y[n]);
real log_select_prob = log( Phi(gamma * (s - chi)) );
real lpdf =
multi_normal_cholesky_lpdf(y[n] | mu, diag_pre_multiply(tau, Psi));

target += log_select_prob + lpdf - log(norm);
}

}

generated quantities {
real norm_error; // Importance sampling normalization errors
real ISSE; // Importance sampling standard error
real ISESS; // Importance sampling effective sample size

vector[N_IS] weights; // Importance sampling weights
real khat; // khat statistic of importance sampling weights

vector[K] y_pred[N]; // Posterior predictive data

{
real exact_norm = compute_exact_norm(chi, gamma, mu, tau, Psi);
real norm = compute_is_norm(y_IS, ref_lpdfs,

chi, gamma, mu, tau, Psi);
real diagnostics[2] = compute_is_diagnostics(y_IS, ref_lpdfs,

chi, gamma, mu, tau, Psi);

norm_error = norm - exact_norm;
ISSE = diagnostics[1];
ISESS = diagnostics[2];

for (n in 1:N_IS) {
real active_lpdf =
multi_normal_cholesky_lpdf(y_IS[n] | mu, diag_pre_multiply(tau, Psi));

weights[n] = exp(active_lpdf - ref_lpdfs[n]);
}
khat = compute_khat(weights[M_IS:N_IS]);

}

for (n in 1:N) {
// Sample latent intensities until one survives the selection
// process. Use fixed iterations instead of while loop to avoid
// excessive trials when the selection function and latent density
// function are not aligned.
for (m in 1:100) {
vector[K] y_sample
= multi_normal_cholesky_rng(mu, diag_pre_multiply(tau, Psi));

real s = sum(y_sample);
if ( bernoulli_rng( Phi(gamma * (s - chi)) ) ) {
y_pred[n] = y_sample;
break;

}
}

}
}
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