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Analyzing observed choices from a finite set is a common task in many fields. Survey data, for
example, often takes the form of individual respondents answering questions by choosing from
a set of possible answers. Similarly, sales data is often derived from the purchasing choices
of individual consumers in a given market. Moreover, choice observations are not limited to
humans: some ecological analysis study animal behavior by observing choices in consumption,
movement, and more.

Modeling observed choices has long been a topic of interest in psychology (Tversky 1972),
marketing (McFadden 1986), and economics (Train 2009). Unfortunately, each of these appli-
cations introduces their own emphasis, terminology, and notation. In these chapters, I present
choice modeling from a more general probabilistic modeling perspective. This perspective helps
to contextualize conventional modeling techniques while also clarifying their full generality.

In this first part, we will consider the general analysis of choice as decision making under
uncertainty, how decision making behavior can change with the possible alternatives, and
the foundational discrete choice model. This foundation will then allow us to consider more
sophisticated discrete choice models, with a particular focus on the underlying assumptions
and their consequences, in Part 2, Part 3, and Part 4. Throughout, I will demonstrate the
accumulating theoretical insights with explicit examples.

The discrete choice literature is expansive. Instead of attempting any comprehensive bibliogra-
phy, I will focus on only key references. For many more references, see for example the reviews
in Train (2009), Chapman and Feit (2015), and Schwarz, Chapman, and Feit (2020).



1 Utility Maximization Models

If we want to treat choices as the result of a decision making process, then we need to specify
who is making decisions, what decisions they can make, and how they arrive at any particular
decision.

1.1 Agents, Alternatives, and Choice Sets

In these chapters, I will refer to any entity responsible for making a decision as an agent.
Depending on the application, agents can be individuals, such as people or organisms, or
even collectives, like companies and communities. For example, we might examine consumers
deciding on which products to purchase, herd animals deciding on which lands to graze, non-
profit organizations deciding on which programs to fund, and so on. Generally, we will be
interested in not a single agent, but rather an ensemble of N agents.

Similarly, I will refer to the possible choices as alternatives. If the possible choices can
be characterized by various properties, then each configuration of those properties defines a
distinct alternative. For instance, a consumer good offered at three different prices would define
three different alternatives. Be careful, however, as this is a not a universal terminological
convention.

A choice set is a collection of J alternatives from which each agent selects their choice.
When modeling choices, we will assume that the choice set is both ezhaustive and exclusive,
so that choices are always elements of the choice set. In some experimental settings, this
can be guaranteed; in more observational settings, however, it often has to be more carefully
motivated. For an explicit example of these subtleties in practice, see Natan (2025).

When analyzing consumer choices, for example, we might observe what product a consumer
purchased in a particular store, as well as that products available at that store. Typically,
however, we cannot observe with which products the consumer was already acquainted as they
entered the store, nor what products they noticed and then remembered as they shopped. In
other words, the consumer in this case is not choosing from the set of all available products
as we might assume, but rather a smaller subset of the available products. Some products
might go unchosen because they are actually unappealing, but others might go unchosen only
because the consumer was unaware of their availability.

One particularly productive way to account for agent awareness is to consider both a choice
set, containing all available alternatives, and a smaller awareness set, containing just those
alternatives known to an agent when a choice is made. The introduction of an awareness set
then allows us to model choice in two stages, the selection of an awareness set from the full
choice set followed by the selection of an alternative from the active awareness set.

Another potential issue with the assumption of a choice set is the possibility that agents might
consider alternatives outside of the assumed choice set. Even if all of the observed choices fall



into the assumed choice set, future choices might not. Ignoring these possibilities then overly
restricts inferences and predictions. For instance, behaviors observed when forcing agents to
choose between subpar alternatives in an experiment are unlikely to generalize to more realistic
circumstances.

One way to avoid these biases is to include an outside option into the assumed choice set.
An outside option is an explicit alternative that represents a preference for anything but the
other alternatives.

Finally, a choice set that is adequate for one decision is not necessarily adequate for all decisions.
In many applications, the possible alternatives can vary from not only one decision to the next,
both within and across agents. For example, the price and supply of consumer goods can
change across both stores and time; a customer making repeated purchases at the same store
and customers making contemporaneous purchases at different stores will generally encounter
varying possibilities.

When the available alternatives are not fixed, I will use choice set to refer to the complete set
of all possible alternatives across all decisions, and choice subset to refer to any particular
subset of available options for any single decision. This convention allows the full choice set to
contain not only all observable alternatives, but also any future or even relevant hypothetical
alternatives.

1.2 Utilities

If decisions between the alternatives in a choice set are made purposefully and consistently, in
other words if they are rational, then we can model those decisions by quantifying each agent’s
preference for each available alternative. The quantification of individual preferences into a
one-dimensional real number, taking into account all relevant benefits and costs, is known as
a utility. Here, I will denote the utility agent n gains by choosing alternative J by u,,; € R.

Utilities are not generally universal, but rather can be influenced by the context of a particular
decision. For example, utilities can in theory depend on number of alternatives in each choice
subset, the number of choice subsets considered, the order in which those choice subsets are
presented to a given agent, and so on. Because of this, we have to be especially careful when
extrapolating utilities from one context to another.

In particular, the utilities agents allocate, and the decisions that those utilities motivate, can
be different if an agent is asked to make a hypothetical choice and if they are making an actual
choice. These inconsistent utilities complicate analyses that attempt to infer consistent behav-
ior from multiple sources. For instance, the outcome of surveys, which propose hypothetical
consumer decisions, may be inconsistent with sales data, which is derived from actual con-
sumer decisions. In marketing and economics, these varying behaviors are known as stated
preferences and revealed preferences, respectively.



One way to calibrate stated preferences and revealed preferences to each other is to jointly
model observed choices across different contexts. See, for example, the analyses in Ben-Akiva
et al. (1994) and Feit, Beltramo, and Feinberg (2010).

1.3 Choice Probabilities

When the utilities that an agent assigns to each alternative are known exactly, the resulting
decisions become completely deterministic. Agent n will choose alternative j if

Upj > Up
for all j* # j. Because utilities are real-valued, exact ties are exceedingly improbable and can

be safely ignored.

Utilities, however, are rarely known exactly in practical applications. The understanding
of utilities might, for example, be limited by incomplete or untrustworthy elicitation of the
agents, varying or otherwise inconsistent preferences, or any number of other unknown or
unquantifiable factors.

Regardless of why utilities might be uncertain in a given analysis, we can always consistently
model that uncertainty with a probability theory. Probabilistic utility models, defined by
a joint probability distribution over all of the alternative utilities, are often referred to as
random utility models (Manski 1977).

Because the utilities are all real-valued, we can always specify a probabilistic utility model
with a joint Lebesgue probability density function,

P(Upqy e s Up gy oo s Uy oee s UNT)-

In applications where agents make decisions independently from each other, we can model the
utilities for each agent with an independent product distribution,

N
P(Upgy e s Up gy oo s Uy oo s Uy g) = H P(Upyeee s Uy g)-
n=1

With probabilistic utilities, decisions are no longer deterministic. Agent n will choose alterna-
tive j for any configuration of the utilities that fall into the rectangle subset

J'#3
The probability that agent n chooses alternative j is then given by the probability allocated
to these utility configurations,

an = ﬂ-(unj)

J
= / H Aty P(Upygs e s Uy g) Iunj(unl, ey Uy g)-
J'=1
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These derived alternative probabilities then define a discrete choice model for an observed
choice y made by agent n,

p(y) = categorical(y | ¢n1, - s Gpy) = dny-

Many presentations of discrete choice models implicitly assume that each agent chooses from
a given choice set only once. In this case, each observed choice can be uniquely labeled by
the agent who made it, y,,. When agents can make multiple choices, however, this labeling
convention is no longer valid.

To avoid any potential confusion, I will label individual choice observations with the separate
index
mel,... M.

We can then denote the agent making that choice as n,,, so that the discrete choice model

becomes

m?

p(ym> = Categorical(ym | Qnm17 7qTLmJ) = qnmym'

This notation also allows us to explicitly denote varying choice subsets, for example

p(y,,) = categorical(y,, | Qn, 15 ’qnme> = 4 -
By construction, discrete choice models are defined relative to the assumed choice subset. If
we want to be precise we should really write p(y,, | ¢), where ¢ denotes an assumed choice
subset, instead of p(y,,,). When the choice subset from which an agent is choosing is uncertain,
for example when there is divergence between the awareness set and the choice subset, then
can jointly model the discrete choice along with the choice subset,

P(Ym»>€) = P(Yp, | ) P(C).

1.4 Deriving Choice Probabilities From Cumulative Distribution Functions

Because u,,; is a product subset, we can write the corresponding indicator function as a product

of component indicator functions,

Iunj (un17 Tt unJ) - H I{unj>unj/}(unj>'
J'#i



This allows us to substantially simplify the derivation of choice probabilities,

J

:/ [H dunj/] p(unl,...,unJ)Iunj(unl,...,unJ)
i=1
J

:/ [Hdun]/] p(unlw nJ HI{unJ>u /} )
=1

J#i

:/ [/# /du i Ly >, 0y (U )] P(Upys ey Uy y)
:/%o L #/ } (s oyt ).

Conveniently, this integral can always be written in terms of the cumulative distribution func-
tion of a given probabilistic utility model.

The joint probability density function

p(xy, . 2 y)

defines the joint cumulative distribution function

J T,
(zy,..,2,) = [H/ da:;} p(a), ..., x).
j'=17=00

Taking a partial derivative with respect to the jth input gives

oIl ,
%(asl,.. ': / dz’; ] (], ..., x).
j 45

If we set all of the inputs to u,,., then this is exactly the integrand defining the derived choice

probabilities!

nj’

Consequently, we can always write the choice probabilities as

+oo nj
/ / P(Upyyy eve s Upy )
- J'#i

+00
/Oo du n] al’]( njr o un])

+oo 61—[
Qpj = / du 87( LU

In addition to potentially simplifying calculations, these formulas also allow us to define a
probabilistic utility model with a joint cumulative distribution function, bypassing a joint
probability density function representation entirely.

or, a bit more compactly,



1.5 Non-Utility Choice Models

Given an agent and a choice set, we can always model alternative probabilities directly, instead
of deriving them from a probabilistic utility model. That said, not every simplex of alternative
probabilities can be derived from a probabilistic utility model.

Interesting, we can characterize which choice probability models are consistent with a latent
probabilistic utility model, although the compatibility conditions are a bit awkward (Falmagne
1978). In theory, these conditions are also constructive, allowing one to construct a compatible
probability utility model from a given choice probability model in a process known as ratio-
nalization. That said, these deduced latent models are not so much defined over real-valued
utilities so much as rankings of the alternatives in the choice set.

2 Substitution Patterns

Once we can derive choice probabilities from a probabilistic utility model, we can consider how
choice probabilities change when the behavior of one or more alternatives changes.

If, for example, the jth alternative is replaced with a worse option, then we would expect that
q,; will decrease. How, however, should the excess probability be redistributed amongst the
other alternatives? Do some alternatives benefit more than others, or do they all increase in
a similar manner?

Taking g,,; all the way to zero effectively removes the jth item from the choice set. This raises
the question of how choice probabilities change when alternatives are removed or added to the
choice set or, more generally, how choice probabilities vary across different choice subsets.

All of these behaviors are examples of substitution patterns. In order to inform inferences
and predictions that generalize beyond a particular choice subset, we need discrete choice
models that manifest substitution patterns appropriate to a given application. Consequently,
understanding the substitution patterns implied by a given probabilistic utility model is critical
to the robust use of these techniques.

Unfortunately, quantifying substitution patterns through the behavior of choice probabilities
is complicated by the summation constraint

J
Z qnj =1
7j=1

Any change in the choice probability for one alternative always results in a corresponding
change to at least one other choice probability.

Instead, substitution patterns are often better quantified by proportional changes to choice
probabilities. In particular, ratios of choice probabilities are often much more interpretable.



2.1 Independence from Irrelevant Alternatives

One prototypical substitution pattern arises when the relative preference between two alterna-
tives is unaffected by changes in the other alternatives.

For instance, when the jsth choice probability g,,; decreases, we are left with an excess of
probability that has to be redistributed amongst the other alternatives. If ¢,,; increases more
than g,,; , then the relative preference for alternative j; over alternative j, will increase.

The relative preference for alternatives j; and j, will be unaffected by a change in preference
for alternative js if, and only if, any increase or decrease in g,,; is complemented by the same
proportional increase or decrease in q,,;, .

In other words, the ratio of choice probabilities,

must be independent of ¢,; . In this case, the behavior alternative j; is irrelevant to the
relative behavior of alternatives j; and j,.

A discrete choice model exhibits independence from irrelevant alternatives (Luce 1979)
when the ratio of choice probabilities for every pair of alternatives is invariant to changes in any
other choice probabilities. Independence from irrelevant alternatives results in very particular
substitution patterns that can be both conveniently and overly restrictive.

All of this said, the phrase “independence from irrelevant alternatives” is sometimes used to
describe the behavior of not every alternative but rather only some alternatives. Usually, we
have enough contextual information to avoid any ambiguity, but, as always, it’s best to read
carefully.

2.1.1 Removing An Alternative From The Choice Set

Independence from irrelevant alternatives implies that the ratio of choice probabilities between
each pair of alternatives will be the same even if the choice probability for a remaining alter-
native goes to zero, and we eliminate it from the choice set entirely. This is such a strong
condition that we can actually derive the choice probabilities for any choice subset from the
fixed ratios.

To demonstrate, let’s consider four alternatives with the choice probability ratios

dn1 dn1 dn1
— =Ti3 — =Ti3 — =Ty
qn2 qn3 qn4
qn2 dn2 dn3
= T3 =T — T T3y
qn3 dna Gn4



Under independence from irrelevant alternatives, the ratios of choice probabilities will be the
same if we remove the second alternative from the choice set,

/7 / /
dn1 _ dn1 _ qn3 _

7 — T13 7 = T4 7 = Tag-
qTL3 n4 qn4

Along with the summation constraint

G+ Q3+ g =1,

these ratios are enough to completely determine all of the choice probabilities for this new
choice subset.

Using the first two ratios, we can isolate the first choice probability,
Gn1 + Qs+ dpa =1

1 1
Gny + aq;zl + rqq/ﬂ =1

14
, 1 1
G (1+—+—] =1
13 Tia
, 1
91 =7, 1  1°
1+ 13 ™ T14
At this point, we can isolate the next choice probability,
U1+ dps + dpa =1
1
+q)5+
1+ % + % dpn3 24 dn3
13 14
=1
1 1
wo(i 1)1
T R

L1, 1
3 =71 T 1+~ +.L )
34 13 14

The final choice probability follows from the summation constraint,

Qo1+ Gns T qna =1

Gpa =1 —ap1 — a3

10



All of this is to say that, under independence from irrelevant alternatives, we can reconstruct
choice probabilities for any choice subset from the choice probabilities of the full choice set
without having to rederive from them the assumed probabilistic utility model. In practice, this
can facilitate the aggregation of inferences from observations that span many different choice
subsets.

2.1.2 Adding An Alternative To The Choice Set

Independence from irrelevant alternatives also constrains the choice probabilities when we add
new alternatives to the choice set. To completely determine the updated choice probabilities,
we just need to specify the ratios between the choice probability of the new alternative and
the existing J choice probabilities. While this might sound burdensome, it is a much less
demanding task then having to specify all

J+1 J+1)J
(3=t

possible ratios across the expanded choice set.

To illustrate this behavior, let’s consider an initial choice subset with two alternatives and the

choice probability ratio

n1
n — T12.
n2

Assuming independence from irrelevant alternatives, the choice probabilities after adding a
new, third alternative would satisfy the ratios

/7 / /

dn1 dn1 _ n2

7 — T2 7 — T3 7 — Ta3-
dy2 dn3 n3

Once we provide 7,53 and 793, we can derive all three choice probabilities using calculations
similar to those in the previous section.

Starting with the first alternative, we have
Gn1 + Qpo + dp3 =1

/ +1 / +1 -1
an1 r an1 r dn1 =

12 13
, 1
Gy |1+ —+— | =1
T2 Ti3
, 1
dn1 1_’_%_’_%
23 13

11



At this point, we can isolate the next choice probability,

Q;Ll +Q;12+Q;L3 =1

1 1
tdet g =1
P Ta3

1+ +
/ 1+L —1_;
In2 s ) 11 L4 T

T23 T13
T23 13

L 1
2= 10T 1+ L4+ L)
23 23 13

Lastly, we can use the summation constraint to derive the final choice probability,

Gyt Qo+ apz =1

q;3:1—Q;L1_q7/12
_q 1 1 1 1
I+ A+ A1+ 1+ 241 )
23 13 23 23 13

2.1.3 The Blue Bus/Red Bus Problem

While independence from irrelevant alternatives facilitates calculations involving the reduction
or expansion of choice subsets, it also implies behaviors that can be undesirable in some
applications.

Consider, for example, analyzing discrete choice data for two commuter alternatives — driving
a car versus taking a blue bus — with the choice probabilities

r 1

™M=y T igy

By construction, the ratio of these two choice probabilities is just

41 _

dn2

At this point, we introduce a third alternative: the same bus as before only with a shiny new
coat of red paint. If the aesthetics have negligible impact on commuter behavior, then the two
bus options in the expanded choice set should have the same probability,
T2
/
dn3

=1.

12



Moreover, the ratio of choice probabilities between driving a car and taking a new bus should
be the same as the ratio between driving a car and taking a blue bus,
dna _ 1

/

o o3

Assuming independence from irrelevant alternatives, the latter two ratios are completely de-
termined by the initial behavior,
/ 4
qnl _ qnl _

; =

An2 In3

The only choice probabilities that satisfy all three of these ratio constraints, while also still
summing to one, are

o _1 _1
Ty 2Ty DT Ty

dn1

Under independence from irrelevant alternatives, the introduction of an equivalent bus canni-
balizes demand not just from the existing bus option but also from the existing car option!

In some applications, this might be the desired behavior. For instance, this would be reasonable
if an additional bus reduced wait times or opened up more seats.

On the other hand, if the two buses offered the exact same commuter experience, then the new
bus would not offer car commuters anything new to entice them towards public transportation.
In this case, we would expect the introduction of an equivalent bus option to cannibalize from
only the existing bus option and not the existing car option, a behavior that is fundamentally
incompatible with independence from irrelevant alternatives.

Independence from irrelevant alternatives can also cause problems when we remove one alter-
native from an initial choice set. Consider, for example, an initial choice set consisting of the
driving, blue bus, and red bus commuting alternatives with the choice probabilities

o _ 1/2 _ 1/2
qnl_r+1 qm_r—l—l q"3_7“+2
and the ratios
1 _ o 1 _ o 2 g,
dn2 qn3 dn3

Under independence from irrelevant alternatives, removing the red bus option results in the
choice probabilities
27 1

e T

In order to maintain the ratio

/
dn1 _ dn1
=

An2 dn2

=27,

13



the probability for the red bus has to be reallocated to both of the remaining commuting
alternatives, with some red bus riders choosing to start driving instead of taking the blue
bus.

This might make sense if the removal of the red bus degrades the experience of taking the blue
bus, or if some commuters just really hate the color blue. If, on the other hand, the experience
of taking the blue bus is unchanged, then we would expect that red bus riders would all move
to the equivalent blue bus alternative. In this case, we would expect to see

q7/’1,2 = d4n2 + dn3 =

r+1
with ,
Gy =1—qpe = rr1
This implies the new choice probability ratio
/
bl _ g ol
) dn2

which violates independence from irrelevant alternatives!

Ultimately, discrete choice models that exhibit independence from irrelevant alternatives per-
form poorly when some alternatives are better substitutes for each other than other alternatives.
One way to avoid these awkward behaviors in practice is to exclude any alternatives that are
not sufficiently distinct from the other alternatives. Another is to consider models that don’t
necessarily exhibit independence from irrelevant alternatives.

2.2 Sensitivities and Elasticities
Another way to quantify substitution patterns is to examine the infinitesimal changes to the
choice probabilities that arise from infinitesimal changes to the probabilistic utility model.

To formalize this, we’ll need to consider a discrete choice model defined by a parametric utility
model configured with a real-valued variable z. This variable might, for example, represent
some unknown model configuration or some fixed, external covariate.

In this case, the probabilistic utility model is defined by an entire family of joint probability
density functions,

p(unlv sy Un g ‘ Z)?

or, equivalently, a family of joint cumulative distribution functions,
(s ey Uy | 2)-
These families then yield parametric choice probabilities,

41 (2); - Gy (2).

14



If this dependence is smooth, then we can quantify how much each choice probability varies
with infinitesimal changes to z with the partial derivatives

e (2).

Because they quantify how much each choice probability is influenced by changes in z, these
derivatives are also known as sensitivities.

One immediate complication with interpreting sensitivities, however, is that they are always
coupled together. Differentiating the summation constraint, for example, shows that the sen-
sitivities across all alternatives in a choice set must sum to zero,

J
D nj=1
=1

J
0 (< B,
7 (5m)=2()
J

3 ;Zj (2) = 0.

J=1

Q

As we saw in the previous section, ratios of two choice probabilities are often easier to interpret.
The influence of z on the ratio of any two choice probabilities is given by

nj 1 0q,; i 00y
a<qﬂ>_ qJ(z)_q2] q](z)
Qny 0z 0y 0z

0z qnj/

2 Qi Gy 02 zq,, 0z
z 8(]71]'/

14, 0q,,
Sy |2 Chniy) - )
2 Qny L n; 0z qny Oz

The normalized sensitivities that arise in this calculation are known as elasticities,

z 8qn]

Qnj 0z

€nj(z) -

One advantage of elasticities is that they are independent of the choice of units for z. Another
is that they identify invariances of both choice probabilities and ratios of choice probabilities
at the same time.

15



For instance, if z # 0 then a vanishing elasticity implies a vanishing sensitivity,

0= €nj(2)

_ % Oy
0= 4, 02 (2)
94,
=0 5, (2).

This, in turn, implies that the choice probability g, ; is unaffected by changes in z.

On the other hand, if z # 0 and two elasticities are the same, then the corresponding ratio of
choice probabilities is independent of z,

0=¢,;(2) —€,5(2)
1 Ay
0= ;qnj/ lenj(z) enj/(z)]
1 G, [ 2 04y, z 0qyy
0= = [mz_ wz}
2Gqny |40 0% (2) qny 0Oz (2)

0= 2 (an> )
(92: qn]/

In particular, we can use elasticities to identify discrete choice models that exhibit indepen-
dence from irrelevant alternatives. A discrete choice model will exhibit this property if and
only if the elasticities for all of the alternatives in the choice set are the same,

€nj(z) = an’(z>

for all possible values of z.

2.3 Special Cases and Extensions

Sensitivities and elasticities are so general that they can come across as too abstract. In many
fields, specific instances and combinations of these quantities are much more familiar.

Consider, for example, a model whose behavior depends on the price of the alternatives,

z2=(p1,-sDy)-

Price elasticities quantify how sensitive agent preferences are to changing prices.

16



The elasticity of the j;st alternative probability with respect to the j;st price, for instance, is
known as an own-price elasticity,
ph 8q”j1

—2(pyy ey Dy)-
q”j1 8])]-1

€nj, (plv s Dy) =

At the same time, the elasticity of the j;st alternative probability with respect to the j,st
price is denoted a cross-price elasticity,

Dj, 8qnj1 (

Dis-yDg)-
qnj1 8pj2

€njijs (P15 pg) =

In marketing, the diversion ratio (Conlon and Mortimer 2021) is the ratio of the sensitivities
for any two pairs of alternatives,

6an2 (
_ 5 (®)
Dnajlﬁb (Z> - qujl

Oz (Z>

The larger D is, the more increasing z will siphon choice probability from j; to j,. Diversion
ratios are especially useful when j, denotes an outside option.

2.4 Perfect Replacements

In some applications, the most relevant feature of a discrete choice model is how the behavior
of alternatives can change without affecting specific choice probabilities. In other words, we
might be interested in what hypothetical alternatives define perfect replacements for a
given alternative.

Consider, for example, a probabilistic utility model with not one but two configuration vari-
ables,

P(Upys e s Uy g | 215 22)
or, equivalently,
(tpygy s Up g | 215 22)-

The infinitesimal change in 2; needed to keep a choice probability g, ; constant under an
infinitesimal change in z, is determined by the total derivative

dz
dz,

along the surface implicitly defined by the constraint

(21, 72) = constant.

17



We can compute this constrained derivative by differentiating the constraint with respect to a
parameter t that coordinates motion along the constraint surface,

d d
a(qn](Zl (), 25(t))) = X (const)
Vny dzy | Oy dzy _

0z, dt 0zy dt
08y dzy _ Oy d2y

0z, dt B 0zy dt
dzl<d22)l__3qnj 0,,\ "
dt \ dt 0z \ Oz
% . 78(]“] aQnJ -
dzo 02y \ 02

For instance, if both partial derivatives are constant,

94, B
8721 =N
94, B
322 - 727
then so too is the total derivative,
dz . ;
dz, o8

In this case the utility model configurations

(Zlv 22)

and

M
result in exactly the same choice probability for the jth alternative, g, ;.

Intuitively, we can interpret these two model configurations as defining two distinct jth alter-
natives that are equivalent from the perspective of the given agent.

2.5 Learning Substitution Patterns

When a probabilistic utility model is configured by model configuration variables,

p(“’nl’ sy Un g ’ 9)
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or equivalently
(g, sty | 6),

different configurations of a parametric utility model will, in general, exhibit different substi-
tution patterns. This flexibility can be useful when we don’t know what substitution patterns
are appropriate in a given application.

To really leverage that flexibility, however, we need to infer the consistent behaviors of 6 from
observed data. We can then propagate inferred model configurations to corresponding choice
probabilities and, ultimately, substitution patterns.

Bayesian inference uses the observations

~

gl, s Ymr

to construct a posterior distribution for 6,

PO [ Grs e s Yng) < PGy o5 Ynr | 0) p(O)
M
X Categorica‘l(y'm | qn(m)1<9)? 7Qn(m)J<9)) p<0)

m=1

This posterior distribution for 6 can then be pushed forward to an induced posterior distribu-
tion for the choice probabilities,

p(inﬂ e lng ’ 371; 7@M)7

quantifying our uncertainty about agent behaviors.

At the point, we can use the inferred choice probabilities to study the range of substitution
patterns consistent with the observed data. In particular, we can propagate inferential un-
certainties into posterior distributions over sensitivities and elasticities, or even predictive
distributions for new or hypothetical choice subsets.

All of this said, inferring substitution patterns is not always straightforward in practice. For
instance, we learn nothing about substitution patterns from observations drawn from only a
single choice set. The only way to discriminate between different substitution patterns is to
consider observations that span multiple choice subsets. The more choice subsets we observe,
the more precisely we will be able to infer the underlying substitution patterns. Exactly how
many choice subsets we need to observe for inferences to be well-behaved, however, depends
on the flexibility of the specific discrete choice model we are using.

Bayesian inference is most powerful when we always propagate inferential uncertainties
through to any quantity of interest. Deriving quantities of interest from premature posterior
expectation values loses information and muddles more nuanced behaviors.
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Consider, for example, averaging over the consistent model configurations to construct poste-
rior expectations of the choice probabilities,

Elg,;] = /dqnjp(qm,..-,an | Grsees Uni) Q-

Because these expected choice probabilities define a valid simplex,

el =[5

= E[1
=1,

they can be used to define substitution patterns.

These substitution patterns, however, will in general be different from the substitution patterns
exhibited by any individual choice probability configuration. Even if every value of 6 results
in choice probabilities that exhibit independence from irrelevant alternatives, the posterior
expected choice probabilities typically will not.

The deviations between these behaviors will not always be substantial, but in practice we won’t
know how deviate they are without computing them both. To avoid any risk of inferential
misunderstanding, the safest and most robust use of Bayesian inference is to avoid premature
posterior expectation values entirely.

3 Independent Utility Models

The construction of a discrete choice model is greatly simplified if we assume that the utilities
for each alternative are independent of each other,

<

p(unh 7unJ) = Hp](un])

J=1

Beyond just independence, we might also assume that the individual utility models are also

identical,
J

p<un17 7unJ> = Hp(un])

j=1
With these restrictions, the joint model is completely determined by a single, univariate utility
model, with potentially varying configurations.
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Under these assumptions, the joint cumulative distribution function also simplifies into a
product of univariate cumulative distribution functions,

J
Tty ooyt y) = [ [ ()
Jj=1

The better behaved II(z) is under products, the easier IT(u
and then integrate, as we derive choice probabilities.

nis - > Upy) Will be to differentiate,

One way to motivate a useful component univariate utility model is to consider extremes. Let’s
say, for instance, that the utilities that ultimately drive agent choice are largely determined
by the best case behavior over a wide range of possibilities. In this case, the model for each
p(u,;) would be derived from the mazimum utility considered.

The behavior of the maximum of an ensemble of probabilistic behaviors is the subject of
extreme value theory in statistics (de Carvalho et al. 2026). One of the key insights from
extreme value theory is the Fisher-Tippett-Gnedenko extreme value theorem, which states
that over a sufficiently large ensemble only a few coherent extreme behaviors persist. All of
these asymptotic behaviors are quantified with a corresponding family of univariate probability
density functions.

Unfortunately, most of the models motivated by extreme value theory are so awkward that
we cannot derive choice probabilities in closed form; for some details see Appendix A.2. For-
tunately, there is one exceptional subset of extreme value theory models that do allow for
convenient analytic results: the Gumbel model.

3.1 The Independent Gumbel Model

One of the emergent behaviors given by the extreme value theorem is defined by the Gumbel
family of probability density functions over a real line,

1
Gumbel(z | p,0) = —exp (— —e o
o

x—p J*u>
> .

Each probability density function in the Gumbel family is unimodal, with the location pa-

rameter p roughly characterizing the location of the peak and the scale parameter o roughly

characterizing the width of the peak (Figure 1).

One nice feature of the Gumbel family is that the cumulative distribution functions are par-
ticularly well-behaved,

HGumbel(l‘ | K, U) = €xp <_6_z ;“) .

For a derivation of these cumulative distribution functions see Appendix A.1.
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Figure 1: Each probability density function in the Gumbel family is unimodal and skewed
towards larger values. The location of the peak and overall width vary across the
family.

If we model the utilities that an agent assigns to each alternative with independent Gumbel
models configured with separate location parameters and a common scale parameter,

0= (Mnl? ceos My gy Un)?

then the joint utility model becomes

J
p(“nl? ey Up g ’ 9) - H Gumbel(unj ’ :U'njva—n)'
j=1

[ will refer to each p,,; as the baseline utility for each alternative, although in some fields these
terms are referred to with other terms like systematic utilities and deterministic utilities.

3.1.1 Choice Probabilities

Under an independent Gumbel model, the joint cumulative distribution function simplifies
into an exponential of the sum of contributions from each alternative,

J
H(“nlv e Upg | 9) = HHGumbel(unj | [Lnj,dn),

J=1
J Unj Hnj
== Hexp —e on
J=1
J _UnjTHng
= exp — E (& on
i1
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Fortunately, all of the derivatives and integrals needed to derive the choice probabilities from
this model can be performed analytically. I will sequester the actual calculations to Appendix
A.1, referring here to only the results:

+o0o 81_[

@ (0) :/ du %(u, wul0)
A j

exp (%)

n

Z}]’:l CXp (Moi)

n

The larger o,, is, the more each p,,;/0, will shrink towards zero. This, in turn, pushes the
choice probabilities towards more uniform configurations. On the other hand, smaller values of
o,, amplify the baseline utilities, pushing the choice probabilities towards more heterogeneous
configurations.

3.1.2 Conditional Choice Probabilities

One nice feature of these choice probabilities is that they are especially straightforward to
decompose into conditional and marginal probabilities.

Consider a subset of K < J alternatives
c={j1,sJx}-
The marginal probability of choosing any of the alternatives in c is

ple) = g,

j”ec
/'l‘nj”)
exp (Lot
p U7L
J Hoy, 5/
j"ec ijzl eXp ( o, )
unj// )
— Zj”ec exp ( Tn

- J Ky’ .
D1 €XD (T )

n
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Similarly, the conditional probability of choosing a particular alternative from c is given by

P(jk)

p(c)

o qﬂjk
Zj” ec Inj”

exp (2) X e ()

T Y e (B) e ()
exp (‘;—)

— n

p‘nj” ) :
Zj”Ec oxp ( Tn

pUr | c) =

Conveniently, we can verify this decomposition with some quick algebra. For j, € c, we have

exp (‘;”-7)

n

7'=1 exp T,

__ o) Do (T)
Yjpeeexp (55) Ty exp ()

p(jlm C) =

=Py [ &) p(o).
Decomposing choice probabilities is particularly useful for modeling selection within a choice
set. While we can always model an outside option jointly with the other alternatives, for

example, we can also model it in two stages: a marginal choice between the inside options and
the outside option, followed by a conditional choice among the inside options.

3.1.3 Implementing Choice Probabilities

Conveniently, the choice probabilities in the independent Gumbel model can be readily calcu-
lated with the softmax function,

" e’1 e’

softmax(xq,...,x ;) =

o) = | T 5T
i'=1 J'=1

All we have to do is apply the softmax function to the scaled baseline utilities,

Hni  Hng ) !

I
Un Jn

<qn17 ;an> = softmax (
If we introduce an explicit variable for the direct inputs to the softmax function,

Hnj

an 9
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then we can write the choice probabilities in the even more compact form,

(Gnis - Qny) = softmax (v,1,...,V,7) -

The softmax function is also known as the _inverse multinomial logit, with the multinomial
logit of the choice probabilities being given by the scaled baseline utilities,

Upis - Vpy = multilogit (g,,1, -, ¢,7) -

Moreover, the “multinomial logit” is often shortened to “multilogit” and even just “logit”, not
to be confused with the less general, one-dimensional logit function

q
1—q

logit(g) = log

Because of this sequence of terminological jumps, the independent Gumbel discrete choice
model is often referred to as just the logit model. Personally I find this terminology confusing,
not only because of the sloppiness with the multilogit and logit function names, but also
because it focuses on a derived behavior and not the initial assumptions that we actually
make. I will stick with “independent Gumbel model”, but beware when comparing to the
conventional literature in some fields.

3.2 Redundancies of the Independent Gumbel Model

With the softmax function, the independent Gumbel discrete choice model is particularly
straightforward to implement in practice. At the same time, the structure of the softmax
function also provides insight into the inherit redundancies of this model.

3.2.1 Translation Redundancy

As I discuss in my general Taylor modeling chapter and die fairness case study, the softmax
function is not injective: many distinct inputs map to the same output. Specifically, any
translation of the inputs leaves the output unchanged.

From the discrete choice perspective, any translation of the scaled baseline utilities does not
affect the derived choice probabilities,

(Gn1s---+qpny) = softmax (v,,1, ..., v, )

= softmax (v,,; + o, ..., v, ; + ).

An immediate consequence of this redundancy is that, no matter how precisely we infer the
choice probabilities, we will only ever be able to learn the baseline utilities up to translations.
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This results in problematic likelihood functions that concentrate not around a point in the
model configuration space but rather entire planes.

In order to avoid these inferential degeneracies, we need to eliminate this redundancy from the
model. Specifically, we need some way of obstructing translations of the baseline utilities.

One particularly convenient way to accomplish this is to parameterize the model in terms of
relative baseline utilities,

6nj = :un] - Mnj/

for some distinguished alternative j°. The distinguished alternative is often referred to as a
reference or anchor alternative.

If 6,,; > 0, then the baseline utility of the jth alternative is larger than the baseline utility of
the distinguished j’th alternative, and vice versa. Critically, the relative baseline utility of the
distinguished alternative is fixed to zero,

5nj’ = ILLn]/ — ILLnj/ = 0,
eliminating a degree of freedom from the model.

Because of the translation invariance of the softmax function, we can always write the choice
probabilities directly in terms of these relative baseline utilities:

ey

@ 22%
o o

(@n1s -+ Gny) = softmax (

n n

= softmax ( — s —

On On

R A [ e L )

ot = Hnj Hag = Hay
:softmax( L L n])
O"n U’n
) )
= softmax ("1,...,”‘]) )
Jn U’n

We cannot freely translate these relative inputs, however, because 4, is fixed to zero.

More formally, fixing one of the inputs to zero makes the softmax function bijective, with each
configuration of the scaled, relative baseline utilities corresponding to a unique configuration
of the output choice probabilities.

3.2.2 Scale Redundancy

Although we have resolved the inherent redundancy of the softmax function, we are not quite
out of the woods yet. The inputs to the softmax function are themselves redundant.
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In an independent Gumbel model, the inputs to the softmax function are all ratios of baseline

utilities 1,,; and the agent scale o,,,
. :unj
nj — 0_7
n

Scaling the baseline utilities and the agent scale in the same way doesn’t change these ratios,

’
[ ’U'”J
/
On
Qo
oo,

Honj

With the inputs to the softmax function unchanged, the derived choice probabilities are the
same,

1 Lo g
/syl ;) = softmax | =, ..., 2
(qnl qn.]) (O-;z 0'7’1
= softmax (a'u”l s a'u”‘]>
ao, ao,
= softmax ('unl,...,'u”‘]>
O-TL Jn
= (n1s -+ Gns)-

In other words, inferences of the choice probabilities cannot distinguish y,,; from o,,.

If we’re considering only a single agent, then we can eliminate this scale redundancy by directly
parameterizing the model in terms of the scaled baseline utilities

When we want to analyze choice observations across multiple agents, however, we have to
account for the fact that o,, can vary from one agent to another.

In this case, we have to distinguish a particular reference agent, and hence a particular reference
agent scale, o,,,. We can then use this reference scale to define the scaled baseline utilities

C . Mnj
™ O'n/ ’
and relative scales,
O-TL
T, = .
g,/
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By construction, the relative scale of the reference agent is always fixed to one,

eliminating another degree of freedom from the model. If 7,, > 1, then the choice probabilities
for the nth agent,

(th T QnJ)v
will be more uniform than the choice probabilities for the reference agent. On the other hand,
if 7,, < 1 then the heterogeneity in the choice probabilities for the nth agent will be amplified
relative to the reference agent.

We can now write the choice probabilities for any particular agent as

Hn1 Bng
(qn1s - dny) = softmax (JT;, s U’;)
= softmax Fn1/ T fng /O
Un/gn/ T Un/O'n/
= softmax (C"l”CnJ>
Th Tn

Because the reference scale 7, is fixed to one, we cannot scale the relative scales 7,, to com-
pensate for changes in the scaled baseline utilities ¢, ;.

3.2.3 Resolving Both Redundancies Without Abusing Notation
To completely eliminate redundancies from the independent Gumbel discrete choice model we
need to incorporate both of these strategies at the same time.

Given a distinguished alternative j* and agent n’, we can parameterize the model in terms of

scaled, relative baseline utilities,
. :U’nj - Mnj/

and relative scales,

(o] '
With these model configuration variables, the choice probabilities are given by

w w
(Gnis - Qny) = softmax ("1, e ”‘])

Tn Tn

Which alternative and agent we distinguish does not affect the behavior or implementation of
the choice probabilities. It does, however, change the interpretation and inferential behavior
of the model configuration variables we use.
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Many presentations of discrete choice models, especially those that limit inferences to point
estimates, overload variable names and use f,,; and o,, to refer to both the absolute and relative
model configuration variables at the same time. Redundancies are managed by arbitrarily
fixing one p,,; to 0 and one o,, to 1, while ignoring any change in interpretation.

To avoid any ambiguity, and clarify the robust implementation of discrete choice models, I
will be pedantic as possible with my notation. In particular, I will use as many greek letters
as are needed to ensure that different transformations of the absolute model configurations
are always denoted with unique symbols. For the independent Gumbel model, T will largely
use the absolute variables u,,; and o, when discussing theoretical properties and the relative

variables w,,; and 7,, when discussing implementations.

3.2.4 Prior Modeling

The change in interpretation as we move from absolute model configuration variables to rela-
tive model configuration variables is especially important in Bayesian analyses, as it directly
impacts the prior model.

Because the absolute model configuration variables are defined up to only translations and
scalings, eliciting a principled prior model is awkward at best. On the other hand, the relative
model configuration variables correspond to explicit comparisons to the reference alternative
and agent, which is much easier to compare to available domain expertise.

Consider, for example, the anchor agent n’, an arbitrary alternative j, and the anchor alterna-
tive j/. The ratio of choice probabilities between the two alternatives is given by

@, 7 Wt 3"
§ : T
T / . [ n
qn/] B e 'n =1
- w w
G 1 7 n’ " n' '
n T T
J E P e "n’ e "n’
Wn/]
e '
- “Yn! il
e

or
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Consequently, any domain expertise about an alternative probability relative to the anchor

alternative immediately constrains the reasonable values of w,, ;,

e By <
(5 qn/j/
—logéélogM ~ +logéd
qn’j’
—logd & w,; = +logd.

We can enforce this constraint with a soft containment prior model that concentrates most,
but not all, of the prior probability within these constraints,

log §
0 2.32)

D (wn/j> = normal (wn/j

If we don’t have any domain expertise that distinguishes between the agents, then our prior
model for each agent’s preferences should be symmetric. In other words, the prior model for
the w,,/; immediately translates to the w,,;,

0 logé) .

D (an> ~ normal (wnj '3 39

Somewhat weak domain expertise might, for instance, allow for a full order of magnitude
proportional variation in the reference choice probabilities, § = 10. This would result in the
prior model

0,

log 10
2.32

~ normal(w,; | 0,1),

p(wy j) = normal (wn, j

which then translates to
p (w,;) ~ normal(w,; | 0,1).

A symmetric prior model for the relative, scaled baseline utilities does not imply symmetric
ratios of choice probabilities for all agents. That heterogeneity is moderated by the relative
agent scales. One, somewhat crude, way to characterize the potential heterogeneity is to
compare ratios of the logarithm of ratios of choice probabilities,

4
10 anJj

1 < ‘ gqnj’ c
~ q.
€ ‘log P
qn/j/

T

[
QA
QA

™
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This containment can then be implemented with, for example, a log normal prior model,

€
0 2.32) '

When in doubt about an elicited threshold €, we can always implement a prior check and
examine the induced behavior of the choice probabilities for any tension with the available
domain expertise.

p (7,,) = log-normal (Tn

3.3 Substitution Patterns of the Independent Gumbel Model

The analytic form of the independent Gumbel choice probabilities makes the implied substi-
tution patterns particularly straightforward to investigate.

Because the normalization that couples all of the choice probabilities together cancels exactly,
ratios of choice probabilities simplify substantially,

Pongy ) J (Nm‘/ )
qnj1 - eXp( o Zj’:l €xp o,
o J Ho, 57 (“’njz )
Gnj, Zj’:l exp (T ) exp (=22
exp (—Mg’“ )
exp (—“;”2 )

— exp (:U‘njl . lu’nj2> )

On, On,

Regardless of which two alternatives we consider, this ratio will only ever depend on the two
corresponding baseline utilities; the ratios are always independent of changes to any of the
other baseline utilities. Decreasing p,,; may increase both ¢,; and g, ; , but in exactly the
same proportion so that the ratio between them remains the same.

In other words, the independent Gumbel model exhibits independence from irrelevant alter-
natives, and all of the consequences of that property that we discussed in Section 2.1. This
makes the independent Gumbel model relatively exceptional, as most discrete choice models
do not exhibit these rigid substitution patterns.

We can also demonstrate independence from irrelevant alternatives using elasticities. The
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sensitivity of the j;th choice probability with respect to the js;th baseline utility is given by

p;, D [ eXp(%l) ]
> )

- J W, s
8Mnj3 8/’Lnj3 =1 €XP (—:j

1

= exp (M”h) —7, e
O'n (2;21 exp (

Nnjg

1 e () ew (%)
- J J J J

O Xy exp () 25 e ()
1
- _a Inj, Ing,-

The corresponding elasticity is then
Fingy Onj, _ Fnj, (_1q - )
qnjl 8lunj3 qnjl Op 191 s
/'Lnjs
- o njz*

n
Notice that this elasticity is the same for all alternatives j,!

Because the elasticities are all the same, differences in elasticities always cancel so that ratios
of choice probabilities are invariant,

9 q”j1 _ 1 qnjl _ Man ’unjs
o - Inj, + Inj,
ﬂnj3 qnj2 lUJnj3 an2 On On

_ L { 0 ]
Hinjy Injg

=0

for any distinct j;, jy, and j3. This is consistent with the invariance of ratios of choice
probabilities that we identified above from direct inspection.

3.4 Demonstration

Having worked through all of the theory, let’s now see how we can implement the independent
Gumbel model in a practical Bayesian analysis.
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3.4.1 Setup

As always, we begin by setting up our local R environment.

import matplotlib

import matplotlib.pyplot as plot
plot.rcParams['figure.figsize'] = [6, 4]
plot.rcParams['figure.dpi'] = 100
plot.rcParams['font.family'] = "Serif"
plot.rcParams['axes.spines.top'] = False
plot.rcParams['axes.spines.right'] = False

import math
import numpy

import stan
# Needed to run pystan through a jupyter kernel

import nest_asyncio
nest_asyncio.apply ()

import sys
sys.path.append('support')

import mcmc_analysis_tools_pystan3 as util
import mcmc_visualization_tools as putil

3.4.2 Basics

Let’s start with the basic implementation of the independent Gumbel model.

3.4.2.1 Simulate Data

First and foremost, we will need some data to fit. For this demonstration, we’ll simulate many
observations, each of which pair one of six agents with a fixed choice set of nine alternatives.

N =26
J=9
M = 1000
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Stan
Program 1 simu\_igl.stan

data {
int<lower=1> M; // Number of observations
int<lower=1> N; // Number of agents
int<lower=1> J; // Number of alternatives in choice set

}

generated quantities {
vector [J] mu; // Baseline utilities
array[N] real<lower=0> sigma; // Scales

array[M] int<lower=1, upper=N> agent; // Observed agent
array[M] int<lower=1, upper=J> choice; // Observed choice

// Sample true data generating process behavior
for (j in 1:J) mulj] = normal_rng(0, 1);
for (n in 1:N) sigmaln] = gamma_rng(31.0, 15.5);

// Simulate observations
for (m in 1:M) {
int n = categorical_rng(uniform_simplex(N));
agent[m] = n;
choice[m] = categorical_logit_rng(log_softmax(mu / sigmal[n]));
}
}

with open('stan_programs/simu_igl.stan', 'r') as file:
stan_program = file.read()
simu_model = stan.build(stan_program, random_seed=8438338 + 1,
data={'N': N, 'J': J, 'M': M})
simu = simu_model.fixed_param(num_chains=1, num_samples=1)

samples = util.extract_expectand_vals(simu)

Building...

agent = [ samples[f'agent[{m + 1}]'][0][0].astype(numpy.int64)
for m in range(M) ]

34



choice = [ samples[f'choice[{m + 1}]'][0] [0].astype(numpy.int64)
for m in range(M) ]

data = {'N': N, 'J': J, 'M': M,
'agent': agent, 'choice': choice}

mu_true = [ samples[f'mul[{j + 1}]'][0][0]
for j in range(J) ]
sigma_true = [ samples[f'sigmal[{n + 1}]'][0][0]
for n in range(N) ]

3.4.2.2 Explore Data

There are a few natural ways that we can summarize observations over this fixed choice set.
For example, we can aggregate all of the observed choices into a single histogram.

putil.plot_line_hist(plot.gca(), datal'choice'],
0.5, datal['J'] + 0.5, 1,
xlabel="Chosen Alternative")
plot.show()
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We can also stratify by agents, binning just the observed choices made one individual.

f, axarr =

for n in range(datal['N']):

n// 3
n% 3

nl
n2

putil.plot_line_hist(
axarr[nl, n2],
[ ¢ for ¢, a in

zip(datal['choice'], datal'agent'])

if a n+1

0.5, datal['J'] + 0.5, 1,
xlabel="Chosen Alternative",

title=f'Agent {n + 1}'

)

plot.show()
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3.4.2.3 Redundant Implementation

To draw inferences from these simulated observations, we need to implement an independent
Gumbel discrete choice model. As we discussed in Section 3.2, implementing this model with
the absolute baseline utilities and agent scales should lead to problems. Let’s see just how bad
these problems actually are.

For now, we’ll avoid the challenge of developing a principled prior model for the absolute
baseline utilities and agent scales. Instead, we’ll use a completely arbitrary prior model and
hope for the best.

with open('stan_programs/igl.stan', 'r') as file:

stan_program = file.read()
model = stan.build(stan_program, random_seed=8438338, data=data)
fit = model.sample(num_samples=1024, refresh=0)

Building...

Interestingly, Hamiltonian Monte Carlo doesn’t seem to have any trouble exploring the poste-
rior distribution over the absolute model configurations.

diagnostics = util.extract_hmc_diagnostics(fit)
util.check_all_hmc_diagnostics(diagnostics)

samples = util.extract_expectand_vals(fit)
base_samples = util.filter_expectands(samples,
['mu', 'sigma'l,
True)
util.check_all_expectand_diagnostics(base_samples)

All Hamiltonian Monte Carlo diagnostics are consistent with accurate
Markov chain Monte Carlo.

A1l expectands checked appear to be behaving well enough for reliable
Markov chain Monte Carlo estimation.

That said, the arbitrary prior model is doing a lot of work here to keep our inferences contained
to a finite neighborhood where the computational burden is more manageable. Ultimately, we
don’t actually learn much about each absolute baseline utility.
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plot.plot([ 232 * math.cos(x) for x in
numpy.linspace(0, 2 * math.pi, 250) ],
[ 232 * math.sin(x) for x in
numpy.linspace(0, 2 * math.pi, 250) 1],
color = putil.light)

plot.scatter(samples["mu[1]"], samples["mu[2]"],
color = putil.dark, s=5, alpha=0.8)

plot.gca() .set_xlabel ("mu[1]")
plot.gca() .set_x1im([-250, 250])
plot.gca() .set_ylabel("mu[2]")
plot.gca().set_ylim([-250, 250])

plot.show()
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Our inferences for the agent scales are also mostly informed by the arbitrary prior model.
plot.plot([ 257 * math.cos(x) for x in

numpy.linspace(0, 0.5 * math.pi, 100) 1],
[ 257 * math.sin(x) for x in
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numpy.linspace(0, 0.5 * math.pi, 100) 1,
color = putil.light)

plot.scatter(samples["sigma[2]"], samples["sigmal[3]"],
color = putil.dark, s=5, alpha=0.8)

plot.gca() .set_xlabel("sigma[2]")
plot.gca() .set_x1im([0, 350])
plot.gca() .set_ylabel("sigma[3]")
plot.gca() .set_ylim([0, 350])

plot.show()

350 +

300

250

0 50 100 150 200 250 300 350
sigmal2]

3.4.2.4 Non-Redundant Implementation

We should be able to do better by implementing the independent Gumbel model with scaled,
relative baseline utilities and relative agent scales. This, however, requires distinguishing a
reference alternative and anchor agent.

In theory the choice of anchors should not matter, but in practice the more we observe the
anchors, the more well-behaved our inferences for the relative model configurations will be.
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This, in turn, allows our posterior computation to be as efficient as possible.

Because the observations are relatively uniform across agents, let’s just anchor the first agent
for simplicity.

print('\n'.join([ '\t'.join([str(x) for x in line])
for line in
numpy .unique (datal['agent'],
return_counts=True)]))

1 2 3 4 5 6
167 161 169 169 159 175

The observed choices, however, are much more heterogeneous. Let’s anchor the alternative
that has been chosen the most often.

print('\n'.join([ '\t'.join([str(x) for x in line])
for line in
numpy .unique (datal'choice'],
return_counts=True)]))

data['anchor'] = 5

i 2 3 4 5 6 7 8 9
172 62 75 148 189 98 96 109 51

Now that we’re considering relative model configurations, prior modeling becomes much more
straightforward. Because we don’t have any actual domain expertise here, however, we’ll have
to use arbitrary prior containment thresholds,

log 100
D (an) = normal (wnj 0, 5 39 )
~ normal(w,,; | 0,2)
and
log 10
p (7,,) = log-normal (Tn 0, 5 32 >

~ log-normal(7,, | 0,1).

With all of this preparation, we are finally ready to implement our model. Note that we
directly model only the N - 1 unanchored scales and the J - 1 unanchored alternatives. The
add_anchor function inserts the missing zero back into the relative baseline utilities in the
appropriate position.
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with open('stan_programs/ig2.stan', 'r') as file:

stan_program = file.read()
model = stan.build(stan_program, random_seed=8438338, data=data)
fit = model.sample(num_samples=1024, refresh=0)

Building. ..

None of the diagnostics suggest inaccurate posterior quantification.

diagnostics = util.extract_hmc_diagnostics(fit)
util.check_all_hmc_diagnostics(diagnostics)

samples = util.extract_expectand_vals(fit)
base_samples = util.filter_expectands(samples,
['omega_free',
'tau_free'],
True)
util.check_all_expectand_diagnostics(base_samples)

All Hamiltonian Monte Carlo diagnostics are consistent with accurate
Markov chain Monte Carlo.

tau_free[2]:
Chain 1: Right tail hat{xi} (0.267) exceeds 0.25.

Large tail hat{xil}s suggest that the expectand might not be sufficiently
integrable.

Free of redundancies, the likelihood function for the relative model configurations strongly
informs our posterior inferences, even relative to the more informative prior model.

plot.plot([ 2 * 2.32 * math.cos(x) for x in
numpy . linspace(0, 2 * math.pi, 250) 1],
[ 2 * 2.32 * math.sin(x) for x in
numpy.linspace(0, 2 * math.pi, 250) ],
color = putil.light)
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plot.scatter(samples["omega[1]"], samples["omega[2]"],
color = putil.dark, s=5, alpha=0.8)

plot.gca() .set_xlabel("omegal[1l]")
plot.gca().set_x1im([-5, 5])
plot.gca() .set_ylabel("omega[2]")
plot.gca() .set_ylim([-5, 5])

plot.show()
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plot.plot([ math.exp(2.32 * math.cos(x)) for x in
numpy.linspace(0, 2 * math.pi, 250) ],
[ math.exp(2.32 * math.sin(x)) for x in
numpy.linspace(0, 2 * math.pi, 250) ],

color = putil.light)

plot.scatter(samples["tau[2]"], samples["tau[3]"],
color = putil.dark, s=5, alpha=0.8)

plot.gca().set_xlabel("tau[2]")
plot.gca() .set_x1lim([0, 11])
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plot.gca().set_ylabel("tau[3]")
plot.gca() .set_ylim([0, 11])

plot.show()

=

Because we're working with simulated data here, we know that the independent Gumbel model
adequately captures the relevant features of the true data generating process. In practice,
however, we would have to rely on posterior retrodictive checks to identify any inadequacies
in our modeling assumptions.

Conveniently, the histograms that we used to explore the data also make for productive visual

retrodictive checks. Here, for example, we don’t see any signs of model inadequacy.

putil.plot_hist_quantiles(plot.gca(), samples, 'choice_pred',
0.5, datal['J'] + 0.5, 1,
baseline values=datal'choice'],
xlabel='Chosen Alternative')

plot.show()
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f, axarr = plot.subplots(2, 3, layout="constrained")

for n in range(datal['N']):
obs = [ ¢ for ¢, a in zip(datal['choice'], datal['agent'])
if a==mn+ 1]

names = [ f'choice_pred[{m + 1}]'
for m, a in enumerate(datal'agent'])
if a==n + 1]
filtered_samples = util.filter_expectands(samples, names)

nl =n // 3
n2 =n % 3
putil.plot_hist_quantiles(
axarr[nl, n2], filtered_samples, 'choice_pred',
0.5, data['J'] + 0.5, 1,
baseline_values=obs,
xlabel='Chosen Alternative',
title=f'Agent {n + 1}'

plot.show()
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Having confirmed an adequate model, we can be confident that our posterior inferences are
faithfully quantifying the behavior of the underlying data generating process, including the
relative baseline utilities for each alternative and the relative scales for each agent.

omega_true = (mu_true - mu_truel[data['anchor'] - 1]) / sigma_true[0]

names = [ f'omegal[{j + 1}]' for j in range(datal['J']) 1]
putil.plot_disc_pushforward_quantiles(
plot.gca(), samples, names,
baseline_values=omega_true,
baseline_color=putil.mid_teal,
xlabel="Alternative",
xticklabels=[ j + 1 for j in range(datal['J']) ],
ylabel="Relative Baseline Utility"
)

plot.show()
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tau_true = sigma_true / sigma_true[0]

names = [ f'tau[{n + 1}]' for n in range(datal['N']) ]
putil.plot_disc_pushforward_quantiles(
plot.gca(), samples, names,
baseline_values=tau_true,
baseline_color=putil.mid_teal,
xlabel="Agent",
xticklabels=[ n + 1 for n in range(datal['N']) 1],
ylabel="Relative Scale"

plot.show()
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3.4.2.5 Aggregated Implementation

When agents choose from the same choice set multiple times, we end up querying each set of
choice probabilities repeatedly. Our previous model implementation ends up recalculating the
choice probabilities for each observation, unnecessarily wasting computation.

By aggregating observations for each agent-choice set pairing, we can collapse the repeated
categorical models into multinomial models. This allows us to compute the choice probabilities
only once, making the model much less expensive to evaluate.

choice_counts = numpy.array(
[ numpy.histogram([ ¢ for c, a in
zip(data['choice'], datal'agent'])
ifa==n+11],
bins=numpy.arange(0.5, data['J'] + 1, 1)) [0]
for n in range(datal['N']) ]

datal['choice_counts'] = choice_counts
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with open('stan_programs/ig3.stan', 'r') as file:

stan_program = file.read()
model = stan.build(stan_program, random_seed=8438338, data=data)
fit = model.sample(num_samples=1024, refresh=0)

Building. ..

The only diagnostic warnings that we see here are a few i warnings. These suggest heavy-
tailed posteriors, and some potentially ill-defined expectation values, but don’t cast any doubt
on the overall posterior quantification.

diagnostics = util.extract_hmc_diagnostics(fit)
util.check_all_hmc_diagnostics(diagnostics)

samples = util.extract_expectand_vals(fit)
base_samples = util.filter_expectands(samples,
['omega_free',
'tau_free'],
True)
util.check_all_expectand_diagnostics(base_samples)

All Hamiltonian Monte Carlo diagnostics are consistent with accurate
Markov chain Monte Carlo.

A1l expectands checked appear to be behaving well enough for reliable
Markov chain Monte Carlo estimation.

The posterior retrodictive checks behave identically to those we derived from ig2.stan. Note
that, because we are working with aggregate counts and not individual observations, we have
to visualize the histograms slightly differently here.

obs_counts = numpy.sum(datal'choice_counts'], axis=0)

names = [ f'agg choice_counts_pred[{j + 1}]'
for j in range(datal['J']) ]

putil.plot_disc_pushforward_quantiles(
plot.gca(), samples, names,
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baseline_values=obs_counts,
xlabel="Alternative",

xticklabels=[ j + 1 for j in range(datal['J']) 1],
ylabel="Choice Counts"

plot.show()
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f, axarr = plot.subplots(2, 3, layout="constrained")

for n in range(datal['N']):
obs_counts = datal'choice_counts'][n,:]

names = [ f'choice_counts_pred[{n + 1},{j + 1}]"'
for j in range(datal['J']) ]

nl =n // 3

n2 =n % 3

putil.plot_disc_pushforward_quantiles(
axarr[nl, n2], samples, names,
baseline_values=obs_counts,
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xlabel='Chosen Alternative',
ylabel='Choice Counts',
title=f'Agent {n + 1}'

)

plot.show()
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Similarly, posterior inferences for the relative model configurations are equivalent to those from
the unaggregated model.

names = [ f'omega[{j + 1}]' for j in range(datal['J']) 1]
putil.plot_disc_pushforward_quantiles(
plot.gca(), samples, names,
baseline_values=omega_true,
baseline_color=putil.mid_teal,
xlabel="Alternative",
xticklabels=[ j + 1 for j in range(datal['J']) 1],
ylabel="Relative Baseline Utility"
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plot.show()
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names = [ f'tau[{n + 1}]' for n in range(datal['N']) ]
putil.plot_disc_pushforward_quantiles(
plot.gca(), samples, names,
baseline_values=tau_true,
baseline_color=putil.mid_teal,
xlabel="Agent",
xticklabels=[ n + 1 for n in range(datal['N']) 1],
ylabel="Relative Scale"

plot.show()
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3.4.3 Independent Gumbel Substitution Patterns

Now that we’re comfortable with implementing an independent Gumbel model over a sin-
gle choice set, we can explore the substitution patterns it manifests across multiple choice

subsets.

3.4.3.1 Simulate Data

To infer substitution patterns, we need to consider observations across different choice subsets.
In practice, this requires defining a global choice set from all of the possible alternatives, and
then individual choice subsets from which we’ll simulate observations.

Let’s consider a choice set consisting of 10 alternatives, each of which are contiguously in-
dexed.

J = 10

We can then define choice subsets by the index of the included alternatives (Figure 2) Our first
choice subset here includes all but the eighth alternative. The second choice subset also removes
the fifth alternative, while the third choice subset adds back in both missing alternatives. In
other words, we can think of the second and third choice subsets as the result of removing and
adding an alternative from the first choice subset, respectively.
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subset_alts = \
[ [1, 2, 3, 4, 5, 6, 7, 9, 10], # Nominal
[1, 2, 3, 4, 6, 7, 9, 10], # Remove alternative 5
4, 5, 6, 7, 8, 9, 10] # Add alternative 8

b

S = len(subset_alts)

Choice Subset 1 Choice Subset 2 Choice Subset 3

Figure 2: To study substitutions patterns for the independent Gumbel model, we’ll consider
three choice subsets. The first choice subset contains nine of the ten possible alterna-
tives, and the second choice subset removes one more alternative. Lastly, the third
choice subset is given by including all ten of the possible alternatives.

Perhaps the most difficult task when implementing discrete choice models over multiple choice
subsets is keeping track of the indices. Within a single choice subset, we will need to index
the included alternatives contiguously. This, however, means that the local indexing will not
be the same as the global indexing of the full choice set!

Fortunately, the subset_alts arrays already map from local to global indexing. Even more,
it’s not too hard to convert this to an inverse map from global to local indexing.

alts = [ j + 1 for j in range(J) ]
to_subset_idx = [ [ subset_alt.index(j) + 1
if j in subset_alt else None

for j in alts ]
for subset_alt in subset_alts ]

The other awkward implementation issue concerns the encoding of subset_alts. Because
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each choice subset is a different size, subset_alts has the structure of a ragged array, and
ragged arrays cannot be implemented directly in the Stan modeling language.

One way to accommodate this ragged structure is to concatenate all of the choice subset
information into a single monolithic array (Figure 3). In order to retrieve the information for
a particular subset, we use the start and end indices to slice through the monolithic array and
retrieve the appropriate segment.

Array 2 Array 3

(a)

start[2] end

start|3] end[3

(b)

Figure 3: (a) Ragged arrays combine multiple one-dimensional arrays of different sizes. Unfor-
tunately, they are not immediately accommodated by the rectangular arrays in the
Stan modeling language. (b) That said, we can always implement a ragged array
by concatenated the individual component arrays together into one long array, and
keeping track of the indices where each component starts and ends. We can then
retrieve any component array by appropriately subsetting this concatenated array.

ST =0

alts = []
subset_start = []
subset_end = []

for s in range(S):
subset_start.append(SJ + 1)
SJ += len(subset_alts[s])
subset_end.append (SJ)

alts += subset_alts[s]

With the organization of the choice subsets handled, we can specify the remaining details.
Here, we’ll consider the same six agents that we did previously.
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To tease out any subtle substitution patterns, however, we’ll simulate many more choice ob-
servations.

M = 15000

Now we are finally ready to simulate some data. Note that the observed choices are defined
in terms of the local indexing within choice subset.

with open('stan_programs/simu_ig2.stan', 'r') as file:
stan_program = file.read()
simu_model = stan.build(stan_program, random_seed=8438338 + 1,
data={'N': N, 'J': J, 'M': M,

'S': S8, 'SJ': 8J,
'subset_start': subset_start,
'subset_end': subset_end,
'alts': alts})

simu = simu_model.fixed_param(num_chains=1, num_samples=1)

samples = util.extract_expectand_vals(simu)

Building. ..

mu_true = [ samples[f'mu[{j + 1}]'][0] [0]
for j in range(J) ]
sigma_true = [ samples[f'sigmal[{n + 1}]'][0] [0]
for n in range(N) ]

For maximum efficiency, we’ll use the aggregated model implementation. This requires calcu-
lating the observed counts for the alternatives within each choice subset.

agent = [ samples[f'agent[{m + 13}]'][0][0].astype(numpy.int64)
for m in range(M) ]

choice = [ samples[f'choice[{m + 1}]'][0] [0].astype(numpy.int64)
for m in range(M) ]

subset = [ samples[f'subset[{m + 1}]'][0] [0].astype (numpy.int64)
for m in range(M) ]

data = []
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for s in range(S):

JJ = subset_end[s] - subset_start[s] + 1

choice_counts = numpy.empty ([N, JJ])

for n in range(N):

choice_counts[n,:] = \
numpy.histogram([ ¢ for c, aa, ss in
zip(choice, agent, subset)
if aa ==n + 1 and ss ==s + 1 ],
bins=numpy.arange(0.5, JJ + 1, 1) )[0]

data.append({'N': N, 'J': JJ,
'choice_counts': choice_counts.astype(numpy.int64) })

3.4.3.2 Explore Data

In theory, we could aggregate all of the observed choices into a histogram with respect to
the global choice set alternatives. This crude aggregation, however, would also be difficult to
interpret. Because we are considering only a few choice subsets here, we can just as easily
examine separate histograms for each choice subset.

f, axarr = plot.subplots(3, 1, layout="constrained")

for s in range(S):
putil.plot_disc_vals(
axarr([s],
numpy . sum(data[s] ['choice_counts'], axis=0),
xlabel="Chosen Alternative (Local Indexing)",
xticklabels=[ j + 1 for j in range(datals]['J']) ],
title=f'Choice Subset {s + 1}'

plot.show()
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We could also stratify each of these choice subset histograms by the corresponding agent if
useful. If the number of choice subsets becomes unmanageable, we might also consider reducing
each histogram to one-dimensional summary statistics, such as empirical means and empirical
variances, or even empirical entropies, and then histogramming the summaries across all choice
subsets.

3.4.3.3 Individual Posterior Quantification
Let’s start by fitting the observations of each choice subset separately.

Theoretically, we can set different alternative anchors for each choice subset. Different anchors,
however, makes the resulting relative baseline utilities somewhat awkward to compare. To
make comparisons as straightforward as possible, we’ll anchor the same alternative in all three
choice subsets, so that the relative baseline utilities are all compatible. Any alternative that
appears in all three choice subsets is a potential candidate.

common_alts = set.intersection(

*map(set, [ alts[(subset_start[s] - 1):subset_end[s]]
for s in range(S) ])
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for alt in common_alts:
print (f'Alternative {alt}:')
for s in range(S):
local_idx = to_subset_idx[s][alt - 1] - 1
MM = int(sum(datal[s]['choice counts'][:, local idx]))
print(f' {MM} observations in choice subset {s + 1}')

Alternative 1:

801 observations in choice subset 1

1053 observations in choice subset 2

793 observations in choice subset 3
Alternative 2:

359 observations in choice subset 1

403 observations in choice subset 2

284 observations in choice subset 3
Alternative 3:

375 observations in choice subset 1

491 observations in choice subset 2

318 observations in choice subset 3
Alternative 4:

826 observations in choice subset 1

912 observations in choice subset 2

686 observations in choice subset 3
Alternative 6:

422 observations in choice subset 1

516 observations in choice subset 2

367 observations in choice subset 3
Alternative 7:

485 observations in choice subset 1

603 observations in choice subset 2

468 observations in choice subset 3
Alternative 9:

318 observations in choice subset 1

394 observations in choice subset 2

297 observations in choice subset 3
Alternative 10:

487 observations in choice subset 1

603 observations in choice subset 2

400 observations in choice subset 3

For this exercise, we’ll anchor the ninth alternative, which has the most observations among
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those that appear in all of the choice subsets.

anchor = 1

That said, we have to be careful to translate this global alternative index to the local indices
within each choice subset.

for s in range(S):
datal[s] ['anchor'] = to_subset_idx[s] [anchor - 1]

Now we can quantify separate posterior distributions for each of the data sets.
samples = [ None ] * S

for s in range(S):
with open('stan_programs/ig3.stan', 'r') as file:
stan_program = file.read()
model = stan.build(stan_program,
random_seed=8438338,
data=datals])
fit = model.sample(num_samples=1024, refresh=0)

print (f'Analyzing choice subset {s + 1}\n')
diagnostics = util.extract_hmc_diagnostics(fit)

util.check_all_hmc_diagnostics(diagnostics)

samples[s] = util.extract_expectand_vals(fit)
base_samples = util.filter_expectands(samples[s],
['omega_free',
'tau_free'],
True)
util.check_all_expectand_diagnostics(base_samples)

print('\n\n')

Building. ..
Analyzing choice subset 1

A1l Hamiltonian Monte Carlo diagnostics are consistent with accurate
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Markov chain Monte Carlo.

A1l expectands checked appear to be behaving well enough for reliable
Markov chain Monte Carlo estimation.

Building...
Analyzing choice subset 2

A1l Hamiltonian Monte Carlo diagnostics are consistent with accurate
Markov chain Monte Carlo.

All expectands checked appear to be behaving well enough for reliable
Markov chain Monte Carlo estimation.

Building...
Analyzing choice subset 3

All Hamiltonian Monte Carlo diagnostics are consistent with accurate
Markov chain Monte Carlo.

A1l expectands checked appear to be behaving well enough for reliable
Markov chain Monte Carlo estimation.

3.4.3.4 Inferential Comparisons

For demonstration purposes, let’s focus on the substitution patterns between the third and
tenth alternatives by studying how the corresponding choice probabilities vary across the three
choice subsets. Because the choice probabilities will vary across agents, we’ll also need to pick
a specific agent.

n
j1 =3
j2 = 10
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While log choice probabilities are more useful computationally, the untransformed choice prob-
abilities are a bit easier to interpret.

[ None ] * S
[ None ] * S

jl_probs
j2_probs

for s in range(S):
var_repl = {'x': f'log probs[{n},{to_subset_idx[s][j1 - 11}]'}

j1_probs([s] = \
util.eval_expectand_pushforward(samples[s],
lambda x: math.exp(x),
var_repl)

var_repl = {'x': f'log_probs[{n},{to_subset_idx[s][j2 - 11}]'}

j2_probs[s] = \
util.eval_expectand_pushforward(samples[s],
lambda x: math.exp(x),
var_repl)

The initial behavior is given by the choice probabilities g5 5 and g5 ; in the first choice subset.

B = 50
flim = [0.045, 0.145]

f, axarr = plot.subplots(2, 1, layout="constrained")

display_name = f'Probability of Alternative {j1}'

util.plot_expectand_pushforward(axarr[0], jl_probs[0], B,
flim=f1lim, ylim=[0, 110],
display_name=display_name,
color=putil.light)

axarr[0] .text(0.09, 75, 'Choice\nSubset 1', color=putil.light)

display_name = f'Probability of Alternative {j2}'

util.plot_expectand_pushforward(axarr[1], j2_probs[0], B,
flim=flim, ylim=[0, 120],
display_name=display_name,
color=putil.light)
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axarr[1] .text(0.11, 75, 'Choice\nSubset 1', color=putil.light)

plot.show()

0.06 0.08 0.10 0.12 0.14
Probability of Alternative 3

0.06 0.08 0.10 0.12 0.14
Probability of Alternative 10

Moving from the first to the second choice subset requires removing an alternative. The
probability initially allocated to that alternative has to be redistributed among the remaining
alternatives, increasing their choice probabilities. As expected, both g5 5 and g5 1 increase.

B = 50
flim = [0.045, 0.145]

f, axarr = plot.subplots(2, 1, layout="constrained")

display_name = f'Probability of Alternative {j1}'

util.plot_expectand_pushforward(axarr[0], jl_probs[0], B,
flim=flim, ylim=[0, 110],
display_name=display_name,
color=putil.light)
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axarr[0] .text(0.09, 75, 'Choice\nSubset 1', color=putil.light)

util.plot_expectand_pushforward(axarr[0], ji_probs[i], B,
flim=flim,
color=putil.mid,
border="#DDDDDD88" ,
add=True)

axarr[0] .text(0.115, 75, 'Choice\nSubset 2', color=putil.mid)

display_name = f'Probability of Alternative {j2}'

util.plot_expectand_pushforward(axarr[1], j2_probs[0], B,
flim=f1lim, ylim=[0, 120],
display_name=display_name,
color=putil.light)

axarr[1] .text(0.11, 75, 'Choice\nSubset 1', color=putil.light)

util.plot_expectand_pushforward(axarr[1], j2_probs[1], B,
flim=f1lim,
color=putil.mid,
border="#DDDDDD88" ,
add=True)

axarr([1] .text(0.135, 75, 'Choice\nSubset 2', color=putil.mid)

plot.show()
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At the same time, moving from the first to the third choice subset requires adding a new alter-
native. The probability allocated to this new alternative has to siphoned from the probability
allocated to the initial alternatives. Consequently, both g5 5 and g ,, decrease.

B = 50
flim = [0.045, 0.145]

f, axarr = plot.subplots(2, 1, layout="constrained")

display_name = f'Probability of Alternative {ji1}'

util.plot_expectand_pushforward(axarr[0], jl1_probs[0], B,
flim=flim, ylim=[0, 110],
display_name=display_name,
color=putil.light)

axarr[0] .text(0.09, 75, 'Choice\nSubset 1', color=putil.light)

util.plot_expectand_pushforward(axarr[0], jl1_probs[1], B,
flim=flim,
color=putil.mid,
border="#DDDDDD88" ,
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add=True)
axarr[0] .text(0.115, 75, 'Choice\nSubset 2', color=putil.mid)

util.plot_expectand_pushforward(axarr[0], jl1_probs[2], B,
flim=f1lim,
color=putil.dark,
border="#DDDDDD88" ,
add=True)

axarr[0] .text(0.055, 75, 'Choice\nSubset 3', color=putil.dark)

display_name = f'Probability of Alternative {j2}'

util.plot_expectand_pushforward(axarr([1], j2_probs[0], B,
flim=flim, ylim=[0, 120],
display_name=display_name,
color=putil.light)

axarr[1] .text(0.11, 75, 'Choice\nSubset 1', color=putil.light)

util.plot_expectand_pushforward(axarr[1], j2_probs[1], B,
flim=flim,
color=putil.mid,
border="#DDDDDD88",
add=True)

axarr[1] .text(0.135, 75, 'Choice\nSubset 2', color=putil.mid)

util.plot_expectand_pushforward(axarr[1], j2_probs[2], B,
flim=flim,
color=putil.dark,
border="#DDDDDD88" ,
add=True)

axarr[1] .text(0.07, 75, 'Choice\nSubset 3', color=putil.dark)

plot.show()
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Because the independent Gumbel model exhibits independence from irrelevant alternatives,
the ratios of choice probabilities should be consistent across all three choice subsets.

ratios = [ None ] * S
for s in range(S):

namel = f'log_probs[{n},{to_subset_idx[s][j1 - 1]1}]'
name2 = f'log_probs[{n},{to_subset_idx[s][j2 - 1]}]"'

ratios[s] = \
util.eval_expectand_pushforward(samples[s],
lambda x1, x2: math.exp(xl - x2),
{'x1': namel, 'x2': name2 })

Indeed, the posterior distributions for g5 3/q5 1o are consistent across all three of our choice
subsets here. Note that they are not exactly the same because each posterior distribution is
informed by a different set of observations.
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B = 30
flim = [0.55, 1.1]

display_name = (f' Probability of Alternative {j1}'
f'\n/ Probability of Altermative {j2}')
util.plot_expectand_pushforward(plot.gca(), ratios[0], B,
flim=flim, ylim=[0, 11],
display_name=display_name,
color=putil.light)
axarr[0] .text(0.09, 75, 'Choice\nSubset 1', color=putil.light)

util.plot_expectand_pushforward(plot.gca(), ratios[1], B,
flim=flim,
color=putil.mid,
border="#DDDDDD88",
add=True)

axarr[0] .text(0.115, 75, 'Choice\nSubset 2', color=putil.mid)

util.plot_expectand_pushforward(plot.gca(), ratios[2], B,
flim=flim,
color=putil.dark,
border="#DDDDDD88" ,
add=True)

axarr[0] .text(0.055, 75, 'Choice\nSubset 3', color=putil.dark)

plot.show()
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3.4.3.5 Joint Posterior Quantification

When our model captures the appropriate substitution patterns, we don’t have to limit our-
selves to fitting the observations from each choice subset separately. We can equally well
analyze all of the data at the same time using a single, joint discrete choice model.

To keep the organization consistent, I will store these choice counts using the same ragged
array pattern that I used for the choice subset alternatives.

choice_counts = numpy.empty ([N, SJ])

for s in range(S):
for n in range(N):
choice_counts[n, (subset_start[s] - 1):subset_end[s]] = \
data[s] ['choice_counts'] [n,:]

joint_data = { 'N': N, 'J': J,
's': S, 'SJ': 8J,
'subset_start': subset_start,
'subset_end': subset_end,
'alts': alts,
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'choice_counts': choice_counts.astype (numpy.int64),
'anchor': anchor }

One nice benefit of including multiple choice subsets at the same time is that making predic-
tions for the behavior in any choice subset is straightforward. To demonstrate, we’ll specifically
look at predictions for the fifth agent choosing from the full choice set.

joint_datal['n_pred'] B
joint_datal'J_pred'] = J
joint_datal['pred_alts'] = [ j + 1 for j in range(J) ]

Now we let Hamiltonian Monte Carlo go to work.

with open('stan_programs/ig_joint.stan', 'r') as file:
stan_program = file.read()
model = stan.build(stan_program,
random_seed=8438338,
data=joint_data)
fit = model.sample(num_samples=1024, refresh=0)

Building. ..

The diagnostics are clean, giving us confidence in the accuracy of our posterior quantification.

diagnostics = util.extract_hmc_diagnostics(fit)
util.check_all_hmc_diagnostics(diagnostics)

joint_samples = util.extract_expectand_vals(fit)
base_samples = util.filter_expectands(joint_samples,
['omega_free',
'tau_free'],
True)
util.check_all_expectand_diagnostics(base_samples)

A1l Hamiltonian Monte Carlo diagnostics are consistent with accurate
Markov chain Monte Carlo.

A1l expectands checked appear to be behaving well enough for reliable
Markov chain Monte Carlo estimation.
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There is no appreciable retrodictive tension in any of the choice subsets.
f, axarr = plot.subplots(3, 1, layout="constrained")

for s in range(S):
idxs = range(subset_start[0], subset_end[0])
agg_choice_counts_obs = \
numpy .sum(joint_datal['choice_counts'][:,idxs], axis=0)

names = [ f'agg choice_counts_pred[{j + 1}]'
for j in idxs ]
putil.plot_disc_pushforward_quantiles(
axarr[s], joint_samples, names,
baseline_values=agg_choice_counts_obs,
xlabel="Chosen Alternative (Local Indexing)",
xticklabels=[ j + 1 for j in range(len(idxs)) 1,
ylabel='Choice Counts',
title=f'Choice Subset {s + 1}'

plot.show()
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Posterior inferences of the relative baseline utilities drawn from the joint model are consistent
with posterior inferences drawn from each of the individual models. By leveraging all of the
data at the same time, however, the joint inferences enjoy smaller uncertainties.

B = 50
flim = [-1.4, -0.3]

f, axarr = plot.subplots(2, 1, layout="constrained")
display_name = f'omegal[{j1}]"'

name = f'omega[{to_subset_idx[0][j1 - 1]}]'

util.plot_expectand_pushforward(axarr[0], samples[0] [name], B,
flim=flim, ylim=[0, 10],
display_name=display_name,
color=putil.light)

name = f'omegal[{to_subset_idx[1][j1 - 1]1}]'

util.plot_expectand_pushforward(axarr[0], samples[1][name], B,
flim=flim,
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color=putil.light,
border="#DDDDDD88"
add=True)

name = f'omegal[{to_subset_idx[2][j1 - 1]1}]'

util.plot_expectand_pushforward(axarr[0], samples[2] [name], B,

name = f'omegal[{j1}]"'

util.plot_expectand_pushforward(axarr[0], joint_samples[name],

display_name = f'omegal[{j2}]"'

flim=flim,
color=putil.light,
border="#DDDDDD88",
add=True)

flim=£flim,
color=putil.dark,
border="#DDDDDD88",
add=True)

name = f'omega[{to_subset_idx[0][j2 - 1]1}]"'

util.plot_expectand_pushforward(axarr[1], samples[O] [name], B,

flim=f1lim, ylim=[0, 10],
display_name=display_name,
color=putil.light)

name = f'omegal[{to_subset_idx[1][j2 - 1]1}]'

util.plot_expectand_pushforward(axarr[1], samples[1] [name], B,

flim=flim,
color=putil.light,
border="#DDDDDD88" ,
add=True)

name = f'omegal[{to_subset_idx[2][j2 - 1]1}]'

util.plot_expectand_pushforward(axarr[1], samples[2] [name], B,

name = f'omegal[{j2}]"

flim=flim,
color=putil.light,
border="#DDDDDD33" ,
add=True)

util.plot_expectand_pushforward(axarr[1], joint_samples[name], B,
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flim=f1lim,
color=putil.dark,
border="#DDDDDD88" ,

add=True)
plot.show()
-1.4 -1.2 -1.0 -0.8 —-0.6 -0.4
omegal3]
-1.4 -1.2 -1.0 -0.8 —-0.6 -0.4
omegal10]

We can use these more precise inferences to make predictions that generalize to any choice
subset.

names = [ f'log_prob_pred[{j}]"
for j in joint_datal['pred_alts'] ]

putil.plot_disc_pushforward_quantiles(
plot.gca(), joint_samples, names,
xlabel="Alternative",
xticklabels=joint_datal['pred_alts'],
ylabel='Log Choice Probability',
title=f'Agent {joint_datal['n_pred']l}'
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plot.show()
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4 Conclusion

Discrete choice modeling is a general technique for analyzing decisions made by individual
agents. In this chapter, we have laid a strong foundation, reviewing the basic construction of
these models and investigating the details of independent Gumbel models. This initial inves-
tigation, however, scratches only the surface of the possible applications of this technique.

The next three chapters diver further into discrete choice modeling. Next, Part II presents
a few probabilistic utility models that couple the utilities together, allowing for richer sub-
stitution patterns. Then, Part III considers a general technique for elaborating an initial
probabilistic utility model, and its implied substitution patterns. Finally, Part IV discusses
techniques that don’t model baseline utilities directly, but rather derive them from functional
models.
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Appendix: Onerous Calculations

To keep the main text from being overwhelmed by mathematical derivations, I have sequestered
the more onerous calculations into this appendix. For those who trust my work, these calcu-
lations can be skipped entirely. For those interested in how the results can be derived, read
on.

A.1 Independent Gumbel Model Calculations

Recall that the Gumbel family of probability density functions is given by

]. - T
Gumbel(z | p,0) = —exp <—u —e s ) ,
o o

where x is supported over the entire real line.

The corresponding cumulative distribution functions are given by relatively straightforward
integrals. By definition, we have

/

x 1 _ o
HGumbel(x|N70'):/ dz’ — exp (—m 'Ul—67 n'#) ,
g

—o00

o
r ,1 7.7:/—;1 7.7:/—;1.
= de’'—e” & exp|—e & |.

oo g

At this point, we can make the substitution

/7

2= g(a) = —e

with

dz=dz’ —e 5"

o

and

P(—00) = —o0

Blr) = e

This gives

x
1 /- z/—
rIGumbel(m ’ My U) = / da’ g e e exp <—€7 crH)
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The independent Gumbel model is then given by the probabilistic utility model

J
P(Upqyeee s Upy) = HGumbel(unj | ,unj,gn),

Jj=1
or, equivalently,
H(unh HHGumbel< n] | :U’n]7 )7
Jj=1
J _ Upj—Hnj
~[Texo(—e =)
7=1
J _Unj—Hnj
=exp | — E e on
j=1

Conveniently, it’s not too hard to calculate the partial derivative of this joint cumulative
distribution function with respect to any one utility,

oIl
W(unl,...,unJ) exp( Ze o )

nj /=1

J o Yng! Hng’ _UnjHnj 1
7= g

n

Evaluating each argument on the same component utility and then isolating the corresponding
terms as much as possible gives

oIl T tng iy _¥nj=bnj 1
a—(unj,...,um = exp g e on e o —
unj /=1 On
J _ Unj g’ Unpj Hnj 1
= eXp — e n € %n e on @ %n
J/:l Un
Hnj 1 _Ung _Ung J “nj/
= €en —€ “n eXp | —€ n E € n
n i’=1
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Finally, the choice probabilities are given by integrating this differential object,

n
oo Hon 4 1 _Ynj _Ungj J H nj’
= du,jeon —e on exp [ —e on e °on
— 00 n j/:1
Eng oo _Ynjg _Ynj
=en du,,; —e “on exp (—e Tn C’) ,
o n
where
J Ko st
C = E e on
i=1

with
dz = C'du,,; — exp (—n])
n n
and
$(—00) = —00
¢(+00) = 0.
This gives
Y _tng _ung
qpj =€ °n du,,; —e “on exp <—e on C’)
— 00 n
0
Hnj 1
=e°n — dz exp (2
c). xp (2)
#nj 1
=en —|exp(0) —exp(—o0)
C
Hng 1
= e on —
Pnj
en

which is exactly the softmax function applied to the scaled baseline utilities,

ey

On On,

(qn17 anj) = softmax (Mnl’ . Mnj) .
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A.2 Independent Generalized Extreme Value Model Calculations

The Gumbel family of probability density functions is just one extreme value model. A natural
question to consider is whether or not there are other extreme value models from which we
can derive choice probabilities in closed form.

We can answer this question by considering the generalized extreme value family, which
includes not only the Gumbel family but also all other extreme value families as special cases.
This comprehensive family is defined by the probability density functions

GEV(z | p,0,€) = %t(x)fﬂ exp (—t(z)),

where

D =
" {exp<—w>, P

Note the Gumbel family is given by fixing £ = 0.

Unlike the Gumbel model, the generalized extreme value model is not generally supported over
the entire real line. If £ > 0, then the generalized extreme value model is well-defined for only

the range
)
=5, T00,
3

while for £ < 0 is it well-defined for only the range

(-]

Only when & = 0, in particular when the generalized model reduces to a Gumbel model, does
the support extend out to the entire real line (—oo0, +00).

Despite this added complexity, the generalized extreme value model still benefits from a
straightforward cumulative distribution function. We just need to take advantage of the sub-
stitution

1
3

2= —t()=— (1+¢—F)
with

1

dz:dx/lé <1+£x—,u>—§—

o o

:dx/é (1-1—5

€Xr — M)_é (1+5)

1
= da’ — t(x)"t
2~ t(a)
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Being a little sloppy with the bounds, which again change with &, we have

Moy (x [ 1,.6) = [ e’ L1 exp ()

= / dz exp (2)

= exp (—t(2)) -

An independent generalized extreme value model for alternative utilities is then given by

J
p(unh ?unJ) = HGEV(unJ | Mnj’arwé.)
j=1

or, equivalently,

II(u

nly >

HGEV Ui | s T €)

To derive choice probabilities, we first have to compute

o1l 0 I (g — By
teiell - _ T L L
ou j(unb 7unJ) ou ; exp ( Z ( o
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At this point, we start to see the problems with generalizing beyond the Gumbel model. When
we evaluate this partial derivative on a particular utility,

oIl J — Ly U — i\ 1
_ n ¢ nj nj 1
oy = (3 (P2 o () L

n
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we can no longer isolate the w,, ; terms. In particular, unless £ = 0 there is no way to factor
out w,,; in

=

J J -

Uy — Mpj Upj — Hpnj
E:t nj J :E: 1 J J
j/:l ( Uﬂ ) ( +€ g

/=1 n

In other words, the Gumbel model is exceptionally amenable to analytic calculations among all
generalized extreme value models. Because of these issues, other one-dimensional generalized
extreme value models are rarely considered for discrete choice models.
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Stan
Program 2 igl.stan

data {
int<lower=1> M; // Number of observations
int<lower=1> N; // Number of agents
int<lower=1> J; // Number of alternatives in choice set

// Individual observations
array[M] int<lower=1, upper=N> agent;
array[M] int<lower=1, upper=J> choice;

}

parameters {
vector [J] mu; // Baseline utilities
array[N] real<lower=0> sigma; // Scales

}

transformed parameters {
// Alternative log probabilities
array[N] vector[J] log_probs;
for (n in 1:N)
log_probs[n] = log_softmax(mu / sigmaln]);

model {
// Prior model
target += normal_lpdf(mu | O, 100);
target += normal_lpdf(sigma | 0, 100);

// Observational model
for (m in 1:M) {
int n = agent[m];
target += log_probs[n] [choice[m]];
}
}

generated quantities {
array[M] int<lower=1, upper=J> choice_pred;

for (m in 1:M) {
int n = agent[m];
choice_pred[m] = categorical_logit_rng(log_probs[n]);
}
}
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Stan
Program 3 ig2.stan

functions {
// Insert a zero into x_free at index anchor
vector add_anchor(vector x_free, int anchor) {
int J = size(x_free) + 1;
if (anchor == 1)
return append_row(0, x_free);

else if (anchor == J)
return append_row(x_free, 0);
else

return append_row(x_free[1: (anchor - 1)],
append_row(0, x_freel[anchor:(J - 1)1));

data {
int<lower=1> M; // Number of observations
int<lower=1> N; // Number of agents
int<lower=1> J; // Number of alternatives in choice set

// Individual observations
array[M] int<lower=1, upper=N> agent;
array[M] int<lower=1, upper=J> choice;

// Anchoring configuration
int<lower=1, upper=J> anchor;

parameters {
// Relative baseline utilities for non-anchor alternatives
vector[J - 1] omega_free;

// Relative scales for non-anchor agents
array[N - 1] real<lower=0> tau_free;

}

transformed parameters {
// Relative baseline utilities for all alternatives
vector [J] omega = add_anchor(omega_free, anchor);

// Relative scales for all agents
array[N] real<lower=0> tau = append_array({1}, tau_free);

// Alternative log probabilities
array[N] vector[J] log_probs;
for (n in 1:N)

log_probs[n] = log_softmax(omega / tauln]);
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Stan
Program 4 ig3.stan

functions {
// Insert a zero into x_free at index anchor
vector add_anchor(vector x_free, int anchor) {
int J = size(x_free) + 1;
if (anchor == 1)
return append_row(0, x_free);

else if (anchor == J)
return append_row(x_free, 0);
else

return append_row(x_free[1: (anchor - 1)],
append_row(0, x_freel[anchor:(J - 1)1));

data {
int<lower=1> N; // Number of agents
int<lower=1> J; // Number of alternatives in choice set

// Aggregated observations
array [N, J] int<lower=0> choice_counts;

// Anchoring configuration
int<lower=1, upper=J> anchor;

parameters {
// Relative baseline utilities for non-anchor alternatives
vector[J - 1] omega_free;

// Relative scales for non-anchor agents
array[N - 1] real<lower=0> tau_free;

3

transformed parameters {
// Relative baseline utilities for all alternatives
vector[J] omega = add_anchor(omega_free, anchor);

// Relative scales for all agents
array[N] real<lower=0> tau = append_array({1}, tau_free);

// Alternative log probabilities
array[N] vector[J] log_probs;
for (n in 1:N)
log_probs[n] = log_softmax(omega /8%au[n]);

model {
// Prior model
target += normal_lpdf (omega_free | 0, 2);
target += lognormal_lpdf (tau_free | 0, 1);



Stan
Program 5 simu\_ig2.stan

data {
int<lower=1> M; // Number of observations
int<lower=1> N; // Number of agents
int<lower=1> J; // Number of alternatives in choice set

// Choice subset configurations
int<lower=1> S;

int<lower=1> SJ;

array[S] int<lower=1, upper=SJ> subset_start;
array[S] int<lower=1, upper=SJ> subset_end;
array[SJ] int<lower=1, upper=J> alts;

generated quantities {
vector[J] mu; // Baseline utilities
array[N] real<lower=0> sigma; // Scales

array[M] int<lower=1, upper=S> subset; // Observed choice subset
array[M] int<lower=1, upper=N> agent; // Observed agent
array[M] int<lower=1, upper=J> choice; // Observed choice

// Sample true data generating process behavior
for (j in 1:J) mul[j] = normal_rng(0, 1);
for (n in 1:N) sigma[n] = gamma_rng(31.0, 15.5);

// Simulate observations

for (m in 1:M) {
int n = categorical_rng(uniform_simplex(N));
int s = categorical_rng(uniform_simplex(S));

int JJ = subset_end[s] - subset_start[s] + 1;
array[JJ] int subset_alts
= alts[subset start[s]:subset _end[s]];

vector[JJ] subset_log_probs
= log_softmax(mul[subset_alts] / sigmal[n]);

agent[m] = n;
subset [m] = s;
choice[m] = categorical_logit_rng(subset_log_probs);
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Stan
Program 6 ig\_joint.stan

functions {
// Insert a zero into x_free at index anchor
vector add_anchor(vector x_free, int anchor) {
int J = size(x_free) + 1;
if (anchor == 1)
return append_row(0, x_free);

else if (anchor == J)
return append_row(x_free, 0);
else

return append_row(x_free[1: (anchor - 1)],
append_row(0, x_freel[anchor:(J - 1)1));

data {
int<lower=1> N; // Number of agents
int<lower=1> J; // Number of alternatives in choice set

// Choice subset configurations
int<lower=1> S;

int<lower=1> SJ;

array[S] int<lower=1, upper=SJ> subset_start;
array[S] int<lower=1, upper=SJ> subset_end;
array[SJ] int<lower=1, upper=J> alts;

// Aggregated observations
array [N, SJ] int<lower=0> choice_counts;

// Anchoring configuration
int<lower=1, upper=J> anchor;

// Prediction configuration
int<lower=1, upper=N> n_pred;

int<lower=1> J_pred;
array[J_pred] int<lower=1, upper=J> pred_alts;

parameters {
// Relative baseline utilities for non-anchor alternatives
vector[J - 1] omega_free;

// Relative scales for non-anchor ag%%ts
array [N - 1] real<lower=0> tau_free;

}

transformed parameters {
// Relative baseline utilities for all alternatives
vector [J] omega = add_anchor(omega_free, anchor);
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