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In the previous chapter, we learned how to use conditional probability theory to decompose
probability distributions across partitions, with a particular focus on partitions implicitly
defined by the level sets of a function. This construction of conditional probability distributions
was relatively straightforward, if a bit abstract.

In applied practice, however, we typically work with not probability distributions but rather
their probability density function representations. Unfortunately, rigorously constructing con-
ditional probability density functions requires additional care. To do so properly, we will need
all of the measure theory tools that we have developed to this point, and a few more that I
will introduce below. Buckle up, and make sure that you are aware of your nearest emergency
exit.

1 The Utility Of Integral Notation

Before diving into conditional probability density functions, let’s take a second to ponder
notation.

Recall that partially evaluating a regular conditional probability kernel on any 𝑦 ∈ 𝑌 yields a
conditional probability distribution,

𝜋𝑓
𝑦 ∶ 𝒳 → [0, 1]

x ↦ 𝜋𝑓(x ∣ 𝑦),

that completely concentrates on the corresponding level set 𝑓−1(𝑦). When paired with an
integrand 𝑔 ∶ 𝑋 → ℝ, the collection of all conditional probability distributions then defines a
conditional expectation function,

𝑒𝑔 ∶ 𝑌 → ℝ
𝑦 ↦ 𝔼𝜋𝑓

𝑦
[𝑔].
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The law of total expectation states that the pushforward expectation of this conditional expec-
tation function is always equal to the expectation value with respect to the initial probability
distribution,

𝔼𝜋[𝑔] = 𝔼𝑓∗𝜋[𝑒𝑔] .

This statement of the law of total expectation is certainly compact, but it can be also be hard
to read. In particular, nothing in the final equation denotes the spaces associated with each
object.

There are many ways that we might try to make the law of total expectation more explicit. For
instance, we could move away from the standard expectation notation and introduce arguments
to the expectands,

𝔼𝜋[𝑔] = 𝔼𝑓∗𝜋[𝑒𝑔(𝑦)] = 𝔼𝑓∗𝜋[𝔼𝜋𝑓
𝑦
[𝑔(𝑥)]] .

That said, the resulting notation is relatively dense and can be even harder to parse than the
initial equation.

One way around these potential frustrations is to use the integral notation for expectation
values that we first discussed in Chapter 5, Section 2.4. This notation uses variables to
explicitly specify the spaces on which all of the probability distributions and functions are
defined, but allows enough space for the equations to be more readable.

If we interpret each conditional probability distribution 𝜋𝑓
𝑦 as a probability distribution defined

over the entirely of the ambient space 𝑋, then the conditional expectation function can be
written as

𝑒𝑔(𝑦) = 𝔼𝜋𝑓
𝑦
[𝑔]

= ∫ 𝜋𝑓(d𝑥 ∣ 𝑦) 𝑔(𝑥).

In this case the law of total expectation nests measure-informed integrals over the entire
ambient space within a measure-informed integral over the output space,

𝔼𝜋[𝑔] = 𝔼𝑓∗𝜋[𝑒𝑔]

∫ 𝜋(d𝑥) 𝑔(𝑥) = ∫ 𝑓∗𝜋(d𝑦) 𝑒𝑔(𝑦)

∫ 𝜋(d𝑥) 𝑔(𝑥) = ∫ 𝑓∗𝜋(d𝑦) ∫ 𝜋𝑓
𝑦(d𝑥) 𝑔(𝑥)

∫ 𝜋(d𝑥) 𝑔(𝑥) = ∫ 𝑓∗𝜋(d𝑦) ∫ 𝜋𝑓(d𝑥 ∣ 𝑦) 𝑔(𝑥).

The integral notation gives each term more room to breath, and there’s no ambiguity regarding
on which space each object is defined.

We can also use the integral notation when we interpret each conditional probability distribu-
tion 𝜋𝑓

𝑦 as a probability distribution defined over only the corresponding level set 𝑓−1(𝑦) ⊂ 𝑋.
That said, this requires variables that take values in only a given level set.
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To that end, we can introduce a conditional variable 𝑥𝑦 that takes values in the level set
corresponding to the output point 𝑦 ∈ 𝑌 ,

𝑥𝑦 ∈ 𝑓−1(𝑦) ⊂ 𝑋.

The inclusion map takes points in a given level set to points in the ambient space, allowing
us to reconstruct 𝑥 from 𝑥𝑦 and 𝑦,

𝜄𝑦 ∶ 𝑓−1(𝑦) → 𝑋
𝑥𝑦 ↦ 𝑥 .

Using conditional variables, we can write the conditional expectation function as

𝑒𝑔(𝑦) = 𝔼𝜋𝑓
𝑦
[𝑔]

= ∫ 𝜋𝑓
𝑦(d𝑥𝑦) 𝑔(𝜄𝑦(𝑥𝑦))

= ∫ 𝜋𝑓(d𝑥𝑦 ∣ 𝑦) 𝑔(𝜄𝑦(𝑥𝑦)).

The law of total expectation then becomes

𝔼𝜋[𝑔] = 𝔼𝑓∗𝜋[𝑒𝑔]

∫ 𝜋(d𝑥) 𝑔(𝑥) = ∫ 𝑓∗𝜋(d𝑦) 𝑒𝑔(𝑦)

∫ 𝜋(d𝑥) 𝑔(𝑥) = ∫ 𝑓∗𝜋(d𝑦) ∫ 𝜋𝑓(d𝑥𝑦 ∣ 𝑦) 𝑔(𝜄𝑦(𝑥𝑦)).

To be clear, conditional variables are by no means universal. Indeed, there are various con-
ventions for specifying measure-informed integrals over individual level sets that one might
encounter. Some references, for example, overload the variable names but decorate the inte-
gral sign with the relevant spaces,

∫
𝑋

𝜋(d𝑥) 𝑔(𝑥) = ∫
𝑌

𝑓∗𝜋(d𝑦) ∫
𝑓−1(𝑦)

𝜋𝑓(d𝑥 ∣ 𝑦) 𝑔(𝑥).

Others use 𝛿-functions to communicate the domain of integration, for instance

∫ 𝜋(d𝑥) 𝑔(𝑥) = ∫ 𝑓∗𝜋(d𝑦) ∫ 𝜋𝑓(d𝑥 ∣ 𝑦) 𝛿(𝑦 − 𝑓(𝑥)) 𝑔(𝑥)

or
∫ 𝜋(d𝑥) 𝑔(𝑥) = ∫ 𝑓∗𝜋(d𝑦) ∫ 𝜋𝑓(d𝑥 ∣ 𝑦) 𝛿(𝑓−1(𝑦)) 𝑔(𝑥),

In this book, I will favor the conditional variable notation, as I find that it offers the best
compromise between compactness and explicitness.
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Finally, the integral relationships implied by the law of total expectation are often simplified
to relationships between the integrands. For example, the equation

∫ 𝜋(d𝑥) 𝑔(𝑥) = ∫ 𝑓∗𝜋(d𝑦) ∫ 𝜋𝑓(d𝑥 ∣ 𝑦) 𝑔(𝑥)

can be represented by
𝜋(d𝑥) 𝜋= 𝑓∗𝜋(d𝑦)𝜋𝑓(d𝑥 ∣ 𝑦),

while
∫ 𝜋(d𝑥) 𝑔(𝑥) = ∫ 𝑓∗𝜋(d𝑦) ∫ 𝜋𝑓(d𝑥𝑦 ∣ 𝑦) 𝑔(𝜄𝑦(𝑥𝑦))

can be represented by
𝜋(d𝑥) 𝜋= 𝑓∗𝜋(d𝑦)𝜋𝑓(d𝑥𝑦 ∣ 𝑦).

We have to be careful, however, to recognize that these simpler integrand equations are just
shorthands for the full integral relationships so that we don’t misinterpret them otherwise. For
instance, we do not in general have

𝜋(x) = 𝑓∗𝜋(y)𝜋𝑓(x ∣ 𝑦)

for any arbitrary combination of input subset x ∈ 𝒳, output subset y ∈ 𝒴, and output point
𝑦 ∈ 𝑌 .

2 Conditional Probability Density Functions For Non-Null Partitions

With our notation set, let’s make our first step into conditional probability density functions
by considering the simplest case of a countable, non-null partition.

As usual, we begin with an initial probability space (𝑋, 𝒳, 𝜋). Next we introduce a countable
output space, (𝑌 , 𝒴), and a sufficiently well-behaved surjective function 𝑓 ∶ (𝑋, 𝒳) → (𝑌 , 𝒴).
Specifically, we require that the level sets of 𝑓 are 𝜋-non-null,

𝜋(𝑓−1(𝑦)) > 0.

We don’t need the output space to be countable for some level sets to be allocated finite prob-
ability, but we do need it to be countable for all level sets to be allocated finite probability.
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Given these assumptions, the law of total expectation becomes

∫ 𝜋(d𝑥) 𝑔(𝑥) = ∫ 𝑓∗𝜋(d𝑦) ∫ 𝜋𝑓(d𝑥 ∣ 𝑦) 𝑔(𝑥)

∫ 𝜋(d𝑥) 𝑔(𝑥) = ∑
𝑦∈𝑌

𝑓∗𝜋({𝑦}) ∫ 𝜋𝑓(d𝑥 ∣ 𝑦) 𝑔(𝑥)

∫ 𝜋(d𝑥) 𝑔(𝑥) = ∑
𝑦∈𝑌

𝜋(𝑓−1(𝑦)) ∫ 𝜋𝑓(d𝑥 ∣ 𝑦) 𝑔(𝑥)

∫ 𝜋(d𝑥) 𝑔(𝑥) = ∑
𝑦∈𝑌

∫ 𝜋𝑓(d𝑥 ∣ 𝑦) 𝜋(𝑓−1(𝑦)) 𝑔(𝑥).

2.1 Introducing An Ambient Reference Measure

To introduce probability density functions, we first need to specify a sufficiently well-behaved
reference measure. Let’s assume a 𝜎-finite reference measure 𝜇 that dominates our target
probability distribution 𝜋. This allows us to write the left-hand side as

∫ 𝜋(d𝑥) 𝑔(𝑥) = ∫ 𝜇(d𝑥) d𝜋
d𝜇(𝑥) 𝑔(𝑥).

At this point we want to write the conditional expectation values on the right-hand side as
𝜇-informed integrals. To do this, however, we need each 𝜋𝑓

𝑦 to also be absolutely continuous
with respect to 𝜇. Because each 𝜋𝑓

𝑦 completely concentrates on the corresponding level set
𝑓−1(𝑦), absolutely continuity requires that 𝜇 allocates finite measure to each level set,

𝜇(𝑓−1(𝑦)) > 0.

Fortunately, this is automatically guaranteed by our existing assumptions. If 𝜋 is absolutely
continuous with respect to 𝜇, then we have 𝜋(x) > 0 only if 𝜇(x) > 0. Consequently, if
𝜋(𝑓−1(𝑦)) > 0 then we must also have 𝜇(𝑓−1(𝑦)) > 0.

With the absolutely continuity of each conditional probability distribution 𝜋𝑓
𝑦 ensured, we can

write the right-hand side as

∑
𝑦∈𝑌

∫ 𝜋𝑓(d𝑥 ∣ 𝑦) 𝜋(𝑓−1(𝑦)) 𝑔(𝑥) = ∑
𝑦∈𝑌

∫ 𝜇(d𝑥) d𝜋𝑓

d𝜇 (𝑥 ∣ 𝑦) 𝜋(𝑓−1(𝑦)) 𝑔(𝑥).

where d𝜋𝑓
d𝜇 (𝑥 ∣ 𝑦) is a collection of probability density functions over 𝑋 indexed by output

points in 𝑌 .
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Putting both sides together gives

∫ 𝜋(d𝑥) 𝑔(𝑥) = ∑
𝑦∈𝑌

∫ 𝜋𝑓(d𝑥 ∣ 𝑦) 𝜋(𝑓−1(𝑦)) 𝑔(𝑥)

∫ 𝜇(d𝑥) d𝜋
d𝜇(𝑥) 𝑔(𝑥) = ∑

𝑦∈𝑌
∫ 𝜇(d𝑥) d𝜋𝑓

d𝜇 (𝑥 ∣ 𝑦) 𝜋(𝑓−1(𝑦)) 𝑔(𝑥),

2.2 Decomposing Ambient Expectations

Unfortunately, we still can’t compare the integrands on each side of this equation because of
the sum over output elements on the right. To enable a proper comparison, we will need to
split the 𝜇-informed integral on the left-hand side into a sum of 𝜇-informed integrals for each
output element 𝑦 ∈ 𝑌 .

One particularly nice way to do this is to take advantage of the completeness of the level sets.
Because the level sets of 𝑓 form a partition of 𝑋, the corresponding indicator functions always
sum to one,

1 = ∑
𝑦∈𝑌

𝐼𝑓−1(𝑦)(𝑥),

for any input point 𝑥 ∈ 𝑋.

Inserting this identify into the left-hand side of our equation gives

∫ 𝜇(d𝑥) d𝜋
d𝜇(𝑥) 𝑔(𝑥) = ∫ 𝜇(d𝑥) d𝜋

d𝜇(𝑥) 1 𝑔(𝑥)

= ∫ 𝜇(d𝑥) d𝜋
d𝜇(𝑥) [∑

𝑦∈𝑌
𝐼𝑓−1(𝑦)(𝑥)] 𝑔(𝑥).

Because measure-informed integrals are countably linear, we can pull the summation outside
of the measure-informed integral to give

∫ 𝜇(d𝑥) d𝜋
d𝜇(𝑥) 𝑔(𝑥)

= ∫ 𝜇(d𝑥) d𝜋
d𝜇(𝑥) [∑

𝑦∈𝑌
𝐼𝑓−1(𝑦)(𝑥)] 𝑔(𝑥)

= ∑
𝑦∈𝑌

∫ 𝜇(d𝑥) d𝜋
d𝜇(𝑥) 𝐼𝑓−1(𝑦)(𝑥) 𝑔(𝑥).
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After all of this work, we finally have

∫ 𝜋(d𝑥) 𝑔(𝑥) = ∫ 𝑓∗𝜋(d𝑦) ∫ 𝜋𝑓(d𝑥 ∣ 𝑦) 𝑔(𝑥)

∫ 𝜇(d𝑥) d𝜋
d𝜇(𝑥) 𝑔(𝑥) = ∑

𝑦∈𝑌
∫ 𝜇(d𝑥) d𝜋𝑓

d𝜇 (𝑥 ∣ 𝑦) 𝜋(𝑓−1(𝑦)) 𝑔(𝑥)

∑
𝑦∈𝑌

∫ 𝜇(d𝑥) d𝜋
d𝜇(𝑥) 𝐼𝑓−1(𝑦)(𝑥) 𝑔(𝑥) = ∑

𝑦∈𝑌
∫ 𝜇(d𝑥) d𝜋𝑓

d𝜇 (𝑥 ∣ 𝑦) 𝜋(𝑓−1(𝑦)) 𝑔(𝑥).

2.3 Truncating The Ambient Probability Density Function

In order for these sums of integrals to be equal for any expectand 𝑔, we must have

d𝜋
d𝜇(𝑥) 𝐼𝑓−1(𝑦)(𝑥) 𝜇= d𝜋𝑓

d𝜇 (𝑥 ∣ 𝑦) 𝜋(𝑓−1(𝑦)),

or, equivalently,
d𝜋𝑓

d𝜇 (𝑥 ∣ 𝑦) 𝜇=
d𝜋
d𝜇(𝑥) 𝐼𝑓−1(𝑦)(𝑥)

𝜋(𝑓−1(𝑦)) .

Intuitively, for any 𝑦 ∈ 𝑌 the corresponding conditional probability density function is given by
truncating the initial probability density function d𝜋/d𝜇 to the level set 𝑓−1(𝑦). This requires
zeroing the output of the conditional probability density function for any inputs outside of
𝑓−1(𝑦), and then correct the normalization. Geometrically, this is equivalent to slicing d𝜋/d𝜇
along the level sets boundaries and then re-weighting the slices to ensure a proper normalization
(Figure 1).

To double check our construction, we need to verify that each conditional probability density
function

𝑝𝑓(𝑥 ∣ 𝑦) = d𝜋𝑓

d𝜇 (𝑥 ∣ 𝑦)
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x1

x2

p(x1, x2)

(a)

x1

x2

p(x1, x2) · If−1(y)(x1, x2)

(b)

x1

x2

p(x1, x2 | y)

(c)

Figure 1: Conditional probability density functions are straightforward to construct for count-
able partitions. (a) A probability density function representing the initial probabil-
ity distribution is first (b) sliced into density functions restricted to each level set.
(c) Once properly normalized, these truncated density functions become conditional
probability density functions that represent each conditional probability distribution.
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completely concentrates on the corresponding level set. Indeed,

𝜋𝑓
𝑦(𝑓−1(𝑦)) = 𝜋𝑓(𝑓−1(𝑦) ∣ 𝑦)

= ∫ 𝜇(d𝑥) d𝜋𝑓

d𝜇 (𝑥 ∣ 𝑦) 𝐼𝑓−1(𝑦)(𝑥)

= ∫ 𝜇(d𝑥)
d𝜋
d𝜇(𝑥) 𝐼𝑓−1(𝑦)(𝑥)

𝜋(𝑓−1(𝑦)) 𝐼𝑓−1(𝑦)(𝑥)

= 1
𝜋(𝑓−1(𝑦)) ∫ 𝜇(d𝑥) d𝜋

d𝜇(𝑥) (𝐼𝑓−1(𝑦)(𝑥))2

= 1
𝜋(𝑓−1(𝑦)) ∫ 𝜇(d𝑥) d𝜋

d𝜇(𝑥) 𝐼𝑓−1(𝑦)(𝑥)

= 1
𝜋(𝑓−1(𝑦))𝜋(𝑓−1(𝑦))

= 1.

Equivalently, we can verify that each conditional probability density function integrates to
zero outside of the corresponding level set. For any measurable subset x ∈ 𝒳 that is disjoint
with a particular level set,

x ∩ 𝑓−1(𝑦) = ∅,
we have

𝜋𝑓
𝑦(x) = 𝜋𝑓(x ∣ 𝑦)

= ∫ 𝜇(d𝑥) d𝜋𝑓

d𝜇 (𝑥 ∣ 𝑦) 𝐼x(𝑥)

= ∫ 𝜇(d𝑥)
d𝜋
d𝜇(𝑥) 𝐼𝑓−1(𝑦)(𝑥)

𝜋(𝑓−1(𝑦)) 𝐼x(𝑥)

= 1
𝜋(𝑓−1(𝑦)) ∫ 𝜇(d𝑥) d𝜋

d𝜇(𝑥) 𝐼𝑓−1(𝑦)(𝑥) 𝐼x(𝑥)

= 1
𝜋(𝑓−1(𝑦)) ∫ 𝜇(d𝑥) d𝜋

d𝜇(𝑥) 𝐼x∩𝑓−1(𝑦)(𝑥)

= 1
𝜋(𝑓−1(𝑦)) ∫ 𝜇(d𝑥) d𝜋

d𝜇(𝑥) 𝐼∅(𝑥)

= 1
𝜋(𝑓−1(𝑦)) ⋅ 0

= 0.

In both calculations we used some of the indicator function properties derived in Chapter 5,
Appendix.
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3 The Problem With Null Partitions

Unfortunately, this construction doesn’t carry over to functions with more general out-
put spaces. In particular, the construction falls apart for output spaces that contain an
uncountably-infinite number of points.

For example, if 𝑌 is uncountable then at least some, if not all, of the level sets must be
allocated vanishing probabilities,

𝜋(𝑓−1(𝑦)) = 0.
When 𝜋(𝑓−1(𝑦)) = 0, the final definition of a discrete conditional probability density function

d𝜋𝑓

d𝜇 (𝑥 ∣ 𝑦) 𝜇=
d𝜋
d𝜇(𝑥) 𝐼𝑓−1(𝑦)(𝑥)

𝜋(𝑓−1(𝑦))

requires an ill-defined division by zero.

Unsurprisingly, problems arise earlier in the calculation itself. On the right-hand side of the law
of total expectation, we cannot convert the output expectation value over 𝑓∗𝜋 into a sum over
individual output elements if 𝑌 is uncountable. Similarly, when 𝑌 is uncountable, we cannot
apply the countable linearity of measure-informed integration to the completeness equation

1 = ∑
𝑦∈𝑌

𝐼𝑓−1(𝑦)(𝑥).

More fundamentally, any 𝜎-finite reference measure will allocate vanishing measure to at least
some, if not all, of the level sets,

𝜇(𝑓−1(𝑦)) = 0.
If 𝜇(𝑓−1(𝑦)) = 0 then any probability distribution that is absolutely continuous with respect
to 𝜇 must also allocate zero probability to 𝑓−1(𝑦). The conditional probability distributions
𝜋𝑓

𝑦 , however, allocate all of their probability to the corresponding level set 𝑓−1(𝑦)!
In other words, the conditional probability distributions over an uncountable partition are gen-
erally not absolutely continuous with respect to 𝜇. The lack of absolute continuity prevents us
from converting conditional expectation values into 𝜇-informed integrals weighted by a condi-
tional probability density function in the first place. Absolute continuity is easy to disregard
as unnecessarily abstract, but every now and then it has important practical consequences!

Yet another way to see that we need a more general construction of conditional probability
density functions is to assume that a probability density function of a particular 𝜋𝑓

𝑦 with
respect to 𝜇 does exist, and then show that a mathematical inconsistency arises.

For instance, in order to ensure that

𝜋𝑓
𝑦(𝑓−1(𝑦)) = 𝜋𝑓(𝑓−1(𝑦) ∣ 𝑦) = 1

11



we would need a conditional probability density function to satisfy

1 = 𝜋𝑓(𝑓−1(𝑦) ∣ 𝑦)

= ∫ 𝜋𝑓(d𝑥 ∣ 𝑦) 𝐼𝑓−1(𝑦)(𝑥)

= ∫ 𝜇(d𝑥) d𝜋𝑓

d𝜇 (𝑥 ∣ 𝑦) 𝐼𝑓−1(𝑦)(𝑥).

If, however, 𝜇(𝑓−1(𝑦)) = 0 then the indicator function will be non-zero for only a 𝜇-null subset
of inputs.

Consequently, in terms of 𝜇-informed integrals this integrand should be equivalent to the zero
function,

𝐼𝑓−1(𝑦)(𝑥) 𝜇= 0.
This implies

∫ 𝜇(d𝑥) d𝜋𝑓

d𝜇 (𝑥 ∣ 𝑦) 𝐼𝑓−1(𝑦)(𝑥) = ∫ 𝜇(d𝑥) d𝜋𝑓

d𝜇 (𝑥 ∣ 𝑦) ⋅ 0

= 0,
and then

1 = ∫ 𝜇(d𝑥) d𝜋𝑓

d𝜇 (𝑥 ∣ 𝑦) 𝐼𝑓−1(𝑦)(𝑥) = 0.

Unfortunately, 1 = 0 a pretty immediate mathematical contradiction!

Notice the similarity between these problems and the awkward behavior that we encountered
when exploring the Dirac delta function in Chapter 6, Section 5.1. When 𝑓−1(𝑦) is a 𝜇-null
subset, the corresponding conditional probability distribution 𝜋𝑓

𝑦 becomes singular relative
to ambient reference measures. In this case, probability density functions become ill-defined
without opening our hearts and minds to generalized functions like the Dirac delta function.

Ultimately, any general construction of conditional probability density functions requires ref-
erence measures that are sufficiently well-behaved within each level set, even if they appear
singular relative to well-behaved ambient reference measures. These reference measures are
often much easier to understand if we interpret conditional probability distributions 𝜋𝑓

𝑦 as
probability distributions over just the corresponding level set 𝑓−1(𝑦).
If we can construct 𝜎-finite reference measures over each level sets 𝜈𝑦, then we can define the
conditional probability density functions

∫ 𝜋𝑓(d𝑥 ∣ 𝑦) 𝑔(𝑥) = ∫ 𝜈𝑦(d𝑥) d𝜋𝑓

d𝜈𝑦
(𝑥 ∣ 𝑦) 𝑔(𝑥).

Incorporating these probability functions into the law of total expectation, however, requires
an explicit relationship between these level set reference measures 𝜈𝑦 and the ambient reference
measure 𝜇. This, in turn, requires extending the disintegration of probability measures to the
disintegration of more general measures.
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4 Disintegrating Measures

In Chapter 8, Section 3.2, we introduced disintegrations of probability distributions. This
definition pretty immediately generalizes to finite measures, but it becomes problematic when
working with non-finite measures. Decomposing even 𝜎-finite measures across null subsets is
non-trivial.

4.1 General Disintegrations

The core mathematical issue here is that a consistent disintegration of a measure 𝜇 with respect
to a function 𝑓 ∶ 𝑋 → 𝑌 requires not only that the initial measure 𝜇 is 𝜎-finite, but also that
its pushforward 𝑓∗𝜇 is 𝜎-finite. Unfortunately, this latter condition fails for most common
reference measures.

Consider, for example, a rigid two-dimensional real space ℝ2 equipped with the two-
dimensional Lebesgue measure 𝜆2 and a projection function

𝜛1 ∶ ℝ2 → ℝ
(𝑥1, 𝑥2) ↦ 𝑥1.

The Lebesgue measure 𝜆2 is 𝜎-finite, allocating finite measure to every measurable subset that
can be encapsulated in a finite rectangle. Formally, if

x ⊂ [0, 1] × [0, 1]
then

𝜆2(x) < 𝜆2([0, 1] × [0, 1])
< 𝑙([0, 1]) ⋅ 𝑙([0, 1])
< 1 ⋅ 1
< 1.

Pushing 𝜆2 forward along 𝜛1, however, results in a measure that allocates infinite measure to
finite intervals. For instance, (Figure 2),

(𝜛1)∗𝜆2([0, 1]) = 𝜆2(𝜛∗
1[0, 1])

= 𝜆2([0, 1] × (−∞, ∞))
= 𝑙([0, 1]) ⋅ 𝑙((−∞, ∞))
= 1 ⋅ ∞
= ∞.

Consequently (𝜛1)∗𝜆2 cannot be 𝜎-finite.

Fortunately, disintegrations can be generalized to work with any convenient 𝜎-finite measure
on the output space. Mathematically, if we have
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x2

x1

($1)
∗([a, b])

= [a, b]× (−∞,+∞)

[a, b]

Figure 2: On ℝ2, the projection function 𝜙1 ∶ (𝑥1, 𝑥2) ↦ 𝑥1 pulls finite output space intervals
[𝑎, 𝑏] back to infinite input space rectangles [𝑎, 𝑏] × (−∞, +∞). Consequently, the
two dimensional Lebesgue measure 𝜆2 projects infinite measure onto finite intervals,
and the pushforward measure (𝜙1)∗𝜆2 cannot be 𝜎-finite. In particular, 𝜆2 does not
pushforward to a Lebesgue measure on the output space!

1. an input measurable space (𝑋, 𝒳),
2. an input 𝜎-finite, Radon measure 𝜇 ∶ 𝒳 → [0, ∞],
3. an output Hausdorff measurable space (𝑌 , 𝒴).
4. a surjective measurable function 𝑓 ∶ (𝑋, 𝒳) → (𝑌 , 𝒴),
5. and finally an output 𝜎-finite measure 𝜈 ∶ 𝒴 → [0, ∞],

then there exists at least one conditional measure kernel

𝜇𝑓,𝜈 ∶ 𝒳 × 𝑌 → [0, ∞]
x, 𝑦 ↦ 𝜇𝑓(x ∣ 𝑦)

that defines a (𝒴, ℬℝ)-measurable function when partially evaluated on any x ∈ 𝒳 in the first
argument,

𝜇𝑓,𝜈
x ∶ 𝑌 → [0, ∞]

𝑦 ↦ 𝜇𝑓,𝜈(x ∣ 𝑦),

and a 𝜎-finite measure when partially evaluated on 𝜈-almost any 𝑦 ∈ 𝑌 in the second argu-
ment,

𝜇𝑓
𝑦,𝜈 ∶ 𝒳 → [0, ∞]

x ↦ 𝜇𝑓,𝜈(x ∣ 𝑦).

A more technical discussion can be found in Chang and Pollard (1997).
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The conditional measures derived from a conditional measure kernel behave very similarly to
conditional probability distributions. For instance, they each concentrate on a particular level
set,

𝜇𝑓,𝜈
𝑦 (𝑓−1(𝑥)) 𝜈= 1

with
𝜇𝑓,𝜈

𝑦 (x) 𝜈= 0
for any disjoint subset x ∩ 𝑓−1(𝑦) = ∅. Because of this concentration, if

𝜇( 𝑓−1(𝑦) ) = 0

then the conditional measure 𝜇𝑓,𝜈
𝑦 will not be absolutely continuous with respect to the initial

measure!

For any well-behaved integrand 𝑔 ∶ 𝑋 → ℝ, the conditional measures also satisfy a law of total
integration,

∫ 𝜇(d𝑥) 𝑔(𝑥) = ∫ 𝜈(d𝑦) ∫ 𝜇𝑓,𝜈(d𝑥𝑦 ∣ 𝑦) 𝑔(𝜄𝑦(𝑥𝑦)).

In circumstances where 𝑓∗𝜇 happens to be 𝜎-finite, we can always take 𝜈 = 𝑓∗𝜇 so that the
law of total integration mirrors the law of total expectation. This is always possible if 𝜇 is
a finite measure, and hence always possible when disintegrating probability distributions. It
is not, however, always viable when 𝜇 is only 𝜎-finite. In particular, we have to be vigilant
when attempting to disintegrate Lebesgue measures, as they often pushforward to measures
that are not 𝜎-finite.

4.2 Lebesgue Disintegrations

In theory, the disintegration of an input space measure with respect to an output space measure
defines reference measures adapted to each level set of a surjective function 𝑓 ∶ 𝑋 → 𝑌 .
This construction isn’t all that useful, however, if we cannot explicitly integrate against these
conditional reference measures. Fortunately, the integration of conditional Lebesgue measures
reduces to standard operations from multivariate calculus.

Consider an 𝑁 -dimensional space 𝑋 = ℝ𝑁 equipped with a Lebesgue measure 𝜇 = 𝜆𝑁 and an
𝑀 -dimensional space 𝑌 = ℝ𝑀 equipped with a Lebesgue measure 𝜈 = 𝜆𝑀 . Moreover, assume
that 𝑁 > 𝑀 .

In this case, any smooth, surjective function 𝑓 ∶ ℝ𝑁 → ℝ𝑀 defines level sets that are 𝜆𝑌 almost
all (𝑁 − 𝑀)-dimensional. These level sets not only partition 𝑋 but also disintegrate 𝜇 into
conditional Lebesgue measures that concentrate within each of these level sets.

If 𝑀 = 𝑁−1 then almost all of the level sets will be one-dimensional. We can always completely
cover the one-dimensional level set with a countable number of one-dimensional curves through
𝑋; usually one curve is sufficient, but we have to be careful in case, for example, the level sets
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are disconnected. Moreover, the conditional integral of any function 𝑔 ∶ 𝑋 → ℝ with respect
to 𝜇𝑓,𝜈 is given but summing up the line integrals Larson, Hostetler, and Edwards (1990) of
𝑔 over each of these curves.

More explicitly, let’s say that the level set 𝑓−1(𝑦) can be completely traced out by the single
curve

𝛾𝑦 ∶ [𝑎, 𝑏] → 𝑋,
with the variable 𝑧 ∈ [0, 1] tracking the relative position along the curve. In this case, the
conditional integral of 𝑔 with respect to 𝜇𝑓,𝜆𝑋 can be evaluated as

𝑖𝑦 = ∫ 𝜇𝑓,𝜈(d𝑥𝑦 ∣ 𝑦) 𝑔(𝜄𝑦(𝑥𝑦))

= ∫
𝑏

𝑎
d𝑧 𝐽𝑦(𝑧) 𝑔(𝛾𝑦(𝑧)),

where 𝐽𝑦(𝑧) is the Jacobian correction,

𝐽𝑦(𝑧) =
√√√
⎷

𝑁
∑
𝑛=1

(d𝛾𝑦,𝑛
d𝑧 (𝑧))

2
.

Similarly, if 𝑀 = 𝑁 −2 then almost level sets of any smooth, surjective function 𝑓 ∶ ℝ𝑁 → ℝ𝑀

will be two-dimensional. These two-dimensional level sets can be covered by a two-dimensional
surfaces, with conditional measures given by surface integrals over those surfaces.

To anchor all of this abstraction, let’s consider an explicit example using the two-dimensional
space 𝑋 = ℝ2 and the radial function

𝑓 ∶ 𝑋 → ℝ+

(𝑥1, 𝑥2) ↦ 𝑟 = √𝑥2
1 + 𝑥2

2.

All of the level sets of this function are concentric circles, except for 𝑓−1(0) which reduces to
a singular point. Each of the non-singular level sets can be traced out by a circular curve
(Figure 3). Here we’ll use the curves

𝛾𝑟 ∶ [0, 2 𝜋) → ℝ2

𝜃 ↦ (𝑟 cos 𝜃, 𝑟 sin 𝜃).

16



x1

x2

Figure 3: The circular level sets of the radial function 𝑓 ∶ (𝑥1, 𝑥2) ↦ 𝑟 = √𝑥2
1 + 𝑥2

2 partition
the input space ℝ2. All but the singular level set 𝑓−1(0) can be parameterized by
one-dimensional curves, an example of which is shown here in teal. Integrals with
respect to conditional Lebesgue measures can be evaluated as line integrals over these
curves.
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Given the Jacobian correction

𝐽𝑟 = √(d𝛾𝑟,1
d𝜃 (𝜃))

2
+ (d𝛾𝑟,2

d𝜃 (𝜃))
2

= √(d𝑟 cos 𝜃
d𝜃 )

2
+ (d𝑟 sin 𝜃

d𝜃 )
2

= √(𝑟 sin 𝜃)2 + (−𝑟 cos 𝜃)2

= √𝑟2 (sin2 𝜃 + cos2 𝜃)2

=
√

𝑟2

= 𝑟,

the conditional integral over one of these curves is given by

𝑖𝑟 = ∫ 𝜇𝑓,𝜈(d𝑥𝑟 ∣ 𝑟) 𝑔(𝜄𝑟(𝑥𝑟))

= ∫
2 𝜋

0
d𝜃 𝐽𝑟(𝜃) 𝑔(𝛾𝑟(𝜃))

= ∫
2 𝜋

0
d𝜃 𝑟 𝑔(𝑟 cos 𝜃, 𝑟 sin 𝜃).

5 Conditional Probability Density Functions For General Implicit
Partitions

Armed with a technique for disintegrating 𝜎-finite measures, we are now finally equipped
with enough tools to construct conditional probability density functions for any conditional
probability distribution paired with a sufficiently well-behaved reference measure.

5.1 Setup

Recall that to construct a conditional probability distribution we need

1. an input measurable space (𝑋, 𝒳),
2. an input Radon probability distribution 𝜋 ∶ 𝒳 → [0, 1],
3. an output Hausdorff measurable space (𝑌 , 𝒴).
4. and a surjective measurable function 𝑓 ∶ (𝑋, 𝒳) → (𝑌 , 𝒴).

In order to construct conditional probability density functions, we will also need convenient
𝜎-finite Radon reference measures for
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5. the input space, 𝜇 ∶ 𝒳 → [0, ∞]
6. and the output space, 𝜈 ∶ 𝒴 → [0, ∞].

Disintegrating the input space reference measure with respect to 𝑓 and the output space
reference measure gives 𝜎-finite reference measures over each level set,

7. 𝜇𝑓,𝜈 ∶ ℱ𝑦 → [0, ∞].

As we have previously discussed, we can safely take measurable functions, Hausdorff 𝜎-algebras,
and Radon measures for granted in practice. We will, however, have to be careful about the
surjectivity of 𝑓 and the 𝜎-finiteness of the reference measures.

If 𝜋 ≪ 𝜇, then we can construct the probability density function

d𝜋
d𝜇 ∶ 𝑋 → ℝ+,

and if 𝑓∗𝜋 ≪ 𝜈 then we can construct the pushforward probability density function

d𝑓∗𝜋
d𝜈 ∶ 𝑌 → ℝ+.

Upon disintegrating 𝜇, we can construct conditional probability density functions relative to
the conditional measures,

d𝜋𝑓

d𝜇𝑓,𝜈 ∶ 𝑋 × 𝑌 → ℝ+.

5.2 The Product Rule

All that we’re missing is a mathematical relationship that ties all of these different probability
density functions together. That is hidden within the law of total expectation,

∫ 𝜋(d𝑥) 𝑔(𝑥) = ∫ 𝑓∗𝜋(d𝑦) ∫ 𝜋𝑓(d𝑥𝑦 ∣ 𝑦) 𝑔(𝜄𝑦(𝑥𝑦))

𝐿 = 𝑅.

All we need to do is convert both sides of this equation into the same kind of measure-informed
integral.

Let’s start with the left-hand side,

𝐿 = ∫ 𝜋(d𝑥) 𝑔(𝑥)

= ∫ 𝜇(d𝑥) d𝜋
d𝜇(𝑥) 𝑔(𝑥).
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Disintegrating 𝜇 with respect to 𝑓 and 𝜈 allow us to write this as

𝐿 = ∫ 𝜇(d𝑥) d𝜋
d𝜇(𝑥) 𝑔(𝑥)

= ∫ 𝜈(d𝑦) ∫ 𝜇𝑓,𝜈(d𝑥𝑦 ∣ 𝑦) d𝜋
d𝜇(𝜄𝑦(𝑥𝑦)) 𝑔(𝜄𝑦(𝑥𝑦)).

Over on the right-hand side, we have

𝑅 = ∫ 𝑓∗𝜋(d𝑦) ∫ 𝜋𝑓(d𝑥𝑦 ∣ 𝑦) 𝑔(𝜄𝑦(𝑥𝑦))

= ∫ 𝜈(d𝑦) d𝑓∗𝜋
d𝜈 (𝑦) ∫ 𝜋𝑓(d𝑥𝑦 ∣ 𝑦) 𝑔(𝜄𝑦(𝑥𝑦))

= ∫ 𝜈(d𝑦) d𝑓∗𝜋
d𝜈 (𝑦) ∫ 𝜇𝑓,𝜈(d𝑥𝑦 ∣ 𝑦) d𝜋𝑓

d𝜇𝑓,𝜈 (𝑥𝑦 ∣ 𝑦) 𝑔(𝜄𝑦(𝑥𝑦)).

Because the domain of the inner measure-informed integral is single level set, the pushforward
probability density function

d𝑓∗𝜋
d𝜈 (𝑦)

is constant. Consequently, we can pull it inside the inner integral to give

𝑅 = ∫ 𝜈(d𝑦) d𝑓∗𝜋
d𝜈 (𝑦) ∫ 𝜇𝑓,𝜈(d𝑥𝑦 ∣ 𝑦) d𝜋𝑓

d𝜇𝑓,𝜈 (𝑥𝑦 ∣ 𝑦) 𝑔(𝜄𝑦(𝑥𝑦))

= ∫ 𝜈(d𝑦) ∫ 𝜇𝑓,𝜈(d𝑥𝑦 ∣ 𝑦) [d𝑓∗𝜋
d𝜈 (𝑦) d𝜋𝑓

d𝜇𝑓,𝜈 (𝑥𝑦 ∣ 𝑦)] 𝑔(𝜄𝑦(𝑥𝑦)).

At this point, we can put these two pieces back together,

𝐿 = 𝑅

∫ 𝜋(d𝑥) 𝑔(𝑥)

= ∫ 𝑓∗𝜋(d𝑦) ∫ 𝜋𝑓(d𝑥𝑦 ∣ 𝑦) 𝑔(𝜄𝑦(𝑥𝑦))

∫ 𝜈(d𝑦) ∫ 𝜇𝑓,𝜈(d𝑥𝑦 ∣ 𝑦) d𝜋
d𝜇(𝜄𝑦(𝑥𝑦)) 𝑔(𝜄𝑦(𝑥𝑦))

= ∫ 𝜈(d𝑦) ∫ 𝜇𝑓,𝜈(d𝑥𝑦 ∣ 𝑦) [d𝑓∗𝜋
d𝜈 (𝑦) d𝜋𝑓

d𝜇𝑓,𝜈 (𝑥𝑦 ∣ 𝑦)] 𝑔(𝜄𝑦(𝑥𝑦)).

Because both sides of the equation are the same kind of measure-informed integral, we have
equality if and only if the integrands on both sides are equal up to null subsets. In particular,
we have equality for all integrands 𝑔 ∶ 𝑋 → ℝ if and only if

d𝜋
d𝜇(𝜄𝑦(𝑥𝑦)) 𝜈,𝜇𝑓,𝜈

= d𝑓∗𝜋
d𝜈 (𝑦) d𝜋𝑓

d𝜇𝑓,𝜈 (𝑥𝑦 ∣ 𝑦).
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This relationship is known as the product rule for probability density functions. The product
rule allows to construct the ambient probability density function, the conditional probability
density function, or the pushforward probability density function given the other two. For
instance, if we know the ambient probability density function and the pushforward probability
density function, then the conditional probability density function is given by

d𝜋𝑓

d𝜇𝑓,𝜈 (𝑥𝑦 ∣ 𝑦) 𝜈,𝜇𝑓,𝜈
=

d𝜋
d𝜇(𝜄𝑦(𝑥𝑦))

d𝑓∗𝜋
d𝜈 (𝑦)

.

Phew. Let’s take a breath and summarize how far we’ve come!

We can condition an arbitrary probability density function

𝑝(𝑥) = d𝜋
d𝜇(𝑥)

on the output point 𝑦 ∈ 𝑌 in two steps. First, we restrict the inputs to the points in the level
set 𝑓−1(𝑦) (Figure 4b}),

𝑝(𝜄𝑦(𝑥𝑦)).
Next, we divide by the pushforward probability density function evaluated at 𝑦,

𝑝(𝑦) = d𝑓∗𝜋
d𝜈 (𝑦),

to give (Figure 4c),

𝑝(𝑥𝑦 ∣ 𝑦) = 𝑝(𝜄𝑦(𝑥𝑦))
𝑝(𝑦) .

Notice that the normalization step doesn’t change the shape of a conditional probability density
function for a given 𝑦, just its height relative to other possible values of 𝑦. In applications
where we’re interested in only a single 𝑦, we can usually ignore this last step, and any difficulty
in evaluating the pushforward probability density function, entirely.

5.3 Example

To demonstrate this process, consider a surjective function 𝑓 ∶ 𝑋 → ℕ that maps input points
to output integers. Because the output space is discrete, this function induces a countable
partition of the input space. Moreover, a counting measure is a natural output reference
measure, 𝜈 = 𝜒.

If 𝑓∗𝜇({𝑦}) > 0 for all 𝑦 ∈ ℕ, then each 𝜇𝑓,𝜒
𝑦 is just 𝜇 truncated to a particular level set,

𝜇𝑓,𝜒
𝑦 = 𝜂𝑦 = 𝐼𝑓−1(𝑦) ⋅ 𝜇.
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p(x1, x2)
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p(x1, x2) · If−1(y)(x1, x2)

(b)

x1

x2

p(x1, x2 | y)

(c)

Figure 4: The product rule allows us to generalize the construction of conditional probability
density functions that we first encountered in Section 4.2 to any measurable parti-
tions. (a) An initial probability density function is first (b) sliced into a collection
of conditional density functions by restricting valid inputs to a particular level set.
(c) Dividing by the corresponding pushforward probability density normalizes these
restricted density functions into conditional probability density functions.

22



In this case, the product rule gives

d𝜋𝑓

d𝜇𝑓,𝜒 (𝑥𝑦 ∣ 𝑦) 𝜇=
d𝜋
d𝜇(𝜄𝑦(𝑥𝑦))

d𝑓∗𝜋
d𝜒 (𝑦)

𝜇=
d𝜋
d𝜇(𝜄𝑦(𝑥𝑦))
𝑓∗𝜋({𝑦})

𝜇=
d𝜋
d𝜇(𝜄𝑦(𝑥𝑦))
𝜋(𝑓−1(𝑦)) .

For a given 𝑦 ∈ 𝑌 , we can extend these conditional density functions to all inputs 𝑥 ∈ 𝑋 by
returning zero outside of the corresponding level set,

d𝜋𝑓

d𝜇𝑓,𝜒 (𝑥 ∣ 𝑦) 𝜇= {
d𝜋
d𝜇 (𝑥)

𝜋(𝑓−1(𝑦)) , 𝑥 ∈ 𝑓−1(𝑦)
0, 𝑥 ∉ 𝑓−1(𝑦)

,

or, more compactly,
d𝜋𝑓

d𝜇𝑓,𝜒 (𝑥 ∣ 𝑦) 𝜇=
d𝜋
d𝜇(𝑥) 𝐼𝑓−1(𝑦)(𝑥)

𝜋(𝑓−1(𝑦)) .

This general result is consistent with the particular result that we derived in Section 4.2. In
other words, using the general product rule will always give us a well-defined conditional
probability density function.

6 Explicit Formula For Pushforward Probability Density Functions

The disintegration of reference measures is also how we can derive an explicit formula for
pushforward probability density functions.

Recall the definition of pullback expectation values: for sufficiently-measurable functions 𝑓 ∶
𝑋 → 𝑌 and ℎ ∶ 𝑌 → ℝ, we have

𝔼𝜋[ℎ ∘ 𝑓] = 𝔼𝑓∗𝜋[ℎ]

𝕀𝜇[d𝜋
d𝜇 ℎ ∘ 𝑓] = 𝕀𝜈[d𝑓∗𝜋

d𝜈 ℎ] ,

or, equivalently,

∫ 𝜋(d𝑥) ℎ(𝑓(𝑥)) = ∫ 𝑓∗𝜋(d𝑦) ℎ(𝑦)

∫ 𝜇(d𝑥) d𝜋
d𝜇(𝑥) ℎ(𝑓(𝑥)) = ∫ 𝜈(d𝑦) d𝑓∗𝜋

d𝜈 (𝑦) ℎ(𝑦).
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Disintegrating 𝜇 with respect to 𝑓 and 𝜈 allows us to write the left-hand side as

∫ 𝜋(d𝑥) ℎ(𝑓(𝑥)) = ∫ 𝜇(d𝑥) d𝜋
d𝜇(𝑥) ℎ(𝑓(𝑥))

= ∫ 𝜈(d𝑦) ∫ 𝜇𝑓,𝜈(d𝑥𝑦 ∣ 𝑦) d𝜋
d𝜇(𝜄𝑦(𝑥𝑦)) ℎ(𝑦).

Because the function ℎ ∘ 𝑓 ∶ 𝑋 → ℝ yields the same output for any 𝑥 ∈ 𝑓−1(𝑦), it is a constant
with respect to the inner integral. Consequently, we can factor it out,

∫ 𝜋(d𝑥) ℎ(𝑓(𝑥)) = ∫ 𝜈(d𝑦) ∫ 𝜇𝑓,𝜈(d𝑥𝑦 ∣ 𝑦) d𝜋
d𝜇(𝜄𝑦(𝑥𝑦)) ℎ(𝑦)

= ∫ 𝜈(d𝑦) [∫ 𝜇𝑓,𝜈(d𝑥𝑦 ∣ 𝑦) d𝜋
d𝜇(𝜄𝑦(𝑥𝑦))] ℎ(𝑦).

Our initial equation then becomes

∫ 𝜋(d𝑥) ℎ(𝑓(𝑥)) = ∫ 𝑓∗𝜋(d𝑦) ℎ(𝑦)

∫ 𝜈(d𝑦) [∫ 𝜇𝑓,𝜈(d𝑥𝑦 ∣ 𝑦) d𝜋
d𝜇(𝜄𝑦(𝑥𝑦))] ℎ(𝑦) = ∫ 𝜈(d𝑦) [d𝑓∗𝜋

d𝜈 (𝑦)] ℎ(𝑦).

Because both sides of this equation are 𝜈-informed integrals, we have equality if and only if
the integrands are equal up to 𝜈-null subsets. In particular, we have equality for any integrand
ℎ ∶ 𝑌 → ℝ if and only if

d𝑓∗𝜋
d𝜈 (𝑦) 𝜈= ∫ 𝜇𝑓,𝜈(d𝑥𝑦 ∣ 𝑦) d𝜋

d𝜇(𝜄𝑦(𝑥𝑦)).

In theory, this gives us an explicit formula for deriving pushforward probability density func-
tions. Implementing this result in practice, however, requires an explicit method for evaluating
conditional integrals over each level set of 𝑓 . Fortunately, we know how to do this when work-
ing with real spaces and Lebesgue measures.

Consider, for example, the two-dimensional positive real space 𝑋 = ℝ+ × ℝ+ equipped with a
Lebesgue measure 𝜇 = 𝜆2, a Lebesgue probability density function

𝑝(𝑥1, 𝑥2) = d𝜋
d𝜇(𝑥1, 𝑥2),

and the radial function

𝑓 ∶ 𝑋 → ℝ+

(𝑥1, 𝑥2) ↦ 𝑟 = √𝑥2
1 + 𝑥2

2.
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Because 𝑋 is restricted to non-negative values, the level sets of 𝑓 define not entire circles but
rather circular arcs (Figure 5). We’ll cover these arcs with the curves

𝛾𝑟 ∶ [0, 𝜋/2) → 𝑋
𝜃 ↦ (𝑟 cos 𝜃, 𝑟 sin 𝜃).

x1

x2

Figure 5: When the inputs are restricted to non-negative values, the level sets of the radial
function 𝑓 ∶ (𝑥1, 𝑥2) ↦ 𝑟 = √𝑥2

1 + 𝑥2
2 partition the input space into circular arcs,

each of which can be parameterized with a curve of constant radius, one of which an
is shown here in teal. Integrals with respect to conditional Lebesgue measures can
be evaluated as line integrals over these curves.

In this case, the Jacobian correction is the same as it was for the example of Section 4.2,

𝐽𝑟 = 𝑟.
Consequently, we write the pushforward probability density function as (Figure 6b)

𝑝(𝑟) = ∫
𝜋
2

0
d𝜃 𝐽𝑟(𝜃) 𝑝(𝛾𝑟(𝜃))

= ∫
𝜋
2

0
d𝜃 𝑟 𝑝(𝑟 cos 𝜃, 𝑟 sin 𝜃).

At this point, we can use the product rule to construct the conditional probability density
function over each level set (Figure 6c),

𝑝(𝜃𝑟 ∣ 𝑟) = 𝑝(𝑟, 𝜃𝑟)
𝑝(𝑟) .
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x1

x2

p(x1, x2)

(a)

f∗p(r)

r

(b)

x1

x2

p(x1, x2 | r)

(c)

Figure 6: When we have the computational tools to evaluate conditional integrals over level
sets, we can evaluate pushforward probability density functions. Here we integrate
(a) an initial density function over circular level sets to derive (b) a pushforward
probability density function over output radii. (c) Restricting the initial probabil-
ity density function to a level set and then dividing by corresponding pushforward
probability density gives the conditional probability density function for that level
set.
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Even when we can reduce conditional integrals to line integrals, however, evaluating the result-
ing line integrals in closed form can be a challenge. For those with a taste for tricky integrals,
I work through an explicit example that requires some uncommon mathematical functions in
the Appendix.

7 Conditional Building Blocks

To this point, we have discussed conditional probability theory as a tool for breaking probability
distributions down into simpler pieces. Conditional probability theory, however, can also be
used to build probability distributions up from simpler pieces. Throughout this section, I will
take the technical requirements of Radon measures and Hausdorff 𝜎-algebras for granted.

7.1 One Step

Given a probability distribution 𝜋 defined over the space 𝑋, a measurable, surjective function
𝑓 ∶ 𝑋 → 𝑌 defines both a pushforward probability distribution 𝑓∗𝜋 over the output space of
𝑓 and a conditional probability kernel 𝜋𝑓 over the level sets of 𝑓 . Through the laws of total
probability and total expectation, we can always reconstruct any probabilistic operation with
respect to 𝜋 from these two byproducts alone.

This construction also works the other way around. Given a measurable, surjective function
𝑓 ∶ 𝑋 → 𝑌 , any probability distribution over the output space, 𝜌, and conditional probability
kernel over the level sets,

𝜏 ∶ 𝒳 × 𝑌 → [0, 1]
x, 𝑦 ↦ 𝜏(x ∣ 𝑦),

uniquely defines a probability distribution 𝜋 over 𝑋 through the law of total probability,

𝜋(x) = 𝔼𝜌[𝑡x],

where

𝑡x ∶ 𝑌 → [0, 1]
𝑦 ↦ 𝜏(x ∣ 𝑦).

In this case, we say that 𝜏 lifts 𝜌 into a probability distribution over 𝑋.

Lifting allows us to construct probability distributions over 𝑋 in steps, first specifying the
probabilistic structure over 𝑌 and then filling in any missing information with conditional
probabilistic strucure across the levels sets. If 𝑌 is a much simpler space than 𝑋, for example
a lower-dimensional space with fewer degrees of freedom to consider, and the level sets of 𝑓 are
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straightforward to interpret, then this sequential procedure can be much easier to implement
in practice than trying to define a probability distribution over 𝑋 all at once.

Equivalently, we can define a lifted probability distribution through its expectation values with
the law of total expectation,

∫ 𝜋(d𝑥) 𝑔(𝑥) = ∫ 𝜌(d𝑦) ∫ 𝜏(d𝑥𝑦 ∣ 𝑦) 𝑔(𝑥).

The advantage of this latter approach is that it allows us to implicitly define 𝜋 through a
sequence of probability density functions.

Given an output reference measure 𝜈, any sufficiently well-behaved function

𝑟 ∶ 𝑌 → ℝ+

with 𝕀𝜈[𝑟] = 1 defines an output probability distribution 𝜌 = 𝑟 𝜈 through the expectation
values

∫ 𝜌(d𝑦)ℎ(𝑦) = ∫ 𝜈(d𝑦) 𝑟(𝑦) ℎ(𝑦).

Similarly, given an input reference measure 𝜇 and its disintegration 𝜇𝑓,𝜈, any sufficiently well-
behaved binary function

𝑡 ∶ 𝑋 × 𝑌 → ℝ+

with
𝕀𝜇𝑓,𝜈

𝑦
[𝑡] 𝜈= 1

defines a conditional probability kernel 𝜏 = 𝑡 𝜇𝑓,𝜈 through the conditional expectation values

∫ 𝜏(d𝑥𝑦 ∣ 𝑦) 𝑔(𝜄𝑦(𝑥𝑦)) = ∫ 𝜇𝑓,𝜈(d𝑥𝑦 ∣ 𝑦) 𝜏(𝑥𝑦 ∣ 𝑦) 𝑔(𝜄𝑦(𝑥𝑦)).

By construction, the product of these two functions,

𝑝(𝜄𝑦(𝑥𝑦)) = 𝑡(𝑥𝑦 ∣ 𝑦) 𝑟(𝑦),
will always satisfy

𝕀𝜇[𝑝] = ∫ 𝜇(d𝑥)𝑝(𝑥)

= ∫ 𝜈(d𝑦) ∫ 𝜇𝑓,𝜈(d𝑥𝑦 ∣ 𝑦) 𝑝(𝜄𝑦(𝑥𝑦))

= ∫ 𝜈(d𝑦) ∫ 𝜇𝑓,𝜈(d𝑥𝑦 ∣ 𝑦) 𝑡(𝑥𝑦 ∣ 𝑦) 𝑟(𝑦)

= ∫ 𝜈(d𝑦) 𝑟(𝑦) ∫ 𝜇𝑓,𝜈(d𝑥𝑦 ∣ 𝑦) 𝑡(𝑥𝑦 ∣ 𝑦)

= ∫ 𝜈(d𝑦) 𝑟(𝑦)

= 1.
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Consequently, 𝜋 = 𝑝 𝜇 defines a probability distribution over the input space with the expec-
tation values

∫ 𝜋(d𝑥) 𝑔(𝑥) = ∫ 𝜌(d𝑦) ∫ 𝜏(d𝑥𝑦 ∣ 𝑦) 𝑔(𝜄𝑦(𝑥𝑦))

= ∫ 𝜈(d𝑥) 𝑟(𝑦) ∫ 𝜇𝑓,𝜈(d𝑥𝑦 ∣ 𝑦) 𝑡(𝑥𝑦 ∣ 𝑦) 𝑔(𝜄𝑦(𝑥𝑦)).

7.2 Of Many

While simpler than an ambient probability distribution, an output probability distribution
can still be too overwhelming to construct directly. Fortunately, we can always apply this
sequential construction again, building up the initial output probability distribution from a
new conditional probability kernel, and a new, even simpler output probability distribution.
In turn, that new output probability distribution can be built up from simpler pieces, and so
on.

More formally, consider a sequence of 𝑁 + 1 spaces,

{𝑋0, … , 𝑋𝑛, … , 𝑋𝑁},

that become increasingly more manageable. For example, the dimension of each space might
decrease as the sequence progresses.

Given surjective functions that relate each pair of neighboring spaces,

𝑓1 ∶ 𝑋0 → 𝑋1
…

𝑓𝑛 ∶ 𝑋𝑛−1 → 𝑋𝑛
…

𝑓𝑁 ∶ 𝑋𝑁−1 → 𝑋𝑁 ,

we can building up a probability distribution over 𝑋0 from a terminal probability distribution
𝜋𝑁 over 𝑋𝑁 and a sequence of conditional probability kernels defined over the level sets of
each 𝑓𝑛,

{𝜏𝑁 , … , 𝜏𝑛, … , 𝜏1}.
In other words, we can incrementally build up sophisticated probability distributions over 𝑋0
from a sequence of simpler, more manageable pieces.

When all of the spaces 𝑋𝑛 are equipped with well-behaved reference measures, we can specify
the probability distribution over 𝑋0 with a probability density function built up from the
product of a terminal probability density function,

𝑝𝑁 ∶ 𝑋𝑁 → ℝ+,
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and a sequence of conditional probability density functions,

𝑡𝑛 ∶ 𝑋𝑛−1 × 𝑋𝑛 → ℝ+.

For example, applying the product rule once gives a probability density function over 𝑋𝑁−1,

𝑝𝑁−1(𝑥𝑁−1) = 𝑡𝑁(𝑥𝑁−1 ∣ 𝑥𝑁) 𝑝𝑁(𝑥𝑁),

where 𝑥𝑁 is implicitly defined by
𝑥𝑁 = 𝑓𝑁(𝑥𝑁−1).

Applying it twice defines a probability density function over 𝑋𝑁−2,

𝑝𝑁−2(𝑥𝑁−2) = 𝑡𝑁−1(𝑥𝑁−2 ∣ 𝑥𝑁−1) 𝑝𝑁−1(𝑥𝑁−1)
= 𝑡𝑁−1(𝑥𝑁−2 ∣ 𝑥𝑁−1) 𝑡𝑁(𝑥𝑁−1 ∣ 𝑥𝑁) 𝑝𝑁(𝑥𝑁),

where

𝑥𝑁−1 = 𝑓𝑁−1(𝑥𝑁−2)
𝑥𝑁 = 𝑓𝑁(𝑥𝑁−1).

Repeatedly applying the product rule 𝑁 − 2 more times gives a probability density function
over 𝑋0,

𝑝0(𝑥0) = [
𝑁

∏
𝑛=1

𝑡𝑛(𝑥𝑛−1 ∣ 𝑥𝑛)] 𝑝𝑁(𝑥𝑁),

where the variables
{𝑥1, … , 𝑥𝑁}

are completely determined by 𝑥0 through the recursive constraints

𝑥𝑛 = 𝑓𝑛(𝑥𝑛−1).

7.3 Example

To demonstrate the sequential construction of a probability density function, let’s consider
the input space 𝑋 = ℝ × ℝ equipped with a Lebesgue measure and our now familiar radial
function,

𝑓 ∶ 𝑋 → ℝ+

(𝑥1, 𝑥2) ↦ 𝑟 = √𝑥2
1 + 𝑥2

2.
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Assuming the local Lebesgue measure over 𝑌 = ℝ+, we can construct an output probability
distribution with a probability density function of the form

𝑝(𝑟) = 𝛽𝛼

Γ(𝛼)𝑟𝛼−1 exp(−𝛽 𝑟)

for any 𝛼, 𝛽 ∈ ℝ+. Here Γ(𝑥) is the Gamma function (Abramowitz and Stegun 1964).

After disintegrating the input Lebesgue measure over 𝑋 with respect to 𝑓 and an output
Lebesgue measure over 𝑌 , we can define define conditional probability distributions over each
level set of 𝑓 with the conditional probability density functions

𝑝(𝜃𝑟 ∣ 𝑟) = 1
2 𝜋 𝐼0(𝜅) exp( 𝜅 cos(𝜃𝑟 − 𝜋 𝑟) ).

Here 𝐼0(𝑥) is the modified Bessel function of the first kind (Abramowitz and Stegun 1964).

Together, these two pieces immediately define a probability density function over 𝑋,

𝑝(𝑥1, 𝑥2) = 𝑝(𝜃𝑟 ∣ 𝑟) 𝑝(𝑟),
where 𝑟 and 𝜃𝑟 are completely determined by 𝑥1 and 𝑥2. To make this easier to apply in
practice, we’ll need to work out this dependence explicitly.

The radial function gives an equation for the radius in terms of 𝑥1 and 𝑥2,

𝑟 = 𝑓(𝑥1, 𝑥2) = √𝑥2
1 + 𝑥2

2,
but the angular position along the corresponding level set is a bit more subtle.

Recall that the inclusion map defines

𝑥1 = 𝑟 cos 𝜃𝑟
𝑥2 = 𝑟 sin 𝜃𝑟.

If 𝑥1 is positive, then we can divide the two equations to give
𝑥2
𝑥1

= tan 𝜃𝑟

or
𝜃𝑟 = arctan (𝑥2

𝑥1
) .

More generally, the angular position is given by the output of the two-argument inverse tangent
function,

𝜃𝑟 = atan2(𝑥2, 𝑥1) =

⎧{{{
⎨{{{⎩

arctan(𝑥2/𝑥1), 𝑥1 > 0
arctan(𝑥2/𝑥1) + 𝜋, 𝑥1 < 0, 𝑥2 ≥ 0,
arctan(𝑥2/𝑥1) − 𝜋, 𝑥1 < 0, 𝑥2 < 0,
+𝜋/2, 𝑥1 = 0, 𝑥2 > 0,
−𝜋/2, 𝑥1 = 0, 𝑥2 < 0,
undefined, 𝑥1 = 0, 𝑥2 = 0

.
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With the radial and two-argument inverse tangent functions, we can write the ambient prob-
ability density function as (Figure 7),

𝑝(𝑥1, 𝑥2) = 𝑝(atan2(𝑥2, 𝑥1) ∣ √𝑥2
1 + 𝑥2

2) 𝑝(√𝑥2
1 + 𝑥2

2).

p(r)

r

(a)

x2

x1

p(x1, x2 | r)

(b)

x2

x1

p(x1, x2)

x1

(c)

Figure 7: Conditional probability theory can be used to construct sophisticated probability
density functions from simpler pieces. Given a function 𝑓 ∶ 𝑋 → 𝑌 and appropriate
reference measures, any (a) output probability density function over 𝑌 and (b) condi-
tional probability density functions over the level sets 𝑓−1(𝑦) define (c) a probability
density function over 𝑋.

8 Conditional Independence

In Chapter 8, Section 4, we discussed various notions of conditional independence. The most
relevant being when the conditional probability distributions in a conditional probability kernel
behave the same across almost all level sets.
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Conditional independence imposes strong structural constraints on conditional probability
density functions. In particular, any conditional probability density functions defined relative
to the disintegration of an ambient reference measure must be the same for all values of the
output variable 𝑦. In this case, the product rule becomes

d𝜋
d𝜇(𝑦, 𝑥𝑦) 𝜇= d𝜋𝑓

d𝜇𝑓,𝜈 (𝑥𝑦) d𝑓∗𝜋
d𝜈 (𝑦),

or, using less explicit but more compact notation,

𝑝(𝑥) = 𝑝(𝑥𝑦) 𝑝(𝑦).

Regardless of which level set 𝑓−1(𝑦) we choose, the conditional behavior is the same.

This result suggests a straightforward procedure for constructing probability distributions that
are conditional independent with respect to a function 𝑓 ∶ 𝑋 → 𝑌 . Any function 𝑝 ∶ 𝑌 → ℝ+

with 𝕀𝜈[𝑟] = 1 implicitly defines an output probability distribution over 𝑌 . If the level sets
𝑓−1(𝑦) are almost all equivalent to some common space 𝐿, then any function 𝑙 ∶ 𝐿 → ℝ+ with
𝕀𝜇𝑓,𝜈 [𝑙] = 1 implicitly defines a probability distribution over the common level set space. The
product of these two functions,

𝑝(𝑥) = 𝑙(𝑥𝑓(𝑥)) ⋅ 𝑝(𝑓(𝑥)),

defines a probability distribution over 𝑋 that is conditionally independent of 𝑓 .

Consider, for instance, the example from Section 6.3 only with conditional probability density
functions that are independent of 𝑟,

𝑝(𝜃𝑟 ∣ 𝑟) = 1
2 𝜋 𝐼0(𝜅) exp( 𝜅 cos(𝜃𝑟 − 𝜋/3) )

≡ 𝑝(𝜃𝑟).

The resulting probability density function still varies with radius and angle, but the dependen-
cies are independent of each other (Figure 8),

𝑝(𝑥1, 𝑥2) = 𝑝(atan2(𝑥2, 𝑥1)) 𝑝(𝑓(𝑥1, 𝑥2)).

9 Conclusion

Ultimately, the properties of conditional probability density functions are relatively straight-
forward, despite the technical minefield we had to navigate to derive them.

Provided that we use consistent reference measures, we can condition an initial probability
density function with respect to a function by computing the pushforward probability density
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p(r)

r

(a)

x2

x1

p(x1, x2 | r)

(b)

x2

x1

p(x1, x2)

x1

(c)

Figure 8: (b) By using the same conditional probability density function for almost all level sets
𝑓−1(𝑦), (c) the derived probability distribution over 𝑋 is conditionally independent
of the function 𝑓 . The only radial dependence comes from (a) the output probability
distribution.
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function and dividing. At the same time, multiplying an output probability density function
and a conditional density function defines a probability density function over the ambient
space.

Aside from the general difficulty of conditional integration, the main frustration with condi-
tional probability density functions is one of notation. If we make the conditioning function
and its level sets explicit, then the equations can become dense and awkward to parse. On the
other hand, if we hide these details, then the equations can be prone to misinterpretation.

Fortunately, much of this frustration is ameliorated when we apply conditional probability
theory to product spaces and their natural projection functions. We’ll explore this application
in detail in the next chapter.

Appendix: “Explicit” Calculations

In this appendix, I’ve sequestered the nasty integrals that arise when deriving the pushforward
probability density function, and the subsequent conditional probability density functions,
shown in Figure 6. This section is completely optional!

We begin with a two-dimensional, non-negative real space 𝑋 = ℝ+ × ℝ+, equipped with a
Lebesgue reference measure and the Lebesgue probability density function

𝑝(𝑥1, 𝑥2) =
exp (− 1

2 𝑠2
1

1−𝜌2 (𝑥2 − 2 𝜌 𝑥 𝑦 + 𝑦2))
∫∞
0 ∫∞

0 d𝑥1 d𝑥2 exp (− 1
2 𝑠2

1
1−𝜌2 (𝑥2 − 2 𝜌 𝑥 𝑦 + 𝑦2)) .

= 𝐶 exp (− 1
2 𝑠2

1
1 − 𝜌2 (𝑥2 − 2 𝜌 𝑥 𝑦 + 𝑦2)) ,

Our goal will be to condition this probability density function with respect to the surjective
radial function

𝑓 ∶ 𝑋 → ℝ+

(𝑥1, 𝑥2) ↦ 𝑟 = √𝑥2
1 + 𝑥2

2.

The level sets of 𝑓 are given by angular arcs of constant radius which we can cover with the
curves

𝛾𝑟 ∶ [0, 𝜋/2) → 𝑋
𝜃 ↦ (𝑟 cos 𝜃, 𝑟 sin 𝜃).
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As we saw in Section 6, evaluating the pushforward probability density function at any output
𝑟 requires computing the line integral

𝑝(𝑟) = ∫
𝜋
2

0
d𝜃 𝐽𝑟(𝜃) 𝑝(𝛾𝑟(𝜃))

= ∫
𝜋
2

0
d𝜃 𝑟 𝑝(𝑟 cos 𝜃, 𝑟 sin 𝜃).

Now the initial probability density function written in terms of the output radius and level set
angular position simplifies to

𝑝(𝑟 cos 𝜃, 𝑟 sin 𝜃)

= 𝐶 exp (− 1
2 𝑠2

1
1 − 𝜌2 ((𝑟 cos 𝜃)2 − 2 𝜌 𝑟 cos 𝜃 𝑟 sin 𝜃 + (𝑟 sin 𝜃)2))

= 𝐶 exp (− 1
2 𝑠2

1
1 − 𝜌2 (𝑟2 cos2 𝜃 − 2 𝜌 𝑟2 cos 𝜃 sin 𝜃 + 𝑟2 sin2 𝜃))

= 𝐶 exp (− 1
2 𝑠2

𝑟2

1 − 𝜌2 (sin2 𝜃 + cos2 𝜃 − 2 𝜌 sin 𝜃 cos 𝜃))

= 𝐶 exp (− 1
2 𝑠2

𝑟2

1 − 𝜌2 (1 − 2 𝜌 sin 𝜃 cos 𝜃))

= 𝐶 exp (− 1
2 𝑠2

𝑟2

1 − 𝜌2 (1 − 𝜌 sin 2𝜃)) .

Consequently,

𝑝(𝑟) = ∫
𝜋
2

0
d𝜃 𝑟 𝑝(𝑟 cos 𝜃, 𝑟 sin 𝜃)

= ∫
𝜋
2

0
d𝜃 𝐶 𝑟 exp (− 1

2 𝑠2
𝑟2

1 − 𝜌2 (1 − 𝜌 sin 2𝜃))

= 𝐶 𝑟 ∫
𝜋
2

0
d𝜃 exp (− 1

2 𝑠2
𝑟2

1 − 𝜌2 ) exp (+ 1
2 𝑠2

𝑟2

1 − 𝜌2 𝜌 sin 2𝜃)

= 𝐶 𝑟 exp (− 1
2 𝑠2

𝑟2

1 − 𝜌2 ) ∫
𝜋
2

0
d𝜃 exp (+ 𝑟2

2 𝑠2
𝜌

1 − 𝜌2 sin 2𝜃)

≡ 𝐶 𝑟 exp (− 1
2 𝑠2

𝑟2

1 − 𝜌2 ) 𝑖(𝑟, 𝜌, 𝜃).

Conveniently, this integral can be reduced to special functions, albeit not necessarily common
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ones,

𝑖(𝑟, 𝜌, 𝜃) = ∫
𝜋
2

0
d𝜃 exp (+ 𝑟2

2 𝑠2
𝜌

1 − 𝜌2 sin 2𝜃)

= 1
2 ∫

𝜋

0
d𝜙 exp (+ 𝑟2

2 𝑠2
𝜌

1 − 𝜌2 sin 𝜙)

= 𝜋
2 (𝐼0 ( 𝑟2

2 𝑠2
𝜌

1 − 𝜌2 ) + 𝐿0 ( 𝑟2

2 𝑠2
𝜌

1 − 𝜌2 )) ,

where 𝐼0(𝑥) is the zeroth-order modified Bessel function of the first kind and 𝐿0(𝑥) is
the zeroth-order modified Struve function (Abramowitz and Stegun 1964).

Using this result, the pushforward probability density function becomes

𝑝(𝑟) = 𝐶 𝑟 exp (− 1
2 𝑠2

𝑟2

1 − 𝜌2 ) 𝜄(𝑟, 𝜌, 𝜃)

= 𝜋
2 𝐶 𝑟 exp (− 1

2 𝑠2
𝑟2

1 − 𝜌2 ) (𝐼0 ( 𝑟2

2 𝑠2
𝜌

1 − 𝜌2 ) + 𝐿0 ( 𝑟2

2 𝑠2
𝜌

1 − 𝜌2 )) .

Once we have calculated the pushfoward probability density function in closed form, the con-
ditional probability density function immediately follows,

𝑝(𝜃 ∣ 𝑟) = 𝑝(𝑟, 𝜃)
𝑝(𝑟)

=
𝐶 𝑟 exp (− 1

2 𝑠2
𝑟2

1−𝜌2 (1 − 𝜌 sin 2𝜃))
𝜋
2 𝐶 𝑟 exp (− 1

2 𝑠2
𝑟2

1−𝜌2 ) (𝐼0 ( 𝑟2
2 𝑠2

𝜌
1−𝜌2 ) + 𝐿0 ( 𝑟2

2 𝑠2
𝜌

1−𝜌2 ))

=
exp (− 1

2 𝑠2
𝑟2

1−𝜌2 (1 − 𝜌 sin 2𝜃))
𝜋
2 exp (− 1

2 𝑠2
𝑟2

1−𝜌2 ) (𝐼0 ( 𝑟2
2 𝑠2

𝜌
1−𝜌2 ) + 𝐿0 ( 𝑟2

2 𝑠2
𝜌

1−𝜌2 ))

= 2
𝜋

exp (− 1
2 𝑠2

𝑟2
1−𝜌2 (1 − 𝜌 sin 2𝜃) + 1

2 𝑠2
𝑟2

1−𝜌2 )
𝐼0 ( 𝑟2

2 𝑠2
𝜌

1−𝜌2 ) + 𝐿0 ( 𝑟2
2 𝑠2

𝜌
1−𝜌2 )

= 2
𝜋

exp (− 1
2 𝑠2

𝑟2
1−𝜌2 (−𝜌 sin 2𝜃))

𝐼0 ( 𝑟2
2 𝑠2

𝜌
1−𝜌2 ) + 𝐿0 ( 𝑟2

2 𝑠2
𝜌

1−𝜌2 )

= 2
𝜋

exp (+𝛼(𝑟) sin 2𝜃)
𝐼0 (𝛼(𝑟)) + 𝐿0 (𝛼(𝑟)) ,

where
𝛼(𝑟) = 𝑟2

2 𝑠2
𝜌

1 − 𝜌2 .
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By construction, each individual conditional probability density function is guaranteed to be
properly normalized,

∫
𝜋
2

0
d𝜃 𝑝(𝜃 ∣ 𝑟) = ∫

𝜋
2

0
d𝜃 2

𝜋
exp (+𝛼(𝑟) sin 2𝜃)

𝐼0 (𝛼(𝑟)) + 𝐿0 (𝛼(𝑟))

= 2
𝜋

1
𝐼0 (𝛼(𝑟)) + 𝐿0 (𝛼(𝑟)) ∫

𝜋
2

0
d𝜃 exp (+𝛼(𝑟) sin 2𝜃)

= 1
𝜋

1
𝐼0 (𝛼(𝑟)) + 𝐿0 (𝛼(𝑟)) ∫

𝜋

0
d𝜙 exp (+𝛼(𝑟) sin 𝜙)

= 1
𝜋

1
𝐼0 (𝛼(𝑟)) + 𝐿0 (𝛼(𝑟))𝜋 (𝐼0 (𝛼(𝑟)) + 𝐿0 (𝛼(𝑟)))

= 𝜋
𝜋

𝐼0 (𝛼(𝑟)) + 𝐿0 (𝛼(𝑟))
𝐼0 (𝛼(𝑟)) + 𝐿0 (𝛼(𝑟))

= 1.
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