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On product spaces, conditional probability theory becomes particularly useful when we apply
it more than once. After disintegrating a joint probability distribution into a marginal distri-
bution and conditional probability kernel, we can often disintegrate that marginal distribution
into even simpler pieces.

In this chapter, we’ll explore these recursive decompositions and their organization into con-
ditional decompositions.

1 Recursive Decomposition

Recall that any subsequence of component indices,

i ⊂⃗ 1 ∶ 𝐼,

defines a projection function 𝜛i that disintegrates a joint probability distribution

𝜋(x1∶𝐼)

into a marginal distribution over the thinned product space 𝑋i,

𝜋(xi),

and a conditional probability kernel over the cross sections 𝑋i𝑐 × {𝑥i),

𝜋(xi𝑐 ∣ 𝑥i).

The marginal and conditional probability distributions will always be simpler than the joint
distribution, but they might not be simpler enough for practical applications. Fortunately, the
marginal distribution is amenable to decomposition of its own.

A smaller subsequence of component indices,

i′ ⊂⃗ i ⊂⃗ 1 ∶ 𝐼,

defines a new projection function,
𝜛i′ ∶ 𝑋i → 𝑋i′ ,

that disintegrates 𝜋(xi) into a new marginal distribution

𝜋(xi′)
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over the thinner product space
𝑋i′

and a new conditional probability kernel

𝜋(xi�i′ ∣ 𝑥′
i )

over the cross sections
𝑋i�i′ × {𝑥′

i ).

Given this two-step decomposition, we can compute joint expectation values by nesting the
two conditional expectations and one marginal expectation,

𝔼𝜋[𝑔] = ∫ 𝜋(d𝑥1∶𝐼) 𝑔(𝑥i𝑐 , 𝑥i�i′ , 𝑥i′)

= ∫ 𝜋(d𝑥i′) ∫ 𝜋(d𝑥i�i′ ∣ 𝑥i′) ∫ 𝜋(d𝑥i𝑐 ∣ 𝑥i�i′) 𝑔(𝑥i𝑐 , 𝑥i�i′ , 𝑥i′).

Symbolically, we often write this as

𝜋(d𝑥1∶𝐼) = 𝜋(d𝑥i′) 𝜋(d𝑥i�i′ ∣ 𝑥i′) 𝜋(d𝑥i𝑐 ∣ 𝑥i�i′).

When working with probability density functions, this becomes even cleaner. The joint expec-
tation

𝔼𝜋[𝑔] = ∫ 𝜋(d𝑥1∶𝐼) 𝑔(𝑥1∶𝐼)

can be written as the nested integrals

𝔼𝜋[𝑔] = ∫ 𝜋(d𝑥i′) ∫ 𝜋(d𝑥i�i′ ∣ 𝑥i′) ∫ 𝜋(d𝑥i𝑐 ∣ 𝑥i�i′) 𝑔(𝑥i𝑐 , 𝑥i�i′ , 𝑥i′)

= ∫ 𝜈 i′(d𝑥i′) 𝑝(𝑥i′)

∫ 𝜈 i�i′(d𝑥i�i′) 𝑝(𝑥i�i′ ∣ 𝑥i′)

∫ 𝜈 i𝑐(d𝑥i𝑐) 𝑝(𝑥i𝑐 ∣ 𝑥i�i′) 𝑔(𝑥i𝑐 , 𝑥i�i′ , 𝑥i′)

= ∫ 𝜈 i′(d𝑥i′) ∫ 𝜈 i�i′(d𝑥i�i′) ∫ 𝜈 i𝑐(d𝑥i𝑐)

[𝑝(𝑥i′) 𝑝(𝑥i�i′ ∣ 𝑥i′) 𝑝(𝑥i𝑐 ∣ 𝑥i�i′)] 𝑔(𝑥i𝑐 , 𝑥i�i′ , 𝑥i′).

This implies that the joint probability density function decomposes as

𝑝(𝑥1∶𝐼) = 𝑝(𝑥i𝑐 , 𝑥i�i′ , 𝑥i′)
𝜈1∶𝐼
= 𝑝(𝑥i′) 𝑝(𝑥i�i′ ∣ 𝑥i′) 𝑝(𝑥i𝑐 ∣ 𝑥i�i′).
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If i′ contains more than one component index, then we can iterate this process, at each step dis-
integrating the new marginal distribution until we are satisfied or left with a single component
space.

2 Conditional Decompositions

One of more difficult aspects of trying to implement repeated, recursive disintegrations in
practice is keeping track of all of the intermediate spaces. Fortunately, we can we systematize
this process by organizing each step into a subset of active component indices, similar to how
we organized recursive decompositions of product spaces in Chapter 3, Section 4.3.2.

2.1 General Conditional Decompositions

To set up the decomposition we begin with a partition of the component indices 1 ∶ 𝐼 into
disjoint subsequences

(i1, … , i𝐾)
with

i𝑘 ⊂⃗ 1 ∶ 𝐼.
Next, we iteratively remove the component indices in each i𝑘 to define a sequence of increasingly
thin product spaces, 𝑋j𝑘 with

j𝑘 = ∪⃗𝐾
𝑘′=𝑘i𝑘′ .

The first element of the partition defines a projection function

𝜛i1 ∶ 𝑋j1 → 𝑋j2 ,

which decomposes the full product space

𝑋j1 = 𝑋1∶𝐼

into the thinned product space 𝑋j2 and the cross sections

𝑋i1 × {𝑥j2).

At the same time, the projection function disintegrations any joint distribution over the full
product space into a marginal distribution over the thinned product space,

𝜋(xj2),

and a conditional probability kernel over the cross sections,

𝜋(xi1 ∣ j2).
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From here, we iterate by following the partition of the component indices. At the 𝑘th step,
the projection function

𝜛i𝑘 ∶ 𝑋j𝑘 → 𝑋j𝑘+1 ,
decomposes the initial product space 𝑋j𝑘 into the product space 𝑋j𝑘+1 and the cross sections

𝑋i𝑘 × {𝑥j𝑘+1
),

while disintegrating
𝜋(xj𝑘),

into a new marginal distribution,
𝜋(xj𝑘+1

),
and a new conditional probability kernel,

𝜋(xi𝑘 ∣ 𝑥j𝑘+1
).

Altogether, this procedure disintegrates a joint probability distribution into a sequence of 𝐾−1
conditional probability kernels

𝜋(xi𝑘 ∣ 𝑥j𝑘+1
)

and one terminal marginal probability distribution,

𝜋(xj𝐾).

I will refer to this collection of probabilistic objects, or sometimes just the partition of compo-
nent indices that implicitly defines it, as a conditional decomposition.

Every ordered partition of the component indices defines a unique conditional decomposition.
For example, when working with a three-component product space

𝑋1∶3 = 𝑋1 × 𝑋2 × 𝑋3,

the index partitions

( (1, 2, 3) ); ( (1, 2), (3) ); ( (3), (1, 2) );
( (1), (2, 3) ); ((2, 3), (1) ); ( (1, 3), (2) );
( (2), (1, 3) ); ((1), (2), (3) ); ( (1), (3), (2) );
( (2), (1), (3) ); ( (2), (3), (1) ); ( (3), (1), (2) );
( (3), (2), (1) )

all define a unique conditional decomposition. In particular, the partition ((1), (2, 3)) defines
the conditional decomposition

𝜋(d𝑥1, d𝑥2, d𝑥3) = 𝜋(d𝑥1 ∣ d𝑥2, d𝑥3) 𝜋(d𝑥2, d𝑥3).
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Equivalently, this partition defines a decomposition of the joint probability density function
into conditional and marginal probability density functions,

𝑝(𝑥1, 𝑥2, 𝑥3) = 𝑝(𝑥1 ∣ 𝑥2, 𝑥3) 𝑝(𝑥2, 𝑥3).

Each of these conditional decompositions can be more or less useful in different applications.
Some, for instance, might be more interpretable in the context of a given application, while
others might facilitate the evaluation of certain probabilistic operations. We will return to
the problem of identifying productive decompositions in probabilistic modeling applications in
future chapters.

That said, the number of possible conditional decompositions is so large that trying to work
through them all can be overwhelming. Given 𝐼 component spaces, we can construct 𝐻𝑑(𝐼) dis-
tinct conditional decompositions, where 𝐻𝑑(𝑛) is the 𝑛th ordered Bell number (Knopfmacher
and Mayes 2005). The ordered Bell numbers grow wildly fast as 𝑛 increases (Figure 1).
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Figure 1: The 𝑛th ordered Bell number counts the number of ordered partitions of a finite set
with 𝑛 elements. As the size of a set increases, the number of ordered partitions
increases extraordinarily quickly. Even on a log scale the growth appears to be
exponential!
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2.2 Atomic Conditional Decompositions

That said, most practical applications consider only atomic conditional decompositions
that decompose joint probability distributions as completely as possible.

An atomic conditional decomposition is defined by an atomic partition, where each cell consists
of only a single component index,

i𝑘 = {𝑖𝑘}.
This results in the sequence of conditional probability kernels

𝜋(x{i𝑘} ∣ 𝑥j𝑘+1
)

and the marginal probability distribution,

𝜋(xj𝐼).

These conditional decomposition “peel” off one component space at a time in the prescribed
order.

Given 𝐼 component spaces, there are only 𝐼! of these atomic conditional decompositions, each
corresponding to a particular ordering of the components. The number of atomic conditional
decompositions grows quickly with as the number of component spaces, but far less so than
the number of general conditional decompositions does.

For instance, when working with the product space

𝑋1∶3 = 𝑋1 × 𝑋2 × 𝑋3,

we have only six unique atomic conditional decompositions corresponding to the partitions

( (1), (2), (3) ); ( (1), (3), (2) ); ( (2), (1), (3) );
( (2), (3), (1) ); ( (3), (1), (2) ); ( (3), (2), (1) ).

To exhaustively demonstrate, the partition ( (2), (3), (1) ) defines the atomic conditional de-
composition

𝜋(d𝑥1, d𝑥2, d𝑥3) = 𝜋(d𝑥2 ∣ d𝑥1, d𝑥3) 𝜋(d𝑥3 ∣ d𝑥1) 𝜋(d𝑥1).
This is equivalent to the decomposition of the joint probability density function into conditional
and marginal probability density functions,

𝑝(𝑥1, 𝑥2, 𝑥3) = 𝑝(𝑥2 ∣ 𝑥1, 𝑥3) 𝑝(𝑥3 ∣ 𝑥1) 𝑝(𝑥1).
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3 Sequential Construction of Joint Probability Distributions

While the names suggests destruction, conditional decompositions can also be used to construct
joint probability distributions from simpler probabilistic pieces.

Given a partition of the component indices, we can construct a joint distribution by working
through the subsequences of component indices in reverse. After engineering an appropriate
marginal distribution

𝜋(xj𝐾)
over the thinned product space 𝑋j𝐾 , we engineer conditional probability kernels,

𝜋(xi𝑘 ∣ 𝑥j𝑘+1
)

over the cross sections
𝑋i𝑘 × {𝑥j𝑘+1

).
The ultimate conditional probability kernel lifts 𝜋(xj𝐾) into a joint distribution over 𝑋j𝐾−1 ,
before the penultimate conditional probability kernel lifts that joint distribution into a joint
distribution over 𝑋j𝐾−2 , and so on. Altogether, the conditional probability kernels lift the
marginal distribution into a joint distribution over the full product space.

When the i𝑘 are small, the intermediate cross sections will be simple compared to the full prod-
uct space. In this case engineering probabilistic objects over the cross sections will typically
be more manageable than trying to work with the entire product space at once. For example,
when building off of an atomic decomposition, we will only ever have to work with a single
active component space at a time, starting with

𝜋(x𝑖𝐼
),

and then proceeding to each
𝜋(x𝑖𝑘

∣ 𝑥𝑖𝑘+1
, … , 𝑥𝑖𝐼

.)

In other words, conditional decompositions define a kind of armature around which we can
design joint distributions. Once the structure of armature has been established with the choice
of a conditional decomposition, we can focus on the details, namely the choice of the marginal
distribution and each conditional probability kernel.

4 Structured Conditional Decompositions

In many applications, the conditional probability kernels in a conditional decomposition will
behave simpler than what is strictly possible. These simplifications, in turn, encode meaningful
structure of the corresponding joint distributions. To take advantage of this structure in
practice, however, we will need to establish an appropriate vocabulary.
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5 Conditional Dependencies

At any step of a conditional decomposition, the behavior of the conditional probability distri-
butions will, in general, depend on the behavior of all of the remaining component spaces,

𝜋(xi𝑘 ∣ 𝑥j𝑘+1
)

where
j𝑘+1 = ∪⃗𝐾

𝑘′=𝑘+1i𝑘′ .
In this case, we say that the conditional probability kernel is conditionally dependent on
the behavior in each thinned product space

𝑋i𝑘+1 , 𝑋i𝑘+2 , … , 𝑋i𝐾−1 , 𝑋i𝐾 .

Sometimes, however, the behavior of the conditional probability distributions at one step will
be invariant to the behavior in some of these thinned product spaces. For example, if

𝜋(xi𝑘 ∣ 𝑥i𝑘+3∪⃗i𝐾−1
),

then the conditional probability kernel will be conditionally dependent on only 𝑋i𝑘+3 and
𝑋i𝐾−1 .

Note that we are considering dependencies on not individual component spaces but rather
the particular thinned product spaces defined by the component index partition. If we want
to allow for more precise conditional dependencies, then we need to use a finer partition of
the component indices. In this sense, the conditional dependencies from atomic conditional
decompositions are the most informative.

Conditional dependencies also neatly translate into the structure of conditional probability
density functions. For example, if

𝜋(xi𝑘 ∣ 𝑥i𝑘+3∪⃗i𝐾−1
)

then we would also have
𝑝(𝑥i𝑘 ∣ 𝑥i𝑘+3∪⃗i𝐾−1

).

5.1 Conditional Independencies

An important, but subtle, aspect of conditional dependencies is that define only direct or local
dependencies. For instance, the conditional behavior of 𝑥i𝑘 may not conditionally depend on
the behavior of 𝑥i𝑘′ . If, however, 𝑥i𝑘 conditionally depends on 𝑥i𝑘″ and 𝑥i𝑘″ itself conditionally
depends on 𝑥i𝑘′ , then 𝑥i𝑘′ will indirectly moderate 𝑥i𝑘 through 𝑥i𝑘″ .
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To check for these indirect dependencies we have to push the joint probability distribution
forward along the projection function

𝜛i𝑘 ⊂⃗ i𝑘′ ∶ 𝑋1∶𝐼 → 𝑋i𝑘 ⊂⃗ i𝑘′ ,

and then disintegrate that pushforward distribution with respect to the projection function

𝜛i𝑘 ⊂⃗ i𝑘′
i𝑘′ ∶ 𝑋i𝑘 ⊂⃗ i𝑘′ → 𝑋i𝑘′ .

If the resulting conditional probability kernel is invariant to the behavior in 𝑋i𝑘′ ,

𝜋(xi𝑘 ∣ i𝑘′) = 𝜋(xi𝑘),

then the conditional behavior of 𝑥i𝑘 will be completely independent of 𝑥i𝑘′ , regardless of the
behavior of any other component spaces. In this case, we say that 𝑥i𝑘 is conditionally
independent of 𝑥i𝑘′ .

More generally, if we apply this procedure not to joint distribution

𝜋(x1∶𝐼)

but rather to the conditional probability kernel

𝜋(xi𝑐𝑘″
∣ 𝑥i𝑘″ )

and
𝜋(xi𝑘 ∣ 𝑥i𝑘′ ⊂⃗i𝑘″ ) = 𝜋(xi𝑘 ∣ 𝑥i𝑘″ ),

then we say that 𝑥i𝑘 is conditionally independent of 𝑥i𝑘′ given 𝑥i𝑘″ .

While conditional dependencies are straightforward, conditional independencies are of-
ten counter-intuitive and require careful consideration. For much more on conditional
independences for atomic conditional decompostions, see Bishop (2006).

5.2 Dependency Subsequences

Conditional dependencies are not unique to any one choice of conditional probability kernel.
Indeed, different conditional probability kernels can share the same conditional dependencies.
Fortunately, abstracting the conditional dependencies from any particular conditional proba-
bility kernel is straightforward.

At the 𝑘th step of a conditional decomposition, any valid conditional probability kernel can
depend on the thinned product spaces given by the subsequences of component indices

i𝑘+1, i𝑘+2, … , i𝐾−1, i𝐾.
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We can neatly communicate the dependencies between these subsequences by collecting them
into subsets,

d𝑘 = {i𝑘′ ∣ 𝑘′ ∈ k𝑘 ⊂ {𝑘 + 1, … , 𝐾}}.
This allows us to write the conditional probability kernel more precisely as

𝜋(xi𝑘 ∣ d𝑘).

I will refer to these subsequences as dependency subsequences.

For example, the last dependency subsequence is always empty because there are no component
spaces left on which behavior can depend,

d𝐾 = ().

The second-to-last dependency subsequence, however, could be one of two possibilities,

d𝐾−1 = ()

or
d𝐾−1 = i𝐾,

while the third-to-last could be one of four possibilities,

d𝐾−2 = ()
d𝐾−2 = i𝐾−1
d𝐾−2 = {i𝐾−1, i𝐾}
d𝐾−2 = i𝐾.

Dependency subsequences allow us to incorporate even more information into a conditional
decomposition without having to commit to particular conditional probability kernels and
marginal distributions. Specifically, we can generalize a conditional decomposition to be a
sequence of pairs,

((i1, d1), … , (i𝐾, d𝐾),
where the i𝑘 partition the component indices and the d𝑘 communicate the precise conditional
dependencies.

If, for instance, we have an atomic conditional decomposition and

d𝑘 = ∅

for all 𝑘, then every conditional probability distribution will be independent of the behavior
in every subsequent component space,

𝜋(x𝑖𝑘
∣ d𝑘) = 𝜋(x𝑖𝑘

).
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In this case, the joint distribution will be an independent product distribution,

𝜋(d𝑥1, … , d𝑥𝐼) = 𝜋(d𝑥1) … 𝜋(d𝑥𝑖) … 𝜋(d𝑥𝐼).

Conditional dependencies give us yet another way to characterize independent product distri-
butions!

For a more specific example, consider the product space

𝑋 = 𝑋1 × 𝑋2 × 𝑋3 × 𝑋4

with the atomic conditional decomposition

( ( (4), {(1), (3)} ), ( (3), {(1), (2)} ), ( (1), {(2)} ), ( (2), ∅ ) ).

Any joint probability density function compatible with this conditional decomposition will be
of the form

𝑝(𝑥1, 𝑥2, 𝑥3, 𝑥4) = 𝑝(𝑥4 ∣ 𝑥1, 𝑥3)
⋅ 𝑝(𝑥3 ∣ 𝑥1, 𝑥2)
⋅ 𝑝(𝑥1 ∣ 𝑥2)
⋅ 𝑝(𝑥2).

With dependency subsequences, our probabilistic modeling armature becomes even more in-
formative. We can now construct joint distributions in three stages: partitioning the com-
ponent variables into subsequences, specifying the precise conditional dependencies between
these subsequences, and then finally specifying particular conditional probability kernels and
a particular marginal distribution.

6 Directed Graphical Models

While richly informative, component index partitions and dependency subsequences can be
awkward to work with in practice. Reading off conditional dependencies from the structure of
conditional probability densities is less explicit but often more intuitive to many practitioners.
In this section, we will consider a visual representation of conditional decompositions that
neatly complements these approaches.

6.1 Directed Acyclic Graphs

A graph is a collection of nodes with edges connecting certain pairs of nodes. Typically,
nodes represent mathematical objects and edges the relationships, or lack thereof, between
them.

12



Directed graphs distinguish between edges that originate from one node and terminate in
another, and vice versa. The structure of a directed graph is particularly straightforward to
visualize, with two-dimensional shapes representing each node and one-dimensional arrows the
directed edges connecting them (Figure 2).

Figure 2: Directed graphs are typically visualized with shapes to represent each node and
arrows to represent the directed edges between them. When the nodes of a directed
graph are named, we can also label the shapes accordingly.

The nodes at which a directed edge originates is referred to as the parent of the node at which
the edge terminates. Similarly, the terminating node is referred to as a child of originating
node (Figure 3). This familial language motivates a variety of related vocabulary, such as
referring to two nodes that share a common parent as siblings.

1

Parent of
Node 2

2

Child of
Node 1

Figure 3: Two nodes connected by a directed edge are referred to as the parent and child of
each other. This terminology allows us to compactly describe relationships between
nodes in a directed graph.

A sequence of directed edges connecting parent nodes to child nodes defines a path through
the graph. In general, these paths can circle back on themselves, forming cycles (Figure 4a).
Directed graphs that do not exhibit any cycles (Figure 4b) are known as directed acyclic
graphs, or just DAGs for short.

Because of the lack of cycles, directed acyclic graphs exhibit a well-defined notion of direction-
ality (Figure 5). On one side of the graph we have root nodes with no parents, and on the

13



(a) (b)

Figure 4: (a) Cycles in a directed graph are formed by paths of directed edges that connect back
on themselves. (b) In a directed acyclic graph, each path originates and terminates
at a distinct node.

other we have leaf nodes with no children.

Although visualizations of directed graphs don’t technically have to respect this directionality,
they tend to be more effective when they do. That said, there is no universal convention for
whether root notes should be on the top, bottom, left, or right of a visualization. We are free to
pick whichever convention is most convenient, although it’s best to maintain that convention
consistently.

6.2 Graphical Models of Conditional Decompositions

Conveniently, every atomic conditional decomposition defines a unique directed acyclic graph,
which can then be used to visualize the conditional structure. A conditional decomposition
represented by a directed acyclic graph is known as a directed graphical model, graphical
model, or even just DGM.

To see how to translate a conditional decomposition into a graphical model, let’s consider the
general conditional decomposition

((i1, d1), … , (i𝐾, d𝐾)).

Each subsequence of active component indices,

i𝑘

can be represented by a node labeled with the corresponding component variables. The el-
ements of d𝑘 then define arrows that originate at the node representing the corresponding
component indices and terminating at i𝑘.

14



Leaf
Nodes

Root
Node

Figure 5: Directed acyclic graph can be arranged in a natural direction, starting with root
nodes that have no parents and ending with leaf nodes that have no children.
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To demonstrate, let’s take 𝐼 = 8 and build a graphical model for the the conditional decom-
position

( ( (1, 7), {(2), (3, 4, 5)} ),
( (3, 4, 5), {(2) } ),
( (2), {(6, 8) } ),
( (6, 8), { } ), )

This corresponds to the joint probability density function decomposition

𝑝(𝑥1,𝑥2, 𝑥3, 𝑥4, 𝑥5, 𝑥6, 𝑥7, 𝑥8)
= 𝑝(𝑥1, 𝑥7 ∣ 𝑥2, 𝑥3, 𝑥4, 𝑥5)

⋅ 𝑝(𝑥3, 𝑥4, 𝑥5 ∣ 𝑥2)
⋅ 𝑝(𝑥2 ∣ 𝑥6, 𝑥8)
⋅ 𝑝(𝑥6, 𝑥8).

The four component index subsequences

i1 = (1, 7)
i2 = (3, 4, 5)
i3 = (2)
i4 = (6, 8)

each define a node in the corresponding graphical model (Figure 6a).

Because 𝑥i1 directly depends on both 𝑥i2 and 𝑥i3 , we next place two direct edges between the
corresponding nodes (Figure 6b). Similarly, we place a lone directed edge that terminates at
𝑥i2 . (Figure 6c). Finally, we place one last directed edge from the node representing 𝑥i4 to the
node representing 𝑥i3 (Figure 6d). Lacking any conditional dependencies, no directed edges
terminate at 𝑥i4 . In this case, the node representing 𝑥i1 defines a lone leaf node, while the
node representing 𝑥i4 defines the only root node.

In order to probe more detailed conditional dependencies, we need to start with more refined
partitions of the component indices. For example, breaking the subsequence i4 = (6, 8) up into
two subsequences (6) and (8) allows us to consider whether or not 𝑥i3 depends on 𝑥6, 𝑥8, or
both.

That said, conditional decompositions cannot be refined beyond atomic conditional decom-
positions. The corresponding directed graphical models are a bit more straightforward, with
each node representing a single component space and each directed edge connecting pairs of
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x6, x8

x2

x3, x4, x5

x1, x7

(a)

x6, x8

x2

x3, x4, x5

x1, x7

(b)

x6, x8

x2

x3, x4, x5

x1, x7

(c)

x6, x8

x2

x3, x4, x5

x1, x7

(d)

Figure 6: Graphical models are straightforward to build for atomic conditional decompositions.
(a) After placing nodes for each subsequence of active component spaces, (b-d) we
work down the conditional decomposition, placing directed arrows nodes that are
conditionally dependent on each other.
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x6, x8

x2

x3, x4, x5

x1, x7

(a)

x6 x8

x2

x3, x4, x5

x1, x7

(b)

x6 x8

x2

x3, x4, x5

x1, x7

(c)

x6 x8

x2

x3, x4, x5

x1, x7

(d)

Figure 7: (a) Directed graphical models that visualize crude conditional decompositions can
be elaborated into (b-d) directed graphical models that visualize more more refined
conditional decompositions. In general, the many refinements will be consistent with
a given non-atomic conditional decomposition.
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component spaces. Consider, for instance, the atomic conditional decomposition
( ( (7), {(1), (2), (4)} ),

( (1), {(3), (5) } ),
( (4), { } ),
( (5), {(2), (3) } ),
( (3), {(2) } ),
( (2), {(6), (8) } ),
( (6), { } ),
( (8), { } ) )

This is compatible with our initial example of a conditional decomposition, but conveys much
more detailed information about the structure of the joint probability distribution (Figure 8).

x6, x8

x2

x3, x4, x5

x1, x7

(a)

x6 x8

x2

x3

x5x4

x1

x7

(b)

Figure 8: (a) The directed graphical models derived from cruder compositional decompositions
always contain convey less information than (b) directed graphical models derived
from atomic conditional decompositions.

The more coupled the behaviors in the component spaces are to each other, the more directed
edges the corresponding graphical model will feature. Often the most informative aspect of a
graphical model is the absence of directed edges.
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6.3 Bells and Whistles

The nodes and edges in directed graphical models convey a wealth of information. We can,
however, pack even more information into directed graphical models by augmenting this basic
graph structure with some special features.

6.3.1 Auxiliary Nodes

Many applications consider joint distributions whose behavior depends on the behavior of
auxiliary spaces that are not equipped with any probabilistic structure of their own. In other
words, these joint distributions are parameterized by the configuration of the auxiliary spaces.

These non-probabilistic dependencies can be represented in graphical models by introducing
multiple types of nodes, one to represent the probabilistic spaces and one to represent the
auxiliary spaces. I like to use rounded shapes to represent probabilistic nodes and rectangular
shapes to represent auxiliary nodes.

For instance, the conditional structure of

𝑝(𝑥1, 𝑥2, 𝑥3, 𝑥4; 𝑦) = 𝑝(𝑥4 ∣ 𝑥1, 𝑥3)
⋅ 𝑝(𝑥1 ∣ 𝑥3; 𝑦)
⋅ 𝑝(𝑥3 ∣ 𝑥2)
⋅ 𝑝(𝑥2)

can be represented by the graphical model in Figure 9.

6.3.2 Pushforward Nodes

Sometimes the behavior of a component space depends on the behavior of other component
spaces through only the output of some intermediate function. For instance, instead of

𝑝(𝑥1, 𝑥2, 𝑥3, 𝑥4; 𝑦) = 𝑝(𝑥4 ∣ 𝑥1, 𝑥3)
⋅ 𝑝(𝑥1 ∣ 𝑥3; 𝑦)
⋅ 𝑝(𝑥3 ∣ 𝑥2)
⋅ 𝑝(𝑥2)

we might have

𝑝(𝑥1, 𝑥2, 𝑥3, 𝑥4; 𝑦) = 𝑝(𝑥4 ∣ 𝑓(𝑥1, 𝑥3))
⋅ 𝑝(𝑥1 ∣ 𝑥3; 𝑦)
⋅ 𝑝(𝑥3 ∣ 𝑥2)
⋅ 𝑝(𝑥2).
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x2

x1

x3

x4

y

p(x1, x2, x3, x4; y)

= p(x4 | x1, x2)

· p(x1 | x3; y)

· p(x3 | x2)

· p(x2)

Figure 9: Rectangular nodes communicate non-probabilistic dependencies in joint probability
distributions. Here the conditional density functions 𝑝(𝑥1 ∣ 𝑥3; 𝑦) are parameterized
by the configuration of a non-probabilistic space, 𝑦 ∈ 𝑌 .

In this case, the behavior in 𝑋4 doesn’t directly depend on the behavior in 𝑋1 ×𝑋3, but rather
the behavior in 𝑋1 × 𝑋3 pushed forward through 𝑓 .

One way to communicate these functional dependencies in a graphical model is to introduce
an explicit variable for the function output,

𝑝(𝑥1, 𝑥2, 𝑥3, 𝑥4; 𝑦) = 𝑝(𝑥4 ∣ 𝑦 = 𝑓(𝑥1, 𝑥3))
⋅ 𝑝(𝑥1 ∣ 𝑥3; 𝑦)
⋅ 𝑝(𝑥3 ∣ 𝑥2)
⋅ 𝑝(𝑥2),

and then represent that variable with its own node. To avoid any ambiguity, however, we’ll
need to decorate this node differently from the component nodes. I like to use dashed borders
(Figure 10)

6.3.3 Conditioned Nodes

Some applications are less concerned with a given joint distribution than certain conditional
distributions derived from that joint distribution when we bind particular component variables
to particular values.
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x2

x1

x3

y

x4

p(x1, x2, x3, x4; y)

= p(x4 | y = f(x1, x3))

· p(x1 | x3)

· p(x3 | x2)

· p(x2)

Figure 10: Dashed, circular nodes represent the output of functions that depend on components
variables. We can interpret these nodes as modeling the pushforward distribution
along the intermediate function.

22



Once we have a graphical model for the joint distribution, this conditioning process is straight-
forward to visualize by adding a distinct decoration to the nodes corresponding to the bound
variables. A common convention is to fully color these nodes.

For example, let’s say that we start with the joint distribution defined by the probability
density functions (Figure 11a)

𝑝(𝑥1, 𝑥2, 𝑥3, 𝑥4) = 𝑝(𝑥4 ∣ 𝑥1, 𝑥3)
⋅ 𝑝(𝑥1 ∣ 𝑥3)
⋅ 𝑝(𝑥3 ∣ 𝑥2)
⋅ 𝑝(𝑥2),

but we are interested in the conditional distribution defined by probability density functions

𝑝(𝑥2, 𝑥3 ∣ ̃𝑥1, ̃𝑥4) = 𝑝( ̃𝑥1, 𝑥2, 𝑥3, ̃𝑥4)
𝑝( ̃𝑥1, ̃𝑥4).

We can visualize this particular conditioning by coloring in the nodes representing 𝑋1 and 𝑋4
(Figure 11b).

x2

x3

x1

x4

p(x1, x2, x3, x4)
= p(x4 | x1, x2)
· p(x1 | x3)
· p(x3 | x2)
· p(x2)

(a)

x2

x3

x1

x4

p(x2, x3 | x̃1, x̃4)
∝ p(x̃1, x2, x3, x̃4)
∝ p(x̃4 | x̃1, x2)
· p(x̃1 | x3)
· p(x3 | x2)
· p(x2)

(b)

Figure 11: The various conditional distributions that we can derive from a joint distribution
can be represented by (a) taking the graphical model for the joint distribution and
(b) coloring in the nodes representing the components being bound to particular
values.

6.3.4 Plate Notation

Some patterns of conditional dependencies are sufficiently common that it’s useful to introduce
graphical shorthands that allow for more compact visualizations.
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Consider, for example, the product space 𝑋 = 𝑋1∶5, and the conditional decomposition

( ( (1), {(5)} ),
( (2), {(5)} ),
( (3), {(5)} ),
( (4), {(5)} ),
( (5), {(5)} ) )

or, equivalently, the sequence of probability density functions

𝑝(𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5) = 𝑝(𝑥1 ∣ 𝑥5)
⋅ 𝑝(𝑥2 ∣ 𝑥5)
⋅ 𝑝(𝑥3 ∣ 𝑥5)
⋅ 𝑝(𝑥4 ∣ 𝑥5)
⋅ 𝑝(𝑥5).

This particular conditional structure results in a fan-like graphical model (Figure 12a), which
can take up a lot of visual space. We can make the graphical model a bit more compact,
however, by packing the first four nodes together into a single plate that represents their
common dependence on the fifth node.

x5

x1x2 x3 x4

p(x1, x2, x3, x4, x5)

=
[∏4

i=1 p(xi | x5)
]
p(x5)

(a)

i = {1, 2, 3, 4}

x5

xi

p(x1, x2, x3, x4, x5)

=
[∏4

i=1 p(xi | x5)
]
p(x5)

(b)

Figure 12: (a) Conditional dependencies where many subsequences of active components de-
pend on one, and only one, other subsequence of components, result in fan-like
graphical models. (b) These graphical models can be visually compressed by pack-
ing the dependent nodes into a single plate.

This plate notation is especially useful when we have an arbitrary number of component spaces
whose behavior conditionally depends on the same component spaces. For instance, we might
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have the product space 𝑋 = 𝑋1∶𝐼 ×𝑋𝐼+1 and a joint distribution built up from the conditional
decomposition

𝑝(𝑥1, … , 𝑥𝐼+1) = [
𝐼

∏
𝑖=1

𝑝(𝑥𝑖 ∣ 𝑥𝐼+1)] 𝑝(𝑥𝐼+1).

We can try to construct heuristic visualizations to represent the arbitrary number of nodes
(Figure 13a), but the plate notation allow us to visualize this structure exactly (Figure 13b).

xI+1

x1 . . . xi . . . xI

p(x1, . . . , xi, xI+1)

=
[∏I

i=1 p(xi | xI+1)
]
p(xI+1)

(a)

i = {1, . . . , I}

xI+1

xi

p(x1, . . . , xI , xI+1)

=
[∏I

i=1 p(xi | xI+1)
]
p(xI+1)

(b)

Figure 13: (a) Graphical models with an arbitrary number of nodes are awkward to visualize.
(b) When applicable, plates avoid this awkwardness entirely.

Plates can also be nested to accommodate hierarchical conditional dependencies

6.4 Subtleties and Limitations

Directed graphical models can be a powerful tool for communicating the structure of condi-
tional decompositions in practice, especially as a complement to explicit probability density
functions. That said, directed graphical models are not without subtleties and limitations that
require some care.

For instance, directed graphical models communicate the structure of a particular conditional
decomposition, not a particular joint distribution. The same joint distribution under different
partitions of the component indices will result in different graphical models. At the same time,
different joint distributions with the same conditional dependencies will correspond to the
same graphical model, just with differences in the particular conditional distributions and/or
marginal distribution.

In other words, joint distributions alone do not define unique graphical models, and graphical
models alone do not completely define joint distributions. In order to communicate the details
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x0

x1 x2

x1,1x1,2x1,3 x2,1 x2,2 x2,3

(a)

j = {1, . . . , Ji}

i = {1, . . . , I}

x0

xi

xi,j

(b)

Figure 14: (a) Nested hierarchies of conditional dependencies can also be compactly visualized
by (b) nested plates within other plates.
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of a particular joint distribution, we need to complement a graphical model with additional
information.

Another potential issue is that transforming a joint distribution will, in general, transform
the corresponding graphical model. Transformations that preserve the product structure of
a space will, by definition, also preserve the structure of conditional decompositions, and
hence the structure of graphical models. For instance, we can freely transform individual
component spaces without affecting the graphical modeling representation. On the other
hand, transformations that reorder the component spaces or mix them together will change
conditional decompositions, and hence the corresponding graphical models.

One of the more frustrating aspects of directed graphical models is that they can struggle
to effectively communicate certain operations. Consider, for example, the joint distribution
defined by the density function decomposition

𝑝(𝑥1, … , 𝑥6) = 𝑝(𝑥1 ∣ 𝑥4 − 𝑥6)
⋅ 𝑝(𝑥2 ∣ 𝑥6 − 𝑥5)
⋅ 𝑝(𝑥3 ∣ 𝑥5 − 𝑥4)
⋅ 𝑝(𝑥4) 𝑝(𝑥5) 𝑝(𝑥6).

A graphical model using only six nodes, one for each 𝑋𝑖, can be confused with a more general
conditional dependencies (Figure 15a),

𝑝(𝑥1, … , 𝑥6) = 𝑝(𝑥1 ∣ 𝑥4, 𝑥6)
⋅ 𝑝(𝑥2 ∣ 𝑥5, 𝑥6)
⋅ 𝑝(𝑥3 ∣ 𝑥4, 𝑥5)
⋅ 𝑝(𝑥4) 𝑝(𝑥5) 𝑝(𝑥6).

We can capture the conditional dependence on the differences with pushforward nodes (Fig-
ure 15a), but the overlapping arrows can be difficult to parse. Moreover, the parsing becomes
only more difficult as we add more nodes that also depend on differences between 𝑥4, 𝑥5, and
𝑥6.

Another possibility is to employ plate notation (Figure 15c). The problem with this approach,
however, is that each 𝑦𝑖 doesn’t depend on 𝑥4, 𝑥5, and 𝑥6 all at the same time. Consequently,
this plate diagram is ambiguous as well.

All of this is to say that graphical models are not always the best tool for communicating
conditional dependencies. Sometimes a probability density function decomposition is just more
effective. Other times we might need to reach for other representations, such as probabilistic
programming. This will be a topic for a future chapter.
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x1 x2 x3

x4 x5 x6

p(x1, x2, x3, x4, x5, x6)

= p(x1 | x4, x6)

·p(x2 | x5, x6)

·p(x3 | x4, x5)

·p(x4) p(x5) p(x6)

(a)

x1 x2 x3

x4 x5 x6

x4 − x6 x6 − x5 x5 − x4

p(x1, x2, x3, x4, x5, x6)

= p(x1 | x4 − x6)

·p(x2 | x6 − x5)

·p(x3 | x5 − x4)

·p(x4) p(x5) p(x6)

(b)

xi

x4 x5 x6

xji − xki

p(x1, x2, x3, x4, x5, x6)

=
∏3

i=1 p(xi | xji − xki
)

·p(x4) p(x5) p(x6)

(c)

Figure 15: Some conditional structures are just awkward to to represent with graphical models.
Consider, for example, a joint density function built up from the conditional density
functions 𝑝(𝑥1 ∣ 𝑥4 − 𝑥6), 𝑝(𝑥2 ∣ 𝑥6 − 𝑥5), and 𝑝(𝑥3 ∣ 𝑥5 − 𝑥4). (a) The immediate
graphical model doesn’t communicate the particular dependence on the differences.
(b) Introducing pushforward nodes helps, but at the expense of a much busier
graphical model. (c) Using plates results in a more elegant graphical model, but
requires introducing conditional indices 𝑗𝑖 and 𝑘𝑖 whose behavior is left ambiguous.
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7 Conclusion

Directed graphical models are a powerful tool for not only communicating the properties of joint
distributions, but also developing appropriate joint distributions in the first place. Specifically,
they allow us to outline the basic structure of a joint distribution from the perspective of
a given partition of the component spaces, without having to consider particular probability
density functions at all. We will make extensive use of directed graphical models once we move
on to probabilistic modeling.
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